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Titre: Catégories dérivées, surfaces et localisation
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gorie A, Catégorie de Fukaya topologique, Recollement

Résumé: Cette thése étudie la localisation
des catégories de Fukaya topologique de sur-
faces marquées graduées, telles que définies
par Haiden-Katzarkov-Kontsevich, en une
collection d'objets sphériques compatibles.
Géométriqguement, une telle collection corre-
spond a une famille de courbes fermées sim-
ples graduées disjointes sur la surface. Nous
chercherons a motiver lI'idée que la catégorie
localisée peut jouer le role d'une catégorie de
Fukaya topologique pour la surface singuliére
obtenue en contractant les courbes fermées
simples correspondantes.

Dans le premier chapitre, nous rappelons
des résultats classiques de la théorie des
représentations des algébres aimables et in-
troduisons les concepts qui nous seront utiles
pour les catégories A., avant de présen-
ter la construction de la catégorie de Fukaya
topologique d’'une surface marquée graduée.
Certains aspects du modeéle géométrique pour
la catégorie dérivée bornée d'une algebre
aimable sont également présentés.

Dans le deuxiéeme chapitre, nous définis-
sons une classe d'algebres données par car-
quois et relations, que nous appelons al-
geébres aimables contractées. En se basant
sur un résultat similaire pour les algebres
aimables, nous montrons que les carquois
gradués contractés sont en bijection avec les
surfaces marquées avec singularités coniques
munies d'une dissection graduée admissible
simple. Nous étudions ensuite un enrichisse-
ment différentiel gradué (DG) de la localisation
de la catégorie dérivée parfaite d'une algébre
aimable par une sous-catégorie engendrée par
une collection d'objets sphériques compati-
bles. Nous montrons que chaque algebre
aimable contractée peut étre réalisée comme
anneau d'endomorphismes d'un générateur
formel d’'un tel quotient DG. Afin de montrer la
formalité, nous utilisons une suite spectrale sur
les espaces de morphismes d'un quotient DG
et nous décrivons sa premiere page en toute

généralité. Enfin, nous déduisons d'un résul-
tat de Gyenge le fait que la catégorie dérivée
d'une algeébre aimable contractée prend place
dans un recollement similaire a celui obtenu
par Chang-Jin-Schroll pour les localisations en
une collection d'arcs compatibles.

Le troisieme chapitre est essentiellement
une généralisation des résultats du second, en
élargissant la classe des générateurs formels
obtenus pour les localisations de catégories de
Fukaya topologiques par des objets sphériques
compatibles. Plus précisément, une générali-
sation de la classe des algébres aimables con-
tractées est donnée, ainsi qu'une généralisa-
tion de la notion de dissection admissible d'une
surface marquée avec singularités coniques.
La bijection entre ces deux classes d'objets,
établie au chapitre deux, est alors décrite dans
cette nouvelle généralité. Nous étudions en-
suite un enrichissement A, du quotient trian-
gulé et montrons que chaque algébre aimable
contractée peut étre réalisée comme anneau
d'endomorphismes d'un générateur formel. Le
calcul de la formalité est effectué cette fois-ciau
moyen d'un transfert d'homotopie de structure
Aso.

Cette construction nous permet d'associer
a une surface graduée marquée avec singu-
larités coniques S munie d'une dissection ad-
missible A, une catégorie F4(S) qui engen-
dre la catégorie dérivée parfaite d'une algébre
aimable contractée. Une conséquence immé-
diate des équivalences données dans le cas
lisse par Haiden-Katzarkov-Kontsevich est que
la classe d'équivalence de Morita de F4(.S) est
indépendante de A.

Nous donnons au passage deux bases pour
les algébres aimables contractées, I'une étant
obtenue par une application du lemme du dia-
mant de Bergman. La derniére section donne
un exemple de catégorie triangulée non-Krull-
Schmidt contenant deux objets bousculants
ayant un nombre différent de composantes di-
rectes indécomposables.
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Abstract: This doctoral dissertation studies
the localization of the topological Fukaya cat-
egory of a graded marked surface, as defined
by Haiden-Katzarkov-Kontsevich, at a collection
of compatible spherical objects. Geometrically,
such a collection corresponds to a set of dis-
joint graded simple closed curves on the sur-
face. We seek to motivate the idea that the lo-
calized category can play the role of a topologi-
cal Fukaya category for the singular surface ob-
tained by contracting the corresponding simple
closed curves.

In the first chapter we recall classical re-
sults of the representation theory of gentle al-
gebras and introduce the relevant concepts re-
garding A..-categories, before presenting the
construction of the topological Fukaya category
of a graded marked surface. Some aspects of
the geometric model for the bounded derived
category of a gentle algebra are also presented.

In the second chapter we define a class
of algebras given by quivers with relations,
that we call pinched gentle algebras. Based
on a similar result for gentle algebras, we
show that graded pinched gentle quivers are in
one-to-one correspondence with marked sur-
faces with conical singularities endowed with a
graded simple admissible dissection. We then
study a differential graded (DG) enhancement
of the localization of the perfect derived cate-
gory of a gentle algebra by a subcategory gen-
erated by a collection of compatible spherical
objects. We show that each pinched gentle al-
gebra arises as the endomorphism ring of a for-
mal generator of such a DG quotient. In or-
der to show the formality, we use a spectral se-
quence on the morphism spaces of a DG quo-
tientand describe its first page in a general way.
Finally, using a result of Gyenge, we deduce that

the derived category of a pinched gentle alge-
bra sits in a recollement similar to the one ob-
tained by Chang-Jin-Schroll for the localization
at a collection of compatible arcs.

The third chapter essentially generalizes
the results of the second one by enlarging the
class of formal generators obtained for localiza-
tions of topological Fukaya categories by com-
patible spherical objects. More precisely, a gen-
eralization of the class of pinched gentle al-
gebras is given, as well as a generalization of
the notion of admissible dissection of a marked
surface with conical singularities. The one-to-
one correspondence between these objects,
given in the second chapter, is then described
in this new generality. We then study a A.-
enhancement of the triangulated quotient and
show that each pinched gentle algebra arises
as the endomorphism ring of a formal genera-
tor. The computation of the formality is done
this time by means of a homotopy transfer of
Aso-structure.

This construction allows us to associate to a
graded marked surfaces with conical singulari-
ties .S, endowed with an admissible dissection
A, a category F4(S) which generates the per-
fect derived category of a pinched gentle alge-
bra. An immediate consequence of the equiv-
alences given in the smooth case by Haiden-
Katzarkov-Kontsevich is that the Morita equiv-
alence class of F4(S) is independent of A.

We give two bases for pinched gentle alge-
bras along the way, one of which is obtained
using Bergman's Diamond Lemma. The last
section provides an example of a non-Krull-
Schmidt triangulated category containing two
silting objects having a different number of in-
decomposable summands.
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Introduction en francgais

0.1 Contexte

L'objectif de cette thése est d'obtenir une description simplifiée du quotient de la catégorie de
Fukaya topologique d'une surface marquée, par une collection d'objets sphériques. Géométrique-
ment ces objets correspondent a des courbes fermées simples disjointes sur la surface, et prendre
le quotient revient a contracter chacune de ces courbes en un point. L'exemple d'une courbe fermée
simple sur un cylindre est représenté sur la Figure 0.1.1.
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- -~
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Figure 0.1.1: Une courbe fermée simple (bleue) sur une surface marquée, et la surface
marquée avec singularité conique obtenue par contraction.

Dans [Jef22], 'auteur considére une fibration symplectique f : X — C d’hypersurfaces, ou seule
f71(0) est singuliére. 1l y définit la catégorie de Fukaya enroulée de la fibre singuliére comme étant
le quotient de la catégorie de Fukaya enroulée d'une fibre proche, par une sous-catégorie induite par
le foncteur de monodromie. Notre travail peut étre vu comme I'étude d’'un analogue algébrique de
cette construction dans le cas des surfaces, avec pour objectif de donner une expression explicite du
guotient comme catégorie dérivée parfaite d'une algeébre donnée par générateur et relations. Cela
nous conduira a travailler avec la classe des algébres aimables.

Depuis leur introduction [AH81,AH82, AS87], les algebres aimables se sont avérées étre liées a de
nombreux autres domaines des mathématiques. Leur théorie des représentations a été largement
étudiée, par exemple dans [WW85, GP68, BR87, Cra89, Krag1]. Ayant pour origine la théorie des al-
gebres amassées provenant de surfaces triangulées [FGog, FSTo8], des modeéles géomeétriques pour
les algébres aimables ont ensuite été développés dans des directions diverses [Labog, ABCP10,BCS21].

Les algebres aimables sont également apparues dans le contexte de la symétrie miroir homologi-
que en tant qu'algébres d'endomorphismes de générateurs formels de catégories de Fukaya topologi-
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ques de surfaces graduées marquées [HKK17]. Réciproquement, dans des travaux tels que [LP20,
OPS25,PPP19,BCS21], a toute algeébre aimable graduée est associée une surface marquée munie d'une
dissection admissible graduée. Dans le cas ou l'algébre est homologiquement lisse, [LP20] donne une
équivalence entre la catégorie dérivée bornée de 'algebre et la catégorie de Fukaya topologique de la
surface marquée graduée associée. En se basant sur la description de la catégorie dérivée bornée de
I'algebre aimable donnée dans [BMo3, BDos, ALP16, CPS19, CPS21], il est montré dans [OPS25] que la
surface marquée avec dissection admissible sert de modéle pour les objets indécomposables, pour
les morphismes irréductibles et leurs cones, ainsi que pour les triangles d’Auslander-Reiten.

Ces modeles géométriques ont depuis eu de nombreuses applications dans I'étude des catégories
dérivées bornées d'algébres aimables graduées. Par exemple, en généralisant un invariant dérivé
numérique donné dans [AGo8] (voir aussi [BHo07]), ils ont permis d'établir un invariant dérivé complet
pour ces algébres [LP20, APS23, Opp19,)SW25, Opp25].

Plus généralement, de nombreuses opérations algébriques sur la catégorie dérivée trouvent une
interprétation géométrique au niveau de la surface modéle. Ce fut le cas par exemple dans [CS23,
CJS23,JSW25] ou il est montré, entre autres, que la mutation bousculante correspond a un retourne-
ment de la diagonale dans un quadrilatére. Un autre exemple est donné dans [Opp19], avec la de-
scription des twists sphériques de la catégorie dérivée comme twists de Dehn sur la surface.

L'étude de la localisation par un arc de bord a été faite dans [HKK17], et utilise la localisation des
catégories A, strictement unitaires introduites dans [LO06]. Plus généralement, une étude de la
localisation par une collection admissible d'arcs a été faite dans [CS23, (JS23]. Il y est montré que la
surface obtenue en découpant le long des arcs donne lieu a un recollement au niveau des catégories
dérivées.

Dans cette thése, nous étudions la localisation par une collection de courbes fermées simples dis-
jointes. Une telle courbe correspond a un objet de la catégorie de Fukaya, qui s'avere étre sphérique
au sens de [STo1]. Introduits dans un premier temps pour construire des actions catégoriques du
groupe des tresses (voir aussi [KSo2, GTW17, AL17, Opp19] pour d'autres actions similaires), les objets
sphériques jouent désormais un role important dans I'étude des catégories triangulées.

Un de nos objectifs sera de motiver lI'idée qu'un tel quotient par un objet sphérique peut jouer
le réle d'une catégorie de Fukaya topologique pour la surface singuliére obtenue en contractant la
courbe fermée simple correspondante.

0.2 Résultats principaux

Dans cette section le corps de base est supposé étre de caractéristique zéro.

0.2.1 Résultats principaux du Chapitre 2

Dans le Chapitre 2, nous étudions la localisation de la catégorie dérivée D(A) d'une algebre aima-
ble graduée A, par un objet de bande sphérique. Nous montrons que cette localisation est équiva-
lente a la catégorie dérivée d'une algébre A(aﬁ) (Théoréme 2.1.3), et cela nous conduit a définir une
classe d'algebres données par carquois et relations, que nous appelons algebres aimables contractées
(Définition 2.1.6).



0.2. Résultats principaux

La notion de surface marquée avec singularités coniques est introduite dans la Définition 2.4.8 et
la Remarque 2.4.9, comme étant I'espace topologique obtenu par la contraction d’'une collection de
courbes fermées simples disjointes sur une surface marquée lisse. La notion de dissection admissible
simple graduée sur une surface marquée avec singularités coniques y est également définie et nous
montrons la proposition suivante:

Proposition 0.2.1 (Proposition 2.4.10) Les carquois aimables contractés gradués sont en bijection avec les
surfaces marquées avec singularités coniques munies d’une dissection admissible simple graduée.

La Définition 2.1.9 donne une procédure pour obtenir une nouvelle algebre aimable contractée
A(q,p) @ partir d'une algebre aimable contractée A contenant un sous-carquois d'un certain type, ap-
pelée Kronecker acyclique gradué et notée («, ). De plus, chaque Kronecker acyclique gradué donne
lieu a un objet de per(A), appelé objet de bande supporté sur («, 5). Le résultat principal est le suiv-
ant:

Théoréme 0.2.2 (Théoremes 2.1.11 et 2.1.10) Soit A une aglébre aimable contractée contenant un Kronecker
acyclic gradué («, ). Il y a un recollement:

D(Aa,p) = D(A) == D(K[z]/(z?)) ,

ou x est de degré 1. Cela induit une équivalence triangulée:
per(A)/thick(B) =~ per(A p)),
ou B est un objet de bande supporté sur (a, [3).

Soit A une algebre aimable contractée graduée, et Sy la surface marquée avec singularités coni-
ques associée munie d'une dissection admissible simple graduée. On peut appliquer le Théoréme
0.2.2 pour décrire la localisation de per(A) par une courbe fermée simple v de nombre d’enroulement
zéro sur Sy (ne passant pas par une singularité), de la maniére suivante.

En appliquant le Théoréme 0.2.2 un nombre fini de fois, per(A) peut étre réalisé comme un quo-
tient de la catégorie dérivée parfaite d’'une algébre aimable A. Les équivalences dérivées pour A
données par [HKK17](Proposition 3.2) nous permettent de montrer la Proposition 2.4.3 qui dit que
A est dérivée équivalente a une algebre aimable contractée graduée A’ pour laquelle v correspond
a un objet de bande supporté sur un Kronecker acyclique gradué («, 3). On peut alors appliquer le
Théoreme 0.2.2.

Le Théoréme 0.2.2 est prouvé de la maniére suivante. Nous réalisons d'abord D(A) comme la
catégorie dérivée D(A) d'une catégorie DG A contenant une sous-catégorie strictement pleine et
formelle B dhomologie K[z]/(x?), avant d'appliquer le Théoréme 1.4.13. La Proposition 2.5.5 montre
que le quotient DG .4 /B est formel et donne une description explicite de sa catégorie cohomologique.
Le calcul est basé sur I'utilisation d’'une suite spectrale sur les espaces de morphismes d’'un quotient
DG, dont la premiére page est décrite en toute généralité dans la Proposition 2.3.4. On note en pas-
sant que le calcul des autres pages, effectué dans la Proposition 2.5.10, est rendu possible par le fait
que l'objet B est sphérique, et bénéficie donc d'une homologie simple. Enfin, nous montrons dans le
Lemme 2.6.2 que H*(A/B) est Morita équivalente a l'algébre aimable contractée A(, 3).

3
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0.2.2 Résultats principaux du Chapitre 3

Le Chapitre 3 généralise les résultats obtenus dans le Chapitre 2 en élargissant la classe des al-
gébres aimables contractées et en les réalisant comme générateurs formels de localisations, par des
objets sphériques, de catégories de Fukaya topologiques de surfaces marquées graduées.

La stratégie utilisée ici differe de celle utilisée dans le Chapitre 2 par le fait que nous travaillons
cette fois avec un enrichissement A, du quotient triangulé. Cependant, méme si les preuves sont
différentes, le calcul de 'homologie d'un générateur formel est similaire (on pourra comparer la déf-
inition de ¥ dans la preuve de la Proposition 2.5.10, et celle de T' dans la Notation 3.5.6).

Premiérement, la classe des algébres aimables contractées est définie (Définition 3.3.2) en général-
isant celle donnée en Définition 2.1.6, et la notion de dissection admissible sur une surface marquée
avec singularités coniques est introduite, généralisant celle de dissection admissible simple de la Déf-
inition 2.4.8.

Ensuite, la Sous-section 3.3.3 associe un carquois aimable contracté avec relations (Q, I) a chaque
dissection admissible graduée A d'une surface marquée avec singularités coniques S. La catégorie
Fa(S) est alors définie comme étant la catégorie de chemins P(Q, I) dont les objets sont Q) et les
espaces de morphismes sont P(Q, I)(i, k) = ex(KQ/(I))e; (Définition 3.3.6).

Supposons maintenant que S est une surface marquée ayant une singularité conique obtenue en
contractant une courbe fermée simple v de nombre d’enroulement zéro, sur une surface marquée
graduée lisse S. Soit A une dissection admissible sur S. La Sous-section 3.3.4 donne une maniére
naturelle de relever A en une dissection admissible A de S. Notre théoréme principal est le suivant:

Théoréme 0.2.3 (Theorem 3.5.3) Il y a une équivalence de Morita:
Fa(S) = D(F(S)|B).

Ici D(F(S)|B) désigne le quotient A, (voir Définition 1.3.11) de la catégorie de Fukaya topologique
F(S) de S par la sous-catégorie pleine B supportée sur les objets isomorphes & des éléments de
thick(B) aprés passage en homologie zéro, B désignant un objet de bande sphérique associé a vy
(voir Sous-section 3.3.5).

Puisque la Proposition 3.2 de [HKK17] dit que la classe d'équivalence de Morita de }‘A(S‘) est in-
dépendante de A, une conséquence immédiate du Théoréme 0.2.3 est que ce résultat est aussi vrai
pour F4(S) (pour des choix de dissections admissibles graduées A sur S induisant une méme gra-
dation sur S). De plus, des calculs non inclus dans cette thése suggérent que ce théoréme peut étre
utilisé pour classifier les objets indécomposables de F4(S)!" en terme de courbes graduées sur S,
en analogie avec [HKK17](Théoréme 4.3). Inspiré par [HKK17], nous appelons F(S) := TwFa(S) la
catégorie de Fukaya topologique de S.

Enitérantla preuve du théoréme 0.2.3, il est possible d'obtenir un enoncé portant sur des surfaces
marquées avec plusieurs singularités coniques.

Le théoréme 0.2.3 est démontré de la maniére suivante. D'apres le Lemme 3.5.2, la dissection
admissible A (vue comme un sous-ensemble de A) génere D(F(S)|B). Cela permet de définir une
sous-catégorie pleine A de F(S) qui induit un générateur de D(F(S)|B) en prenant un quotient A
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0.2. Résultats principaux

de la forme D(A|B). Afin de simplifier la description de D(A|B) nous calculons dans la Proposi-
tion 3.4.8 un modéle minimal pour A4, noté H*A. Cela induit un nouveau générateur D := D(H*A|B)
de D(F(S)|B), qui d'aprés la Proposition 3.5.10 est formel. Comme ce fut le cas dans le Chapitre 2,
le calcul de H*D est rendu possible par le fait que B est un objet sphérique et qu'il bénéficie donc
d’'une homologie simple (voir la preuve de Proposition 3.5.7). Finalement, le Théoréme 3.5.11 décrit la
catégorie cohomologique de D comme étant la catégorie des chemins sur le carquois aimable con-
tracté associé a A, c'est-a-dire comme étant F4(5). Le diagramme de la Sous-section 3.1.1 résume la
situation.

Une premiére base pour les algebres aimables contractées est donnée dans la Remarque 3.5.14.
La Proposition 3.5.15 en donne une deuxiéme, obtenue par une application du lemme du diamant de
Bergman. Elle est ensuite utilisée dans la preuve du Théoreme 3.5.11.

La derniére Section 3.6 donne un exemple de catégorie de Fukaya topologique (triangulée) d'une
surface marquée contractée, qui contient deux objets bousculants ayant un nombre différent de com-
posantes directes indécomposables. Cela montre que [Al12](Corollaire 2.28) n'est en général pas vrai
lorsque la catégorie triangulée n'est pas supposée étre Krull-Schmidt.



Chapter 1

Introduction

1.1 Context

The aim of this thesis is to describe the partially wrapped Fukaya category of a graded marked
surface after taking a quotient by certain spherical objects. Geometrically, such an object corresponds
to a closed curve on the surface, and taking the quotient will amount to contracting the curve.

-/
—

e o o e
—

—

Y

N
e
-

Figure 1.1.1: A marked surface with a simple closed curve (blue), and its
marked surface with conical singularities obtained by contraction.

In [Jef22], the author considers families f : X — C of symplectic manifolds with a singular fiber
over 0, and defines the wrapped Fukaya category of the singular fiber to be a certain localization of
the Fukaya category of a nearby fiber. Our work can be seen as an algebraic analogous construction
in which we seek an explicit description of the localization. We will do this through the use of gentle
algebras.

Since their introduction [AH81,AH82,AS87], gentle algebras were found to be linked to many other
areas of mathematics. Their representation theory has been widely studied, in particular in [WW8s5,
GP68, BR87, Cra89, Krag1]. Originating in the theory of cluster algebras from triangulated surfaces
[FGog, FST08], geometric models for gentle algebras have been developed in numerous directions
[Labog, ABCP10, BCS21].

Gentle algebras also arose in the context of Homological Miror Symmetry as endomorphism alge-
bras of formal generators in partially wrapped Fukaya categories of graded marked surfaces [HKK17].
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1.1. Context

Conversely, in works such as [LP20, OPS25, PPP19, BCS21], to any graded gentle algebra is associated a
graded marked surface with graded admissible dissection. In the homologically smooth case, [LP20]
showed that the bounded derived category of the algebra in equivalent to the partially wrapped
Fukaya category of the associated graded marked surface. Moreover, based on the description of
the bounded derived category of gentle algebra given in [BMo3,BDos, ALP16,CPS19,CPS21], itis shown
in [OPS25] that the marked surface with admissible dissection serves as a model for the indecompos-
able objects, the irreducible morphisms and their cones, and the Auslander-Reiten triangles.

These geometric models have since been fruitful for the study of the bounded derived cate-
gories of gentle algebras. For example, this led to a complete derived invariant for graded gentle
algebras [LP20,APS23,0pp19,JSW25, Opp25], generalizing a numerical derived invariant of [AGo8](see
also [BHo7]).

More generally, many algebraic operations on the derived category find an interpretation in terms
of transformations at the level of the surface model. For example, [CS23, (JS23, JSW25] illustrated
the usefulness of this correspondence in the study of the silting theory of the derived category. In
particular, silting mutation corresponds to the changing of graded arcs and in some cases to the
flipping of diagonals in a quadrilateral. Another example is the correspondence established in [Opp19]
between spherical twists of the derived category and Dehn twists on the surface.

The study of the localization at a boundary arc was done in [HKK17], relying on the localization
of strictly unital A..-categories introduced in [LO06]. A more general study of such localization at an
admissible collection of arcs was done in [CS23,CJS23]. Itis shown that the surface obtained by cutting
along the arcs, and what the authors call the surface obtained by supporting along the arcs, give rise
to a recollement at the level of the derived categories.

In this thesis we study the localization at a simple closed curve. Such a curve corresponds to a
spherical object in the Fukaya category. Spherical objects were introduced in [STo1] in order to con-
struct categorical actions of the braid group. Since then, they have been shown to play an important
role in the study of triangulated categories, and further similar braid group actions were investigated
(see for instance [STo1,KSo2, GTW17,AL17,Opp19] for more details).

One of our objectives is to motivate the fact that such a quotient by a spherical object can play
the role of a topological Fukaya category for the singular surface obtained by contracting the corre-
sponding simple closed curve.

The rest of this chapter is structured as follows. Section 1.2 introduces the class of gentle algebras
and states the classification theorem of [BMo3] for indecomposable objects in the bounded derived
category of a gentle algebra. In Section 1.3, basic definitions and properties regarding A..-categories
are introduced. In particular, a special case of the A-localization defined in [LO06] is presented, as
well as the notion of homotopy transfer. Subsection 1.3.2 translates some of the concepts introduced
for A.-categories to the context of differential graded categories. The Section 1.4 is devoted to the
topological Fukaya categories of a graded marked surfaces, as defined in [HKK17]. After introducing
the relevant definitions and properties, we describe how to obtain a gentle quiver from a full formal
arc system. Reciprocally, we explain in subsection 1.4.2 how to construct a graded marked surface
from a graded gentle algebra. We also present some aspects of the geometric model given by the
surface for the bounded derived category of the gentle algebra, following [OPS25]. The next sub-
section, 1.4.3, states the recollement of [CJS23] obtained by cutting the surface along a collection of
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Chapter 1. Introduction
disjoint arcs. We finally present in Section 1.5 the results obtained in Chapter 2 and 3.

1.2 Gentle algebras

In this section we recall the definition of a gentle algebra as well as the classification of indecom-
posable objects in its bounded derived category. Throughout we work with ungraded algebras. The
classification in the graded case is given in [OPS25](Corollary C.2) (see Subsubsection 1.4.2.2).

Let K be a field, @ a finite connected quiver and I an admissible ideal of the path algebra KQ.
We consider right modules, and read paths from right to left. Each morphism between two indecom-
posable projective modules P; and P; is given by a linear combination of paths in () that goes from ¢
to j.

Definition 1.2.1 A bound quiver (Q, I) is gentle if the following conditions are satisfied:

(1) Each vertex of Q) is the source of at most two arrows and the target of at most two arrows,

(2) Foreach arrow « of Q, there is at most one arrow (3 such that Sa is a path and o ¢ T and at most
one arrow vy such that a-y is a path and oy ¢ 1,

(3) For each arrow « of Q, there is at most one arrow § such that da is a path and d« € I and at most
one arrow ¢ such that ac is a path and ae € I,

(4) The ideal I is generated by paths of length 2.

A finite dimensional algebra A is gentle if it is isomorphic to an algebra of the form KQ/I with (Q,I) a
gentle bound quiver.

A possibly infinite dimensional algebra of the form KQ/I for a quiver @ and an ideal I of KQ
satisfying the above definition is called a locally gentle algebra.

Indecomposable objects in the bounded derived category of a gentle algebra were classified in
terms of homotopy strings and bands in [BMo3]. Our notations are based on [ALP16](Section 2) and
[OPS25](Section 2.1).

Let (@, I) be a gentle bound quiver, and let s and ¢ be the source and target maps of Q). For each
arrow a € @1 we introduce its formal inverse @, given by s(@) = t(«) and t(a) = s(«). The set of
formal inverses is denoted by Q1 and we view the operation a + @ has an involution on Q; LI Q1 by
setting @ = a. Note that for a concatenation of paths p2p; in @, the formal inverse is pz2p1 = p1 p2.

Definition 1.2.2
(1) Adirect string is either a trivial path or a path a = a,, . .. a1 with each a; in Q1, and such that a ¢ I.
(2) An inverse string is a path b = by ... b, with each b; in Q1, and such thatb ¢ I.

(3) A finite (reduced) homotopy string is a concatenation o = o, ...o1 with t(o;) = s(o;41) for all
1 <i¢<r—1, where:



1.2. Gentle algebras

(a) Each o;is a direct or inverse string,
(b) If o; and o1, are both direct, then o;10; € 1,
(c) If o; and ;1 are both inverse, then G, 110; € I,
(d) FOI’lSZ'S’I"—l,O'i#O'iJrl.
(4) Ahomotopy band is a finite homotopy string o = o ... o1 with t(o;) = s(oj41) for1 <i <r —1,
such that:
(a) o has an equal number of direct and inverse strings o,
(b) t(o,) = s(o1) and o, # 77,

(c) o # 7™ for some homotopy string T, and m > 2.
(5) A left infinite homotopy string is an infinite concatenation o = ... o907 satisfying:

(a) Forallk > 1, oy ...01 is a homotopy string,

(b) There exists j > 1 such that ...oj 10 is periodic and for all i > j, o; is an inverse string of
length one.

(6) Arightinfinite homotopy stringo = o_10_5...isthe inverse T of some left infinite homotopy string
T.

(7) Atwo-sided infinite homotopy string is a sequence . ..o10¢00_1 ... where ... o100 (resp. cpo—_1 .. .)
is a left (resp. right) infinite homotopy string.

For simplicity, we call here a finite homotopy string what is called a finite reduced homotopy string
in [OPS25]. This property corresponds to the assumption o; # @;11. An infinite homotopy string will
refer to a right, left, or two-sided homotopy string, and a homotopy string will refer to a finite or
infinite homotopy string.

Definition 1.2.3

(1) A graded finite homotopy string (o, i) is a finite homotopy string o = o, ...o1 together with a
sequence of integers (. = (fir, . . ., po) Satisfying for i # r:

4+ 1 if 0,41 IS a direct string,
Lhit1 :{ i f i+1 8, (1.1)

wi — Lif 0,41 is an inverse string.

(2) A graded infinite homotopy string (o, i) is an infinite string o together with a sequence of integers
w = (u;) satisfying Equation 1.1 for all .

(3) A graded homotopy band (o, i) is @ homotopy band o = o, ...o together with a sequence of
integers u = (o, . .., po) Satisfying Equation 1.1 for i # r. Note that the definition of a homotopy
band ensures that ., = uo.



Chapter 1. Introduction

The sequence of integers p is called a grading. The shift p[1] of a grading p is the grading defined by
pl)i = pi — 1.

The choice of a grading on ¢ is determined by the choice of an integer ;9. One can associate
to each graded homotopy string or band a complex in the bounded derived category of the gentle
algebra as follows. We use the cohomological convention for complexes.

Definition 1.2.4 [BMo3](Section 4)

(1) Let (o, 1) be a graded homotopy string. The string object associated to (o, ) is the complex P(:7 )
of D’(mod A) defined by:

(a) Fork e Z,
ko _
P(U,u) - @ Pois
ni=k

where v; is the target of o; or the source of o;1, whichever is well-defined,

(b) The differential has components o; : P,, , — P,, when o; is direct and &; : P,, — P,, , when
o; IS inverse.

(2) Let (o, p) be agraded homotopy band witho = o, . ..oy, let M be an indecomposable K[X]-module
of finite dimension dim M = m, and let J be the matrix of the multiplication by X in a chosen basis.

The band object associated to (o, i1, J) is the complex P(‘U 1) of D(mod A) defined by:

(a) Fork € Z,
k _ o
P(U,u,J) - EB Pvim’
ni=k
£
where v; is defined as before,

(b) For i # r, the differential has a component o;1,, : Pﬁffnl — Pffm when o; is direct and a

component G;1,, : qu‘fm — Pﬁ?ﬁ”l when o; is inverse, where I, is the identity matrix,

(c) Fori = r, o, induces a component o, J : P&?V_”l — Rj‘im when it is direct and a component
a,;J : P™ — PS™ when it is inverse.

When K is algebraically closed, one can choose a basis of M such that J is the Jordan block J,,,(\)
of size m, associated to the scalar A € K. The elements m and X are called the parameters of the band
object P(.o,u,Jm(/\))'

Let ind(D®(mod-A)) be a set of representatives for the isomorphism classes of indecomposable
objects in the bounded derived category D?(mod-A) of a gentle algebra A = KQ/I.

Let St be a set of representatives for the graded homotopy strings of (Q, I) under the equivalence
relation identifying a string with its inverse and let Ba be a set of representatives for the graded
homotopy bands of (Q, I) under the equivalence relation identifying a band with its cyclic rotations
and their inverses.

The following is a reformulation in our notations of the classification theorem of [BMo3].
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1.3. Reminder on A..-categories

Theorem 1.2.5 [BMo3](Theorem 3) Suppose that K is algebraically closed. There is a bijection:
ind(D’(mod A)) 4= St U (Ba x K* x N*)

associating a graded homotopy string or band to the object defined in Definition 1.2.4.

1.3 Reminder on A -categories

We recall the definition of an A.-category and its category of twisted complexes, and present a
notion of A, -localizations and homotopy transfer. This exposition is based on [Seio8, HKK17, AP24].

Definition 1.3.1 AZ-graded category without multiplications A is given by a class of objects Ob(.A), and
by a Z-graded K-vector space A(X,Y') for each pair of objects X,Y in Ob(A), called morphism space.
The set of homogeneous morphisms are denoted A*(X,Y) for k € Z, and the degree of an element a of
this set is denoted |a| = k. The reduced degree of a is ||a|| = |a| — 1.
An A..-category is the data of a Z-graded category without multiplications A, together with linear
maps:
Mn : .A(Xn_l, Xn) R...Q A(XO,Xl) — .A(X(), Xn)

of degree 2 — n, for each integer n > 1 and collection Xy, ..., X,, of objects of A. Moreover, these maps
should satisfy the A, -relations:
Z (_1)Hak||+...+“a1Hun—j—i—l(an’ cooy Okt j+1, Mj(aj-i-ka R ,(Ik+1), Aky - - - ,(11) =0
0<k, 1<j
k+j<n
for all homogeneous morphisms aq, . .., ay.

The ™ are called the higher multiplications of A, and we say that the Z-graded category without mul-
tiplications A is endowed with the A.-structure u™. When several A..-category are under consideration,
we write 1"y to specify the underlying Z-graded category without multiplications.

A morphism ey € A°(Y,Y) is a unit if:

- Forall X, Z in A and homogeneous morphisms a € A(X,Y)and b € A(Y, 2),
¥ (a,ey) = aand pP(ey,b) = (—1)"b,
- Forn #2,u™(...,ey,...)=0.
The A.-category A is said to be strictly unital if each object admits a unit.

Units are necessarily unique. Note that the A, -relation for n = 1 says that u! is a differential on
each A(X,Y). Let H* A(X,Y) be the cohomology of A(X,Y), seen as a complex with differential p!.

Definition 1.3.2 The cohomological category of a strictly unital A.-category A is the Z-graded category
H* A whose objects are given by Ob(H*A) = Ob(A) and whose morphism spaces are the cohomology
spaces H* A(X,Y). The composition is given by:

[az][a1] := (1)1t (a2, aq).

Let H° A be the category obtained by keeping only the cohomology spaces in degree zero.

"



Chapter 1. Introduction

Note that the associativity of the composition is ensured by the A..-relation for n = 3, since u! is zero
in homology.

Definition 1.3.3 An A.-functor F between two A..,-categories A and B3 is the data of a map F from
Ob(A) to Ob(B), and of linear maps:

F' A(Xno1, Xn) ® ... ® A(Xo, X1) = B(F(Xo), F(Xy))

of degree 1 — n, for each integer n > 1 and collection of objects X, ..., X,, of A. These maps must satisfy
the following relations:

S>> (P (ans s nsg1)s - F sy, - 01)

1<r 1<s1,...,8r

S$1+...Fsr=n
_ ot —j+1 '
= Y (~pleltllad =it a, g iy (apsgs o k), ag, - a1),
0<k, 1<j
k+j<n
for all homogeneous morphisms a1, ..., a,. The composition of two A-functors F : A — B,G: B — C

is given by:
GoF)(an,-.;a)) =Y > G(F(an,.. . an-s,41);- -, F(as,,...,a1)).

1<r 1<s1,...,8p
S1+...+sr=n

If A and B are strictly unital, F is said to be strictly unital if for all units ex of X in Ob(.A), one has
fl(ex) = €F(X) and]-"”(. o, EeX,y ) = OfOI’TL > 2.
An Aoo-functor F satisfying F™* = 0 for n > 1 is said to be strict.

A strictly unital A.-functor ¥ : A — B induces a K-linear graded functor H*F : H*A — H*B
defined by H* F([a]) := [F'(a)], which restricts to a functor H°F : H'A — H°B.

Definition 1.3.4 A strictly unital functor F : A — B is a quasi-equivalence of A.-categories if the
induced functor H*F is an equivalence of categories.

An A..-category A is formal if it is quasi-equivalent to H* A (seen as an A..-category).

Given an A-category A, one can construct its A-category of twisted complexes Tw.A. The first
step is to pass to the additive enlargement.

Definition 1.3.5 Let A be an A.-category. The additive enlargement of A is the A..-category addZ.A
whose:

- Objects are given by formal direct sums @ y cova) Vx ® X where Vx is a finite dimensional graded
vector space and where only finitely many Vx are non-zero.

- Morphism spaces are given by:
addZA(Vx @ X, Vy ®Y) := HomK(VX, W) ek A(X,Y),

and its extension to direct sums by additivity.
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1.3. Reminder on A..-categories

- Higher multiplications are given by:

2 leilllagll
Lodaza(Pn @ an, ..., 01 ® a1) = (—1)1si<isn ©n0...001 @ pp(an,...,a1). (1.2)
for all homogeneous morphisms o1 ® ay, ..., pn & an.

Notations 1.3.6 for d € Z, let K[d] be the graded vector space with only K in degree d. For X in A, let
X|[d] := K[d] ® X in addZ.A. By letting:

( @ VX®X)69< @ WX®X) = @ (Vx @ Wx) ® X,

X€O0b(A) X€O0b(A) X€O0b(A)

every object of addZ.A can be seen as a finite direct sum of objects of the form X [d]. Moreover, morphisms
in addZ.A(X[d],Y [c]) are of the form A\s*~? @ a, where A € K, aisin A(X,Y), and s* € Hom™%(K, K|d))
is induced by the identity. We usually write A(X|[d], Y [c]) instead of addZA(X[d],Y [c]).

Definition 1.3.7 Let A be an A,.-category. The A..-category Tw.A of twisted complexes over A is given
by:

- Objects are pairs (W, §), called twisted complexes, where W is an object of addZ.A and § is a
morphism in addZAY (W, W), such that:

- W admits a decomposition W = B, ., W; for which § is strictly upper triangular,

- The (finite by the previous assumption) sum > .. 4(9,...,6) Is zero.
neN*

- Morphism spaces are given by:

TwA(W,0),(Z,¢)) == addZA(W, Z).

- Higher multiplications are given by:

,U/%wfl(am s 70’1) =
Z MZC}EICZIIW—FI%(&TL"'-»6naana5n71a---75n717an71a~'-7a1a607-"a60)7 (13)
0<k1,....kn
where each a; is in TwA((W;—1,;-1), (W3, d;)), and each sequence (9;, . . ., ;) between a; and a;41
is of length k; € Z>(. Once again, choosing the ¢; to be strictly upper triangular shows that this sum

is finite.

The morphism 4 is called the differential of the twisted complex (W, ). Sending the objects of A
to twisted complexes concentrated in degree zero defines an embedding of A into Tw.A.

When A is strictly unital, so is Tw.A with identity matrices as units. A functor F : A — B which is
strictly unital induces a strictly unital functor TwF : TwA — TwB. See [Seio8](Subsection (3m)) for
the details of this construction. Moreover, we have the following proposition:
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Chapter 1. Introduction

Proposition 1.3.8 [Seio8](Lemma 3.25) If F : A — B is a quasi-equivalence, then the induced functor
TwF : TwA — TwB is also a quasi-equivalence.

An A-functor F : A — B for which the induced functor TwF : TwA — TwB is a quasi-
equivalence is called a Morita equivalence. The construction TwA is justified by the following propo-
sition:

Proposition 1.3.9 [Seio8](Proposition 3.29) Let A be a strictly unital A-category. The cohomological
category HTw.A admits a structure of triangulated category.

The translation functor is H°S where S : TwA — TwA is the strict A,-functor given by:
(D, Xildi] 8) = (> Xildi +1],5(9)),

where S applied on morphisms is given by S(¢ ® a) = (=1)I¥lp ® a and its extension by additivity.
The distinguished triangles are the ones isomorphic to a diagram:

Wo 1, Wi i, Cone(c) LN S(Wo),

where

Cone(c) = (S(Wp) & Wi, <%g?g> 53%) )

and i = (eo ) p = (S(ew,) 0), with ey, a representative of the identity of W} in homology. The
Wh

definition of S gives an isomorphism:
TwA’(S(Wy), S(Wh)) ~ TwA' (S(Wp), Wh),

ensuring that S(c) as the good domain and codomain.
The category H°Tw.A will be denoted by A", For a strictly unital functor F : A — B, let F" be
the induced functor between A" and B*".

Proposition 1.3.10 [Seio8](Lemma 3.30) Let F : A — B be a strictly unital functor. The induced functor
Fjs triangulated.

Thus a quasi-equivalence 7 : A — B induces an triangulated equivalence F'" between A
and B!". Moreover, by [Seio8](Lemma 3.28 and 3.33), the inclusion TwA — Tw(TwA) is a quasi-
equivalence. Any full subcategory B of Tw.A that contains A induces an equivalence A" ~ B,

1.3.1 Localization and homotopy transfer

Given a strictly unital A,-category A and a full-subcategory B, the A, -localization D(A|B) was
introduced in [LO06]. We present here the definition given in [HKK17] (Subsection 3.5), for the special
case where B is a full subcategory of A with one object.
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1.3. Reminder on A..-categories

Definition 1.3.11 Let A be an A..-category and B a full subcategory of A with one object B.
The localization of A at B is the A.-category D := D(.A|B) given by:

- Objects in D are the same as those of A,
- Morphism spaces are given by a decomposition as vector spaces D(X,Y) = @ D™ (X,Y), where
DU(X,Y) = A(X,Y) and "
D"(X,Y)=A(B,Y)® K[1]® (A(B,B) ® K[1))*"? @ A(X, B)

for n > 2. The elements of D™ (X,Y) are linear combinations of terms of the form a,, - ... - ay,
where a; € A(X, B), a,, € A(B,Y ), and the other a; are in D(B, B).

The degrees in D are given by:
lan - ... a1] = lap| + ...+ Jai| — (n —1).

Thus,

an'...'(ILlH = HCLnH + ...+ H(I1||

- Forr>1and 0 =ng < n; < --- < ny,, higher multiplications are given by:

Wp(Qp, v oo Qe 41y ey Oy s e Q1) =
(il)Hakfl"“'allla . -a . . J+1(a . a ) -a . -a
ne "t Q41 0 By ktgs .-k k—1-..."01 (1.4)
J>0
1<k<nq

ne>k+j>ne_1+1

Note that B becomes a zero object in H*D since M%)(eB -ep) = ep. Moreover when A is strictly
unital, so is D(A|B).

There are several notions of A.,-quotients. See the introduction of [BLMo8] for a presentation
and for relevant references. We will see in the next subsection that when A is a differential graded
(DG) category, the A-quotient of [LO06] coincides with the quotient of DG categories introduced by
Drinfeld [Drio4].

In [Kad80], Kadeishvili showed that any DG algebra admits a quasi-equivalent A.-structure on
its homology, and in fact the construction holds for an arbitrary A..-category. More precisely, for
any A..-category A, there is an A, -structure g+ 4 on the Z-graded category without multiplications
underlying the cohomological category H*.A, and a quasi-equivalence of A, -categories from H* A
endowed with p -4 to A. We will present here a notion of transfer of A..-structure following [Seio8]
(Subsection (1i)). See Remark 1.15 of this reference for more background and references on this notion.

Let A be an A.-category such that each complex (A(X,Y), uly) is split into a complex E(X,Y)
with zero differential and an acyclic complex D(X,Y). Let T'* be an endomorphism (of graded vector
space) of A(X,Y') of degree —1 which vanishes on E(X,Y) and is a chain homotopy from zero to the
identity of D(X,Y), thatis:

pLTr 4+ T Yy = F1gt —id,
where F1 is the inclusion of E(X,Y) in A(X,Y) and G! the projection onto E(X,Y’) with respect to
this decomposition.
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Chapter 1. Introduction

Proposition 1.3.12 [Seio8](Proposition 1.12, Remark 1.13)

Let C be the Z-graded category without multiplications whose objects are Ob(C) = Ob(.A), and mor-
phism spaces are C(X,Y) = E(X,Y) for all X,Y in Ob(.A). The following recursive formulas give an
Aso-structure on C, as well as a quasi-equivalence F : C — A:

Mg(anv--'7a1): E E Tl(MTA(FST<an7'-'7an—sr+1>7"-7]:81(a817"-7a1))>7
2<r 1<s1,...,8¢
S1+...+sr=n

Flan,..;a1) =Y > GUUA(F " (tn, . nsyg1)s- o, Fo Ay, ., a1))).
2<r 1<81,...,8r
S1+...+sr=n

When E(X,Y) = H*A(X,Y) forall X and Y, an A.-category C obtained in this way will be called
a minimal model for A.

1.3.2 Differential graded categories

Up to some signs, differential graded (DG) categories are a special case of A,,-categories. Our
main references are [Driog, BKg1, CC21].

Definition 1.3.13 A DG category A is a K-category where each morphism space A(X,Y") is a complex of
K-vector spaces:

-A(X? Y) = (@ A(X7 Y)kv dA)7
kEZ

and such that the composition A(Y,Z) @ A(X,Y) — A(X, Z) is a chain map:

lgo fl =gl +|fland da(g o f) = da(g) o f + (=1)¥g o da(f),

for f and g homaogeneous, and where |g| = k for g € A(Y, Z).
A DG functor F : A — B between two DG categories A and B is a K-linear functor such that:

F:AX,Y) = B(F(X), F(Y))

is a chain map, thatis | F(f)| = |f| and F(da(f)) = ds(F(f)).

One passes from an A.-category A with ™ = 0 for n > 3 to a DG category, and the other way
around, by setting:

da(f) = (=) (f) and ma(g, f) == goa f = (=114 (g, f). (1.5)

The cohomological category of a DG category and the notion of quasi-equivalences between DG
categories are defined as before.

The category APt of (one sided) twisted complexes of a DG category A was introduced in
[BK91]. We use here the notations of [Driog](Subsection 2.4).
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1.3. Reminder on A..-categories

Its objects are defined as formal finite direct sums (@, X;[d;], ¢), where each X; isin Aand d; in
Z, together with a strictly upper triangular differential 6 = (6;;) with d;; € A(X;, X;)[d; — d;] homo-
geneous of degree 1, satisfying dyaive(d) + 02 = 0, where dpaive(d) is obtained by applying the (shifted)
differential on each component: dnaive(5) = (d g, —a;(ji))-
The DG structure on the morphism spaces is given by the following rule:
dgore—ir(f) = duaive(f) +n0 f = (=) f 04, (1.6)

where f = (fj;), with each f;; in A(X;,Y})[c; — d;], is a homogeneous morphism from (€, X;[d;], 9)
One can check that this DG category coincides with the A,,-category Tw.A. For an A, -category A
with p"y = 0 for all n > 3, Equations 1.3 and 1.2 give the following formula for the differential applied

on a homogeneous element s~ ® a of A(X|d], Y|[c]):
Prua(8S © @) = agaza(s”™7 @ a) + praaza(n, s @ @) + pigazals”™" @ a,6).

Passing from an A..-category to a DG category using Equation 1.5, the above equality becomes:

drua(s*™" © 0) = dagaza(s* @ @) + mrpa(n, s ® a) = (=11 Omp, (s @ a,0). (1.7)

The morphim spaces in Tw.A and AP™~'" are identified by viewing a morphism s~ @ q of the
space A(X|[d],Y][c]) as a morphism a of A(X,Y)[c — d], and the other way around. Since:

dagaza(s4 @ a) = (1)1l 04 (57 @ a)
= (1)l @ () = (<15 @ da(a),

and d gjo—q)(a) = (—1)¢"9d 4(a), Equation 1.6 and 1.7 coincide.

We recall the localization of DG categories introduced in [Drio4].

Definition 1.3.14 [Drio4](83.1) Let B be a full subcategory of a DG category A.
The DG quotient of A by B is the DG category A/B given by:

- Objects in A/B are the same as those of A,

- Morphism spaces are given by a decomposition into a direct sum of vector spaces (but not of com-
plexes) A/B(X.,Y) = @, e A/B™ (X, Y) where:
A/B™M(X,Y) =

P AKX X)) @ K] ® A(Xp—2, Xn1) ® ... ® K[1] ® A(Xo, X1),
(X;)€e0b(B)n

with Xo = X, X,, =Y, and the sum is over all collections (X;)1<i<n Of objects of B. The elements
of A/ B (X,Y) are linear combinaitions of elements of the form a,e,—1a,—1 . ..aze1a1, where ¢;
is the canonical generator of K[1],

- The differential is given by d 4,5(¢:) = idx, together with the graded Leibniz rule. See Equation 1.8
for an illustration on a generic element.
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Chapter 1. Introduction

As mentioned before, when A is viewed as an A.-category, Drinfeld’s localization coincides with
the localization of A,,-categories of [LO06]. In our case, one can see that for a full subcategory sup-
ported on one object, Definition 1.3.14 coincides with Definition 1.3.11.

Let A be a A-category with p7y = 0 forn > 0, let B be a full subcategory of A with one object B,
and let D = D(A|B) be the A,-localization. Equation 1.4 shows that 7, = 0 for n > 3. Let A/ be the
quotient of A by B viewed as DG categories. The morphism spaces of D and .A/B are identified by
viewing a morphism ay, - ... - a; of D(X,Y’) as a morphism a,e...ca; of A/B(X,Y), where e = —¢p.

On one side,

d_A/B(CLné‘ “ s Eal)

n n—1
— (_1)|an...ak+1slawE oda(ag)...cal + Z(_l)lan...aiﬂ\ang L dA/B(E)ai ...ay
k=1 i=1 (1.8)
n n—1
=N (=1)lenamiicly o da(ag)...ear — Z(—l)la"“"““‘ane coomg(aizr,a;) .. .a1.
k=1 i=1
On the other side, by letting {51 = |laj—1 ... a1,
i (ay - ... ay)
n n—1
= Z(—l)Ok*Ian coph(ag) - ar Z(—l)oiflan o pA (i, i) o an
k=1 i=1

The two constructions coincide since (—1)@n al+0i—1 — (_1)lans.2a5],

Since we are working over a field, the DG quotient satisfies the following property:

Theorem 1.3.15 [Driog](Theorem 3.4) Let BB be a full subcategory of a DG category A. There is a trian-
gulated equivalence:
(A/B)tr ~ Atr/Btr.

where the right hand side denotes the Verdier localization for triangulated categories.

Example 1.3.16 Let A be a K-algebra and let C = proj-A be the category of projective A-modules, seen
as a DG category concentrated in degree zero. For a twisted complex X = (@, X;[d;],d) in CP™*~'", the
component 6;; of the differential must be of degree one in C(X;, X;)[d; — d;]. Thus it can be non zero
only if d; = d; + 1. This shows that X is actually a complex of projective A-modules, where X;[d;] is in
homological degree d;. The formula of depre—«r shows that morphisms in H°(CPr¢='") are morphisms of
complexes up to homotopy, and thus C*" coincides with the category of perfect complexes K°(proj-A). The
following theorem can be useful for the study of triangulated quotients of this category. See [Seio8](Lemma
3.32) for a similar statement for A.,-categories.

Theorem 1.3.17 [BK91](84 - Theorem 1) Let A be a DG category, and let BB be a full subcategory of APT¢~1"
supported on objects X1,..., X,. There is a triangulated equivalence:

B" ~(Xy,..., X,),

where (X1, ..., X,,) is the smallest strictly full triangulated subcategory of A'" that contains the X;.
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1.4. Topological Fukaya categories, after [HKK17]

Let X1,..., X, be a collection of objects of K®(proj-A). Taking A to be the full subcategory of CP"¢~'"
supported on Ob(C) and on the X;, and B the full subcategory of A supported on the X, one gets the
following equivalences:

K%(proj-N)/ (X1, ..., X,) ~ A" /B ~ (A/B)"".

1.4 Topological Fukaya categories, after [HKK17]

1.4.1 From Fukaya categories of graded marked surfaces to gentle al-
gebras

1.4.1.1 Graded marked surfaces with arc systems

We recall the definition and basic properties of the topological Fukaya category of a graded marked
surface as introduced in [HKK17]. This exposition is based on Sections 2.1 and 3 of this article.

Definition 1.4.1 A graded surface (S, n) is the data of a smooth oriented surface S and a section 7 of the
projectivized tangent bundle P(T'S), called a grading.

A morphism of graded surfaces from (S1, 1) to (S2, n2) is the data of an orientation preserving local
diffeomorphism f : S, — S, together with the homotopy class of an homotopy f from f*n, to ny. The
composition of two morphisms of graded surfaces is:

(f,f)o(9,9) = (fog,9(9"f)),

where §(g* f) is the concatenation.

A graded curve (1,v,7) in a graded surface (S, n) is the data of an immersion ~v : I — S of a one
dimensional manifold I, together with an homotopy 7 inT'(1,~v*P(T'S)) from the grading ~*n to the tangent
space .

Given two (possibly equal) graded curves (11,71,71) and (12,72, 72) intersecting transversely at a point
v1(t1) = y2(t2) =: p with 41(t1) # ~2(t2), their intersection index at p is defined to be the following
homotopy class in w1 (P(T,S)) ~ Z:

ip(71,72) = A1(t1) - & - A2(t2) 7,

where for i = 1 and 2, 7;(t;) is the homotopy class of a path from n(p) to +;(t;) induced by the grading ~;,
and where k is defined by the counterclockwise rotation in T,,S from 1 (t1) to 42(t2) by an angle strictly
smaller than .

The counterclockwise rotation is the one given by the orientation of S. Note that there is an
equality ip(y1,72) +ip(y2,71) = Y1(t1) - - &-F1(t1) "' = 1, where & is induced by the counterclockwise
rotation strictly smaller than 7 from 42 (¢2) to 41 (t1).

The shift of a graded curve (I,+,7) is the graded curve (I,~v[1],7[1]) where [1] = « and the ho-
motopy 7[1] is obtained by pre-composing at each p € S the homotopy 4, restricted to P(7,5), by the
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generator 7 of 71 (IP(7},5)) induced by the counterclockwise rotation by an angle of . The intersection
index for shifted curves is given by the following equation:

ip(yim],y2ln]) = 7™ A1 () - k- Fa(te) TH T = dp(y1,92) +m - (1.9)

Shifting a graded curve amounts to post-composing by the shift automorphism (idg, [1]) of (S, n),
which is defined in the same way.

One canresolve a crossing with intersection index one in the following way. Let ~, p be two graded
curves intersecting transversely at y(z) = p(y) = p with intersection index i,(v,p) = 1. We place
ourselves in a disk D around p. Suppose that the domain I of « is an oriented segment from a to b
decomposing as I = I1 U I, with I; from a to = and I from x to b. Orient the domain J of p such
that it is a segment from ¢ to d with induced cyclic ordering (a, ¢, b, d), and decompose it similarly as
J1 U Jy. Let v; (resp. p;) be the restriction of « to I; (resp. of p to J;). Since 4(x) - k = 7 - p(y), one can
define an immersion § whose image is homotopic to ~; - ps, together with a grading § induced by 7
on I; and p[1] on Jy, and by inserting a linear homotopy from 4(x) to 4(x) - k. The same construction
gives a grading on p; - ¥s.

Definition 1.4.2 A marked surface (S, M) is a smooth oriented surface S with boundary, together with
a set M C 0S which is a disjoint union of closed segments or circles, called marked components, and
such that each compact connected component of S contains finitely many, and at least one, connected
component of M.

An arc on a marked surface (S, M) is a locally embedded closed interval in S which intersects trans-
versely M at its endpoints, and which is not isotopic to an interval in M by an isotopy of arc, that is by
an isotopy keeping its endpoints in M. An arc which is isotopic to the closure of a connected component of
0S\M is called a boundary arc.

An arc system on (S, M) is a collection of pairwise disjoint non-isotopic arcs. An arc system that in-
cludes all boundary arcs and cuts S into polygons is called a full arc system.

Aformal arc system is an arc system that cuts S into polygons, each containing at least one connected
component of 0S\M in its boundary. A full formal arc system is a formal arc system that cuts S into
polygons, each containing exactly one connected component of S\ M in its boundary.

A morphism of marked surfaces f : (S1, M1) — (S2, Ma) is an orientation preserving immersion that
satisfies the inclusion f(My) C M and that sends boundary arcs of Sy to disjoint non-isotopic arcs in Ss.

If S'is compact each connected component of 9 is either a circle entirely in M or a sequence of
segments alternatingly belonging to M and its complement. We will not consider a disk with 95 = M
as a marked surface.

Unless S is a disk with two marked components, note that a full arc system cannot be formal, and
thus a full formal arc system is not a full arc system.

The definition of a morphism of marked surfaces f from (Sy, M;) to (S2, Ms) is such that any full
arc system As on S, that includes all the images of the boundary arcs of S; under f can be lifted to
a full arc system A; on S;. However, the composition of two morphisms of marked surfaces is not a
morphism of marked surfaces in general, since boundary arcs may be sent to isotopic arcs. Another
direct consequence of the definition is that the image of an unmarked component can not be included
in a marked component.
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1.4. Topological Fukaya categories, after [HKK17]

Remark 1.4.3 Amarked surface can also refer to a couple (S, M) where M is a set of distinguished points
in the boundary or interior of S. See for instance [OPS25]. More precisely, one defines M as:

- M = M° U M*® U P°U P*is afinite set of points on S. The elements of M°, called o-points, and of
M?®, called e-points, are points on the boundary 0S. Elements of M = M° LI M *® are called marked
points. Each connected component of the boundary is required to contain at least one marked point
of each color, and o-points and e-points must alternate on each connected component. The elements
of P = P° LU P*® are called respectively o and e-punctures, and lie on the interior of S.

In this definition, o-points are in bijection with the segments of M as in Definition 1.4.2, and e-points are
in bijection with unmarked boundary segments. A fully marked component as in Definition 1.4.2 corresponds
to a o-puncture. Unmarked boundary components, which we will consider in Remark 1.4.8, correspond to
e-punctures. Thus with this convention, S can have empty boundary as long as P is not empty.

Anarcon (S, M) is called a o-arc. One defines the dual notion of e-arc by requiring that the endpoints
are in P*. A full formal arc system is called an admissible dissection and is usually denoted A. One can
define the dual notion of an admissible e-dissection. Each admissible dissection A induces a unique dual
admissible e-dissection A* such that each ¢* € A* intersects exactly one arc ¢ of A.

A graded admissible dissection (A, G) on a marked surface (S, M) is the extra data of an integer g(«)
for each minimal angle o of the dissection A.

The tuple (S, M, A, G) is called a graded marked surface. We will see in Remark 1.4.7 and Subsub-
section 1.4.2.1 how one can pass from this definition to the one given by 1.4.1 and 1.4.2, and the other way
around. We will use both conventions depending on the context.

1.4.1.2 The topological Fukaya category of a graded marked surface

We now give the definition of the minimal A.-category of an arc system following Subsection 3.3
of [HKK17]. This category was introduced by Bocklandt in the case where all boundary components
are fully marked [Boc16]. In an appendix of this article, Abouzaid showed that it computes the partially
wrapped Fukaya category of the surface as defined by Abouzaid-Seidel in [AS10]. According to [LP20],
the proof extends to the general case.

Definition 1.4.4 Let (S, M, n) be a graded marked surface together with a system of graded arcs A. The
minimal A..-category of A, denoted by F4(.S), is defined by:

- The set of objects is the set of arcs A,
- A basis for the morphism space F4(S)(p, ), from a graded arc p to a graded arc ~, is given by:

(a) One identity morphism e, when v = p,

(b) Non-constant paths in M which follow the reverse orientation of the boundary, and go from
an endpoint of p and to an endpoint of . These paths are called boundary paths and are
considered up to reparametrization. The degree of a boundary path a from an intersection p
to an intersection q is defined by:

’a‘ - ip(pv a’) - iq(% a)7

where a is given an arbitrary grading.
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- Higher multiplications are given by:

(@) p' =0,

(b) The composition of morphisms is given, up to a sign, by concatenation. For boundary paths a
from pto~ and b from ~ to 6, (b, a) = (—1)1%lba if a and b are composable and (b, a) = 0
otherwise,

(c) The non-zero ™ for n > 3 are induced by disk sequences. Let (Sy, My) be a closed disk with
a number n > 3 of marked components, and let ay,...,ay be the distinct boundary paths
between consecutive boundary arcs, taken in clockwise order. A disk sequence in (S, M) is the
image of the a; under a morphism (So, My) — (S, M) which sends boundary arcs of (So, My)
to arcs in A. For a disk sequence (ay,, . ..,a1),

(1 an, . .. a1b) = (=D)"band p*(can, ..., a1) =c,
for each basis morphism b and c such that a;b # 0 and ca,, # 0.

For a boundary path q, its degree |a| as a morphism of F,4(.5) is independent of the choice of a
grading for a, as it can be seen using the Equation 1.9 for shifted intersection indices:

la[1]] = ip(p, all]) —ig(y, al]) = ip(p,a) =1 —iq(y,a) + 1.

For a disk sequence (ay,...,a1), >_;|a;il = n — 2 and p™ has the desired degree. The fact that
there is no ambiguity in applying u™ for n > 3 comes from the following argument. Let (a,, ..., a1) be
a disk sequence and let p; be the arc on which a; stops. Then pya,, ... p1a; is a null-homotopic loop.

- Let (by,...,b1) be a sequence of composable morphisms, and let b; = ba = b'a’ be two decom-
positions such that (by, ..., bs,b) and (b, ..., be, V') are both disk sequences. Since p,by, ... p1b
and ppby, . .. p1b" are null-homotopic loops, both a and a’ are homotopic to p,b, . .. p1b1 by ho-
motopies fixing their endpoints. Thus a and o’ are equal as morphism.

- Let (by,...,b1) be asequence of composable morphisms, and let by = ba and b,, = ¢b’ be two de-
compositions such that (b, ..., be,b) and (¥',b,_1,...,b1) are both disk sequences. As before,
let p; be the arc on which b; stops, and let pg be the arc on which by starts. Then p,b,, ... bap1b
and b’ p,_1b,_1 ... b1po are null-homotopic loops, and:

apg =~ ppcb pp_1bp_1...bapibapy ~ prc.

Thus pg is isotopic to p,. It forces the endpoint and starting point of a to coincide, and similarly
for ¢. But boundary paths arising from a disk sequence cannot loop several times around a
boundary component, otherwise following the boundary arcs and paths around the immersed
disk would give a non-contractible curve. This shows that both a and ¢ are identity morphisms.

The same argument shows that the dual statement holds, and ensures that a decomposition in-
volving a disk sequence is unique.
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1.4. Topological Fukaya categories, after [HKK17]

It is proved in Proposition 3.1 of [HKK17] that the higher multiplications x" defined in this way
satisfy the A..-relations. The minimality of this A..-category refers to the fact that x! is zero.

Let (S1, My,m1) and (S2, M2, n2) be graded marked surfaces, with systems of graded arcs A; on
S;. A morphism of graded marked surfaces f from S; to S, that sends graded arcs in A; to graded
arcs in A induces a strict Ax-functor f, from Fa, (S1) to Fa,(S2). The only relations that need to be
satisfied come from disk sequences. They hold since an immersed marked disk in .Sy, with boundary
paths in the image of f, lifts to an immersed marked disk in S; with boundary arcs in A;.

The following proposition shows that for full arc systems, the A -category F4(.S) does not depend
on the choice of A.

Proposition 1.4.5 [HKK17](Proposition 3.2) Let (S, M,n) be a graded marked surface, and let A and
B be two full systems of graded arcs on S. The minimal A.-categories F4(S) and Fg(S) are Morita
equivalent.

The proof is based on the following observation. It shows that the higher multiplications of F4(S5)
were chosen to reflect the topology of the underlying surface. Let S be a graded marked surface and
A a system of graded arcs on S. Let (ay, .. .,a1) be a disk sequence in F4(S), and let p; be the arc on
which a; stops. Consider the following composition of morphisms of twisted complexes:

P1
/
] llaa] + flazll} —5= -+ pullar] +

Ta P o - llan-l]]

lan

P1

p2lla1

For a; : pile] = pit1ld], lailrwr.(s) = |57 ® ailrwra(s) = lai| + e — d. Equation 1.3 and 1.2 give:

2 2
HTuwF4(S) (an? al) = HaddZFA(S) (an’ al) + MdeZ]:A(S) (an, . ,al)
= NdeZ.FA(S)(S|an| ® ap, sl @ a,q, ... 512l @ ay, 511 @ ay)

= (1) @k, 5 (an, - a1) = (=1) %,

where ¢ = ZH%HZH%H) (Z\I%H)Ial\—ZH%H(ZHCL@H) (laa] + Dlan].

Thus if B is obtalned from A by adding a graded arc p; that bounds an immersed marked disk
giving rise to such a disk sequence, p; is isomorphic to a twisted complex supported on arcs in A.
The inclusion functor i, : Fa(S) — Fg(S) is therefore a quasi-equivalence. Moreover, shifting the
grading of an arc gives a Morita equivalence.

It is recalled in the proof that for any two full systems of graded arcs, one can pass from one
to the other by a finite sequence of these operations and their inverses. In fact, any two such se-
quences will give isomorphic equivalences after passing to homology. This is because one has a func-
tor A — F(S) from the category whose objects are full arc systems up to isotopy on (S, M) and
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whose morphisms are inclusions, to the category of strictly unital A,-categories and Morita equiva-
lences. Then one uses a theorem of Harer which says that the classifying space of full arc systems is
contractible [Har85, Har86]. In this sense the equivalences are canonical, and this allows one to de-
fine the topological Fukaya category of a graded marked surface S, denoted F(S), as any of the Morita
equivalent categories TwF4(S), for a full arc system A on S. The triangulated topological Fukaya
category HYF(S) will be denoted W(S).

Note that passing from a full arc system B to a full formal arc system A, by removing boundary
arcs, gives Morita equivalent A,.-categories. In general, one can find a full formal arc system by first
finding a full arc system that cuts S into a single polygon. This is how the following lemma is proved:

Proposition 1.4.6 [HKK17](Lemma 3.3) Every compact connected graded marked surface which has at
least one boundary arc admits a full formal arc system.

Remark 1.4.7 A graded quiver Q together with a homogeneous ideal of relations I in KQ gives rise
to a Z-graded category P(Q, 1) whose objects are vertices and whose morphism spaces are given by
P(Q,I)(u,v) = e,(KQ/I)ey,.

For a full formal arc system A on S, the minimal A.-category F4(S) is a Z-graded category of this
form, for a quiver  obtained in the following way. The vertices of (Q are given by the arcs in A, and the set
of arrows is the set of boundary paths which start and end at arcs of A, but does not cross any other arcs.
The ideal I is generated by quadratic relations coming from composable arrows which do not correspond to
composable paths. By construction, the quiver with relations (Q, I) is gentle in the sense of Definition 1.2.1.

Thus the image of A under a quasi-equivalence F : TwF4(S) — TwFg(S) gives a formal generator
of TwFg(S), whose cohomological endomorphism As.-algebra is isomorphic to the graded gentle algebra
KQ/1. Here, the term generating is to be taken in the sense that the inclusion F'(A) — TwFp(S) induces
a quasi-equivalence from Tw(F(A)) to Tw(TwFp(S)). See section (3j) of [Seio8] for a definition of a
generator of a triangulated A..-category.

Remark 1.4.8 A gentle quiver with relations (Q, I) induced by a full formal arc system A cannot contain
a cycle of arrows a1, . . . , a, With quadratic relations at each vertex. Otherwise this cycle would correspond
to a polygon cut out by A which does not contain a connected component of 0.5\ M.

Gentle algebras with such a cycle nonetheless appear as endomorphism algebra of formal generators,
when considering marked surfaces with unmarked boundary components. Given a graded marked surface
with unmarked boundary components (S, M), one can define its topological Fukaya category as a sub-
category of F(S, M'), where M’ is obtained from M by adding a marked component on each unmarked
boundary component. See [HKK17](Lemma 5.1) for details.

1.4.2 From gentle algebras to Fukaya categories

Remark 1.4.7 illustrated how gentle algebras arise naturally when studying the topological Fukaya
category of a graded marked surface. This connection between gentle algebras and surfaces with
triangulations, or dissections, was first made in [Labog, ABCP10], where the authors were inspired
by the theory of cluster algebras from triangulated surfaces [FGo9, FSTo8]. In works such as [OPS25,
PPP19,LP20,BCS21,BCS23], a graded marked surface with admissible dissection was associated to any
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graded gentle algebra. Some aspects of the representation theory of the algebra were then translated
in terms of curve combinatorics on the surface. These dictionaries are referred to as geometric models
for the gentle algebra.

1.4.2.1 Marked surfaces with admissible graded dissections from gentle bound quiv-
ers

Let A = KQ/I be a graded gentle algebra. We recall the construction of [LP20, OPS25], associat-
ing to A a marked surface with graded admissible dissection (S, A). To simplify this exposition, we
suppose that @ is acyclic. The cyclic case is similar to the acyclic one, the difference being that each
oriented cycle of @) (taken up to rotation) will give rise to a o-puncture on S.

A non trivial path p = a,—1...a2a10 € KQ is called permitted if the «;'s are distinct and for
i=1,...,n—2,0nehas a;;10; ¢ I. Itis a permitted thread if it is maximal, in the sense that for all
B € @1 neither 8p not pg is a permitted path. A trivial path e, associated to v € Q) is a permitted
thread if one of the following conditions hold:

- v is the target of exactly one arrow and the source of none,
- v is the source of exactly one arrow and the target of none,
- v is the target of exactly one arrow -y and the source of exactly one arrow f3, satisfying g ¢ I.

Note that the introduction of the trivial permitted threads ensures that each vertex v € Qg belongs
to exactly two permitted threads. Technically in order to include the case @ = A;, one should add
twice the permitted thread e,, where v is the only vertex.

The first step is to define a graph R whose vertices are in bijection with the permitted threads of
(Q,I), and whose edges are in bijection with the vertices of ), each vertex of () connecting the two
permitted threads he belongs to. The set of edges incident to a vertex p of R is equipped with a total
order by following the order in which the corresponding vertices of () appear in the permitted thread
p. By definition, this extra data turn R into what is called a marked ribbon graph.

Now R encodes all the data needed to build (S, A). To each vertex v € R of valency d, let P, be
an oriented 2d-polygon, whose sides are numbered 1, ... ., 2d by following the boundary according to
the orientation. Let (e4_1, . .., e9) be the totally ordered set of edges incident to v, and label each odd
side 2k + 1 of P, by e;. Each edge e of R, joining vertices v and w, is the label of a side s, of P, and sy,
of P,,. The surface S is obtained by identifying for all edges e of R the sides s, and s,,. For each vertex
v of R, a o-point is placed on the side numbered 2d of the polygon P,. The dissection A is obtained
by joining in each polygon P,, the o-point to the center of each odd side 2k + 1, by non-intersecting
lines. Each of these lines will contribute to half of a o-arc of A. The e-points are placed in such a way
that they alternate with the o-points on the boundary, and each boundary component containing no
o-point is replaced by a e-punctures. Each cycle (taken up to rotation) a, . .. asa; € KQ with the o;'s
distinct and a1 € I for i € Z/nZ, gives rise to such a e-puncture.

An alternative way to obtain the same surface with admissible dissection is given in [PPP19] (Defi-
nition 4.6), by associating a lozenge to each arrow of a blossoming quiver Q¥, and giving instructions
on how to glue them.
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This construction and the one of Remark 1.4.7 are inverses of each other, and give the following
theorem which was proven in different forms in [BCS21, OPS25, LP20, PPP19], and stated explicitly as
Theorem 4.10 in [PPP19].

Theorem 1.4.9 There is a bijection between the set of isomorphism classes of gentle bound quivers and
the set of homeomorphism classes of marked surfaces with admissible dissection.

By construction, the arrows of @ are in bijection with the minimal angles of A, and thus a grading
on @ induces a grading on A. We now explain how one can use this grading to construct a line field
non.Ss.

The line field will be transverse to each o-arc of A. Thus it suffice to describe its restriction to the
polygons obtained by cutting S along A. It is more convenient to work here with the convention that
the markings on 95 are given by marked segments rather than marked points. Once again to simplify
the exposition, we also suppose that S does not have e-punctures. In this way, cutting S along A
gives a collection of polygons, each of which has an even number of sides which are alternatively
boundary arcs of S and o-arcs. Moreover, among the sides which are boundary arcs of S, exactly one
is unmarked.

Now we will use the fact that a line field on a polygon is determined by the winding numbers of its
sides. A precise definition of the winding number of a graded curve on a graded surface is given for
example in [APS23](Definition 3.5). See also [Chi72] for a detailed exposition on line fields induced by
vector fields. Intuitively, the winding number of a graded curve v computes the number of U-turns
the line given by the line field n makes relatively to the one given by the grading of 4. The winding
number of a boundary arc coincides with its degree given in Definition 1.4.4.

Let P be one of the polygons obtained by cutting S along A. Let 2m be the number of its sides, and
let aq, ..., a, be the sides corresponding to boundary arcs of S, taken in cyclic order, with a,, being
the only unmarked boundary arcs. By [LP20](Theorem 1.8 and Equation 2.1), any choice of integers 6;
fori = 1,...,m, satisfying i 0; = m — 2 will determine a line field np on P such that 6; coincides

=1
with the winding number of a;. Using the condition 72”: 0; = m — 2, 6, is determined by the 6; for

=1
i=1,...,m— 1. We choose the ¢; fori = 1,...,m — 1 to be the integers given by the grading on A.
The line field n on S is then taken to be the one whose restriction on each P coincides with np.
This construction leads to the following equivalence.

Theorem 1.4.10 [LP20](Theorem 3.11) Let A be a homologically smooth graded gentle algebra, and let
(S, M, A, G) be the associated marked surface with graded admissible dissection. There is a line field
n(A, G) on S giving an equivalence:

per(A) ~W(S, M,n(A,Q)).

1.4.2.2 A geometric model for the bounded derived category of a gentle algebra

New directions for the study of derived equivalence for graded gentle algebras were based on this
connection with graded marked surfaces, and have eventually led to the establishment of a complete
derived invariant [LP20, APS23,]SW25].
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Another aspect of this connection is reflected by the fact that indecomposable objects in the de-
rived category of a graded gentle algebra A, have a natural geometric interpretation. In [HKK17] (Theo-
rem 4.3), the authors showed that isomorphism classes of indecomposable objects in the triangulated
topological Fukaya category of a graded marked surface S are in bijection with isotopy classes of ad-
missible curves on S, equipped with indecomposable local systems. Based on a different method
and working without the homologically smooth hypothesis, [OPS25](Corollary C.2) gives a classifica-
tion of the indecomposable of Dy4(A) in terms of (twisted, possibility unbounded) complexes called
strings and bands. Here Dy4(A) denotes the full subcategory of the derived category of A, seen as
differential graded algebra with zero differential, given by the differential graded modules with finite
dimensional total cohnomology. Then [OPS25] (Theorem 2.13) gives an explicit bijection between string
and band complexes and graded arcs on the corresponding graded marked surface (together with
an indecomposable K[X]-module in the case of a band complex).

We now give a non-exhaustive list of objects and algebraic constructions in the derived category
of A, which admit a geometric counterpart on the corresponding graded marked surface.

- In[OPS25](Theorem 3.3), morphisms between indecomposable objects are realized as oriented
graded intersections between the corresponding graded curves,

- In [OPS25](Theorem 4.1), the mapping cone of a morphism is realized as the resolution of the
corresponding oriented graded intersections,

- Auslander-Reiten triangles can be obtained by rotating the endpoints of a graded curve along
the boundary of the surface [OPS25](Theorem 5.1 and Corollary 5.4),

- According to [APS23](Theorem 5.2), the indecomposable summands of a silting objects must
give rise to an admissible dissection of the marked surface,

- In [CS23](Theorem 3.4), the mutation of a silting object is realized as the flipping of a diagonal
in a quadrilateral.

1.4.3 Localizations of the topological Fukaya category at a collection of
arcs

The localization of the topological Fukaya category at a boundary arc was done in [HKK17] using
the A.-localization of Definition 1.3.11. In [(JS23], the localization at a collection of arcs was expressed
in term of recollements, a notion first introduced in [BBD].

1.4.3.1 Recollements for DG quotients

Recollements of triangulated categories are closely related to Verdier and Bousfield localization
of triangulated categories. See [Kra10] for a detailed exposition.

Definition 1.4.11 [BBD] A recollement of triangulated categories is a diagram of triangulated functors:

q i*
qx Tx
Q : T S
— ¢ it
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where:
- (¢*,q«,q") and (i*,i.,4") are adjoint triples,
- ¢, and i* are fully faithfull,
- ¢* oi* i, 0q. and ¢' o' are zero,
- Forall X in T there are triangles:

i X = X — q.¢" X — ", X[1],
¢ X = X = i'i, X = q.¢' X[1].

We recall here some results on derived categories of DG categories, following [AL17,CC21, Gye24].
The main reference on this topic is [Kelg4].

Let A be a DG category. The opposite DG category of A is the DG category A°? which has the
same objects as A and Hom gor (a,b) = Hom 4(b, a) for a,b € A. The composition is given by:

Bogor o= (—1)l*Wlao, B,

The following differential gives to the category Mod-K of complexes of K-modules a structure of
DG category:

d(f)=dy o f— (1) fody,

for ahomogeneous morphism f € Hom4(X,Y) = @ Homg (X' Y7) between complexes (X, dx)
j—i=l
and (Y,dy). !

A right DG module M over Ais a DG functor M : A’ — Mod-K. For a € A, we write M, for the
complex of K-modules M(a). We treat right A°’?-modules as left 4 modules by writing the fibers , M
instead of M,. For B a DG category, an A-B bimodule is a right A°? ® B module, where A°? @ B is the
tensor DG category (see for instance Subsubsection 2.1.2 of [AL17] for a definition). Let A-Mod-B be
the DG category of A-B bimodules.

The diagonal A-A bimodule, denoted A, is defined by ,A, = Hom(b,a) for a and b in A. The
action on morphisms f and g in A is given by:

Alf@g)= (=197 fo(=)og.
Let C be another DG category. The Hom functors

Homp(—,—) : A-Mod-B ® C-Mod-B — C-Mod-A,
Hompg(—,—) : B-Mod-A ® B-Mod-C — A-Mod-C

are defined by:

Homp(M,N), = Homp(,M,.N),
oHomp(M,N). = Homp(M,, N¢).

The tensor functor
(=) ®g(—): A-Mod-B ® B-Mod-A — A-Mod-C
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is defined by:
oM @p N, = Coker(¢ : oM @ BRK Ne = oM @k N¢),

where ;M ®x N. = P oMy @k N, is the tensor product of complexes of K-modules, and where
beB

Mg BRK Ne= @ oMy Rk pBy @k v Ne. The morphism ¢ is given by:
bb'EB

plreBey)=M(,B)(z)®y -z N(B,c)(y)

Given two DG functors f : A — A, g : B — B’ and an A’ ® B’ bimodule M, one gets an A ® B
bimodule M, by restriction of the scalars along f and g:

a(fMg)b = f(a)Mg(b)'

Definition 1.4.12 Let f : A — B be a DG functor. It induces the following DG functors between the
modules categories:

- The extension of scalars
f*: Mod-A — Mod-B

is the functor defined by (—) ® 4 B,

- The restriction of scalars
fv: Mod-B — Mod-A

is the functor defined by (—) ®p By. It sends a B module M to the restriction My,

- The twisted extension of scalars
f': Mod-A — Mod-B

is the functor defined by Hom (B, —).

The category Z°(Mod-A) admits an exact structure whose conflations are sequences of mor-
phisms that induce split short exact sequences at the level of fibers. It is a Frobenius exact category
whose stable category identifies with H%(Mod-.A), which thus inherits the structure of a triangulated
category. See [Kelgg](Section 2) for details.

The derived category D(A) of A is constructed by inverting quasi-isomorphisms in H%(Mod-A),
that is, morphisms that induce quasi-isomorphisms at the level of fibers. It is done by taking the
Verdier quotient H%(Mod-A)/Ac(A), where Ac(A) is the full subcategory of acyclic modules, that is,
modules whose fibers are acyclic complexes.

The perfect derived category per(A) of A is the subcategory of compact objects of D(.A), thatis,
of objects M for which Homp(4)(M, —) commutes with infinite direct sums. The DG category A is
said to be homologically smooth if Ais a perfect A-A bimodule. It is proper if the total cohomology of
each of its morphism spaces is finitely generated and D(.A) is compactly generated.

An A module P is DG-projective if it satisfies the following universal property: for all surjective
quasi-isomorphism X — Y and morphism P — Y, both in Z%(Mod-A), there exists a morphism
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P — X also in Z°(Mod-A) that makes the diagram commutes. One can show that DG-projective
modules are the ones that are projective as graded .A-modules and that satisfy

Homgo(yrog-4) (P, N) =0

for all acyclic module N. The notion of DG-injective module is defined dually.

Each .A-module is quasi-isomorphic to a DG-projective (resp. injectif) module and this yield a trian-
gle equivalence between D(.A) and the homotopy category of DG-projective (resp. injective) modules.
Derived funtors are defined as usual by passing through these equivalences.

One can use the Tensor-Hom adjunction to check that (f*, f.) and (f., f') form pairs of adjoint
functors. The restriction f. sends acyclic modules to acyclic modules. As a consequence, f* preserves
DG-projective modules and f' preserves DG-injective modules. This induces the derived functors:

Lf*:D(A) = D(B), f.: D(B) = D(A) and Rf': D(A) — D(B).

We still denote Lf* by f* and Rf' by f.

Theorem 1.4.13 [Gye24](Th. 3.1), [CC21](Th 5.1.3). Let BB be a strictly full subcategory of a DG category
A. Leti: B — A be the inclusion and q : A — A/B be the funtor induced by taking the Drinfeld quotient.
There is a recollement:

*

q ¥

L Kf\
D(A/B) — X D(A) —=— D(B)

where the functors are the one defined in 1.4.12. It induces a triangle equivalence up to direct summandes,
that is when taking the idempotent closure,

per(A)/per(B) — per(A/B).

1.4.3.2 Localization at a collection of arcs

In [CS23], the authors studied silting reductions for perfect derived categories of gentle algebras.
They described the orbit category of the reduction, under the shift functor, by cutting the surface
along arcs. This was generalized in [(JS23] where the geometric interpretation has been shown to
hold without the need to pass to the orbit category. These results were used for example in [JSW25]
to study further the silting theory and derived equivalences for graded gentle algebras.

The following gentle algebras will appear as generators of the quotient.

Definition 1.4.14 [CJS23](Definition 2.1) Let A = KQ/(I) be a graded gentle algebra and let e be sum
e1 + ...+ e Of vertex indempotents. Let J C I be the set quadratic monomial relations that go through
avertexin{1,...,m}. Let J1 = Q1 and Js = {as...a1 | ajp10 € J for 1 <i < n} fors > 2.

The algebra A. = KQ./(I.) is defined as follows:

(1) The vertices of Q. is Qo\{1,...,m},
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(2) The arrows of Q. are of the form [ ... 1] : s(a1) — t(as) for as...aq € J, such that s(aq) and
t(as) arenotin {1,...,m},

@ l[ow--onll = X fai] = (s - ),

@) Ic={[Bt...Aillas...aa] | Bras € T}

See ?? for an example. The following theorem was proven for a larger class of algebras called
graded quadratic monomial algebras.

Theorem 1.4.15 [CJS23](Theorem 2.10 and 4.1) Let A = KQ/I be a graded gentle algebra and let e be
a sum of vertex idempotents. There is a recollement:

*

q ¥

T T
D(4,) — 2 D(A) —= 5 D(eAe)

If two of the three algebras A, eAe and A. are homologically smooth and proper, then so is the third,
and it induces a recollement of triangulated topological Fukaya categories:

L —
W(Se) ——— W(S) ——— W(eSe)
— T

where S, S and eSe are the graded marked surfaces associated to A., A and eAe.

The proof relies on the computation of a partial cofibrant DG algebra resolution for A. When the
three algebras are homologically smooth and proper, it is shown in [CJS23] that the first recollement
restricts to a recollement of the bounded derived categories. When A is both smooth and proper, its
bounded dervied category coincides with its perfect derived category. One then uses the equivalence
of Theorem 1.4.10 to state it in terms of triangulated topological Fukaya categories.

One can easily see in its geometric model if a gentle algebra is smooth or proper. A graded gentle
algebra is homologically smooth if an only its associated surface has no unmarked boundary compo-
nent. It is proper if and only if it has no fully marked boundary components [LP20](Lemma 3.3).

The graded marked surfaces of the theorem can be described in the following way. Let (S, M, A, G)
be the marked surface with graded admissible dissection associated to A, and let L be the collection
of graded arcs in A that correspond to the idempotent e.

The graded marked surface (S., M., A., G.) is obtained by successively cutting (S, M, A, G) along
the arcs of L. Given an arc ¢ € L, the marked surface (S, My) is obtained by cutting .S along ¢, and
considering each new boundary segment induced by ¢ as part M,. The arc collection A\¢ induces an
admissible dissection Ay on (Sy, My). The ungraded gentle algebra associated to (Sy, M) coincides
with A, (viewed as an ungraded algebra). Finally, the grading of A, induces a grading G, on A,.

The graded marked surface eSe is constructed using the ribbon graph induced by L, and the
grading is induced by G. Alternatively, it is obtained by cutting S along A*\ L*, where A* is the dual
dissection.
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When cutting a surface, we ignore the components corresponding to spheres (without boundary)
that have a unique o-puncture and a unique e-puncture, as well as disks that have a unique o-point
and a unique e-point on there boundary.

1.5 Main results

Throughout this section, we assume that the base field is of characteristic zero.

1.5.1 Main results of Chapter 2

In Chapter 2, we study the localization of the derived category D(A) of a graded gentle algebra A,
by a spherical band object. We show that this localization is equivalent to the derived category of an
algebra A, g) (Theorem 2.1.3). This motivates us to define a class of algebras given by quivers with
relations, that we call pinched gentle algebras (Definition 2.1.6).

In Definition 2.4.8 and Remark 2.4.9, we introduce the notion of a marked surface with conical
singularities, as the topological space obtained by the contraction of a collection of disjoint simple
closed curves on a smooth marked surface. We also define the notion of a graded simple admissible
dissection on a marked surface with conical singularities and show the following:

Proposition 1.5.1 (Proposition 2.4.10) Graded pinched gentle quivers are in one to one correspondence
with marked surfaces with conical singularities endowed with a graded simple admissible dissection.

In Definition 2.1.9, we define a processus to obtained a new pinched gentle algebra A, g) from a
pinched gentle algebra A containing a subquiver of a certain type, called an acyclic graded Kronecker
and denoted («, /). Moreover, each acyclic graded Kronecker gives rise to an object in per(A), called
a band object supported on (a, 3). The main result is the following:

Theorem 1.5.2 (Theorems 2.1.11and 2.1.10) Let A be a graded pinched gentle algebra with an acyclic graded
Kronecker («, 3). There is a recollement:

D(Aa,5) == D(A) == D(K[z]/(z*)) ,

where x is of degree 1. It induces a triangle equivalence:
per(A)/thick(B) ~ per(Aq,p)),
where B is a band object supported on («, 3).

Let A be a graded pinched gentle algebra, and let Sy be the associated marked surface with conical
singularities endowed with a graded simple admissible dissection. One can apply Theorem 1.5.2 to
describe the localization of per(A) at a simple closed curve ~ of winding number zero on S (not
passing through a singularity), in the following way.

By applying Theorem 1.5.2 a finite amount of time, one can show that per(A) can be realized as a
quotient of the perfect derived category of a gentle algebra A. Derived equivalences for A, which are
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given by [HKK17](Proposition 3.2), allow us to show Proposition 2.4.3 which states that A is derived
equivalent to a graded pinched gentle algebra A’ for which v corresponds to a band object supported
on an acyclic graded Kronecker (a, 3). One can then apply Theorem 1.5.2.

The strategy to prove Theorem 1.5.2 is as follows. We first realize D(A) as the derived category
D(A) of a DG category A containing a well chosen strictly full subcategory 13, before applying Theo-
rem 1.4.13. In Proposition 2.5.5, we show that the DG quotient A/ is formal and we give an explicit
description of its cohomological category. For this, we use a spectral sequence for the morphism
spaces of a DG quotient, whose first page is described in a general way in Proposition 2.3.4. It is
worth noting that the computation of the other pages, carried out in Proposition 2.5.10, are made
possible by the fact that the object B is spherical, and thus enjoys a simple homology. Finally, we
show in Lemma 2.6.2 that H*(A/B) is Morita equivalent to the pinched gentle algebra A, g).

1.5.2 Main results of Chapter 3

Chapter 3 essentially generalizes the results obtained in Chapter 2, by enlarging the class of pinch-
ed gentle algebras and realizing them as generators for localizations of partially wrapped Fukaya
categories of marked surfaces by spherical objects.

The main strategy here differs from the one used in Chapter 2 by the fact that we work this time
with an A..-enhancement of the triangulated quotient. However, even though the proofs are differ-
ent, the computation of the homology of a formal generator are the similar (compare the definition
of ¥ in the proof of Proposition 2.5.10, and the one of T" in Notation 3.5.6).

We first define the class of pinched gentle algebras in Definition 3.3.2, generalizing Definition 2.1.6,
and the notion of an admissible dissection on a marked surface with conical singularities, generalizing
the simple admissible dissections of Definition 2.4.8.

We then associate in Subsection 3.3.3 a pinched quiver with relations (@, I) to each graded ad-
missible dissection A of a marked surface with conical singularities S, and we define the category
F4(S) to be the path category P(Q, I) whose objects are the vertices in Qo and morphism spaces are
P(Q,I)(i, k) = ex(KQ/(I))e; (Definition 3.3.6).

Now suppose that S is a marked surface with one conical singularity obtained by contracting a
simple closed curve ~ of winding number zero, on a smooth graded marked surface S. Let A be an
admissible dissection on S. By Subsection 3.3.4, it lifts naturally to an admissible dissection A of S.
Our main theorem is:

Theorem 1.5.3 (Theorem 3.5.3) There is a Morita equivalence:
Fa(S) = D(F(S)|B).

Here D(F(S)|B) denotes the A..-quotient (see Definition 1.3.11) of the topological Fukaya cate-
gory ]-"(5‘) of S by the full subcategory B supported on objects which are isomorphic to elements in
thick(B) after passing to the zero homology, where B is a spherical band object associated to v (see
Subsection 3.3.5).

As an immediate consequence, one can use [HKK17](Proposition 3.2) which asserts that the Morita
equivalence class of .FA(S) is independent of 4, to see that the same holds for F4(S) (for choices of
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graded admissible dissections on S inducing the same grading on S). Moreover, computations not
included in this thesis suggest that Theorem 1.5.3 can be used to classify the indecomposable objects
of F4(S)" by using graded curves on S, in analogy with [HKK17](Theorem 4.3). Inspired by [HKK17],
we call F(S) := TwF4(S) the topological Fukaya category of S.

One caniterate Theorem 1.5.3 to obtain a statementinvolving marked surfaces with several conical
singularities.

The proof of Theorem 1.5.3 goes as follows. In Lemma 3.5.2, we show that the admissible dis-
section A (seen as a subset of A) generates D(F(S)|B). We use this to define a full subcategory A
of F(S) wich will induced a generator of D(F(5)|B) by taking an A..-quotient D(A|B). In order to
simplify the description of D(.A|B) we compute in Proposition 3.4.8 a minimal model for A, denoted
H* A, which induces a new generator D := D(H*A|B) of D(F(S)|B). It is shown in Proposition 3.5.10
that D is formal. As was the case in Chapter 2, the computation of H*D is made possible by the fact
that B is a spherical object and hence enjoys a simple homology (see the proof of Proposition 3.5.7).
Finally we show in Theorem 3.5.11 that the cohomological category of D can be described as the path
category of the pinched quiver associated to A4, ie. as F4(S). A diagram summarizing the situation is
presented in Subsection 3.1.1.

We give two bases for pinched gentle algebras along the way. One in Remark 3.5.14, and one in
Proposition 3.5.15 obtained using Bergman's Diamond Lemma.

In the last Section 3.6, we use the (triangulated) topological Fukaya category of a pinched marked
surface to give an example of a non-Krull-Schmidt triangulated category containing two silting objects
having a different number of indecomposable summands. This illustrates how [Al12](Corollary 2.28)
can fail when one drops the Krull-Schmidt assumption.
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Chapter 2

Recollements for graded gentle algebras
from spherical band objects

2.1 Introduction

In this chapter, we prove that for a gentle algebra A, the localization of the derived category D(A)
by a spherical band object is equivalent to the derived category of an algebra A, g) which we describe
explicitly by quiver and relations (see Definition 2.1.6). We call A, gy a pinched gentle algebra. It sits in
a recollement (see Theorem 2.1.3):

D(A(a,5) == D(A) == D(K[z]/(z?)) .

This localization process can be iterated (see Theorems 2.1.11 and 2.1.10). This is reminiscent of the
recollements obtained in [CJS23] for localizations with respect to arcs.

On the geometric side, we show in section 2.4.2 that the isomorphism classes of graded pinched
gentle algebras are in bijection with marked surfaces with conical singularities and admissible graded
dissections (see Definition 2.4.8 and Proposition 2.4.10). This is analogous to the correspondence
established for gentle algebras in [OPS25, BCS21, PPP19].

Finally, results on derived equivalences of graded gentle algebras given in [HKK17, LP20] allow us
to give a class of derived equivalences between graded pinched gentle algebras (Proposition 2.4.15). A
more in depth analysis of the role of the graded marked surfaces with conical singularities as a model
for the bounded derived category of graded pinched algebras will be made in a future work.

The chapter is structured as follows. In the rest of this section we introduce some definitions and
state the main theoremes, first for gentle algebras (subsection 2.1.1), then for pinched gentle algebras
(subsection 2.1.2). In section 2.2 we recall some constructions in DG categories, such as Drinfeld's
DG quotient [Drio4] which will be used in the proof of the main theorem, and we introduce some
notations. Some basic definitions and results on spectral sequences are recalled in section 2.3, and
applied to describe the first page of a spectral sequence on morphism spaces in DG quotients. In sec-
tion 2.4 we first show how one can use the surface model of a gentle algebra in order to choose a set
of generators of the derived category which will simplify calculations involving a spherical band ob-
ject. Then we introduce the notion of graded marked surfaces with conical singularities and establish
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the correspondence with graded pinched gentle algebras. The section 2.5 is devoted to the proof of a
technical lemma, namely the formality of the quotient algebra. Finally the proof of the main theorem
is made in section 2.6.

2.1.1 Definitions and main results

We first introduce some definitions and state our main result in the more restricted context of
graded gentle algebras.

Conventions: A quiver @ is a quadruple Q@ = (Qo, Q1,0,7) with finite sets of vertices )y and
arrows @1, and with o, 7 : Q1 — Qg the source and target functions. We consider right modules with
the convention of composition (a path S« in a path algebra has source o(«) and target 7(5)), and
we use the cohomological convention for complexes. For each a € Qy, let ¢, be the path of length
zero at a and P, = e, A be the associated indecomposable projective A-module. In the rest of the
paper K will denote a field of characteristic zero. This hypothesis is used for example in the proof of
Proposition 2.5.10, to define a contracting homotopy V.

Definition 2.1.1 Let A = (KQ/(I),| .|) be a Z-graded algebra.

e A is said to be gentle if:

- Every vertex of QQ has at most two incoming and two outgoing arrows,

- I is a set of paths of length two satisfying: for all « € @1, there is at most one arrow /3 such
that 0 # «f8 € I; at most one arrow -~y such that 0 # ~va € I; at most one arrow 3’ such that
0 # af’ ¢ I, at most one arrow ~' such that 0 # v« ¢ 1.

Suppose now that A is gentle.
e Agraded Kronecker of A is a pair of arrows («, ) such that o and 3 have the same source and the
same target, the same degree, and such that they are not loops. It is said to be acyclic if o and ( do

not belong to an oriented cycle of (Q, I).

e letw = o+ ppf for some graded Kronecker (o, 8) of A and some p € K*. The localization of A at w
is the graded algebra A[w='] = (KQ/(I),| . |) defined by:

- adding to Q an arrow § from 2 to 1 of degree —|«:

- adding the relations éw — ey, wd — es.
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o Let (a,3) be a graded Kronecker of A. Let 1 := o(a) = o(8), 2 := 7(a) = 7(8), and o, a~, 7, 3~
be either zero or if they exist, be the (possibly equal) arrows of Q satisfying o™ 3, Ba™, Bta,af~ € T
(see Example 2.1.2 left).

The pinching of A at («, ) is the graded algebra A, gy := (KQ'/(I'), | . |') defined by:

- removing o and 3;
- merging 1 and 2 into a new vertex called 1;
- adding a loop ~y of degree o at vertex 1;

- setting || = |at| + |a] and |B1| = |8T| + | 8|, and leaving unchanged the degree of all the
other arrows;

- keeping all relations in I that don't involve o and (3, and adding the relations
{a™87,8Ta™, B (v +e), (v +e)B,at (v —e1),(y —er)a” }.

e A band object supported by («, 3) is an element of the perfect derived category per(A) isomorphic

to a shift of a twisted complex (see Notations 2.2.1) of the form (Ps[|a|] @ P1[1],0 = <8 @ JBMB> )

forsome € K*. We call u the parameter of the band object.

Example 2.1.2 The quiver and relations of a gentle algebra A, with a graded Kronecker («, ), and of the
associated pinching Ay 4 g):

0 3 3 il 0

S B+ {8
— A
N N
a” at

0 3 0 3

(atp=, Bta,
Ay with graded Kronecker (a,f3) Ao,y BT (y+er), (y+e1)B™,

at(y=e1), (y—er)a)

Recall that graded gentle algebras are in one-to-one correspondence with graded marked sur-
faces with admissible dissection, and that under this correspondence, graded curves are associated
to objects of the bounded derived category (see subsection 2.4.1 and [BCS21, OPS25, PPP19] for more
details). Our first main result is the following.

Theorem 2.1.3 Let A’ be a graded gentle algebra associated to the graded marked surface with admissible
dissection (S, M, A, G). Lety be a simple closed curve on S with winding number zero that does not enclose
a subsurface containing only punctures, and let B, be an associated band object at the base of a tube.

(1) There exists a graded gentle algebra A and an equivalence U : per(A") — per(A) such that ¥(B.)
is a band object supported by an acyclic graded Kronecker («, ) of A, with parameter p.
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(2) There is a recollement:

D(Aap) &= D(A) == D(Kz]/(z?)) ,

where x is of degree 1.

(3) There is an equivalence:

per(A) /thick(By) ~ per(A(a,g))-
where the left hand side is the Verdier quotient.

Remark 2.1.4 Theorem 2.1.3 (1) is a reformulation of Corollary 2.4.6, and (2) (resp. (3)) is a direct conse-
quence of Theorem 2.1.11 (resp. Theorem 2.1.10).

Example 2.1.5 The algebras Ay and Ay, gy of Example 2.1.2 give an example of algebras occurring in the
recollement of Theorem 2.1.3 (2). An illustration of Theorem 2.1.3 (1) is given by examples 2.4.4 and 2.4.7 by
letting A’ = Ag and A = A;.

2.1.2 Graded pinched gentle algebras

The pinching of a graded gentle algebra at a graded Kronecker leads us to the introduction of the
class of graded pinched gentle algebras.

Definition 2.1.6 A graded K-algebra A = (KQ/(I),|.|) is said to be a graded pinched gentle algebra if
there is a decomposition Q1 = QY| | QY and I = 19| | I such that

e (Q9:=(Qo,Qf,0,7),(I9))is agentle bound quiver. The corresponding gentle algebra KQ9/{I19) is
denoted A9,

e QY is a set of degree zero loops supported on different vertices.

e forv € Qo the arrows o, o, B, B € Qf satisfying 7(a,) = o(af) = v =0(B) = 7(8,) and
Bifay, ,ar B, € I9 (with the possibility of being zero, and with possible compatible identifications

v

between {a, , 3, } and {«;, 3 }) can be chosen such that:

1P = {8 (v + €0), (m + €0) By s o (70 — €w), (Yo — €v)y, | v € Qo, Y € QF such that o(y,) = v}.
Remark 2.1.7 The “pinched" or “vanishing" relations of I? are such that Vi # j € Qo, ejAe; ~ ejAe;.

In the special case where o, and «;f (or equivalently 3, and j3;F) are both zero, the pinched relations at v
can be seen as gentle by letting v, = v, + €.
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Example 2.1.8 The algebra Ay, gy of Example 2.1.2 is a pinched gentle algebra whose associated gentle
algebra (A1(q,p))7 Is:

3 0
o
N
0 3
(A (a,8))?

The notion of graded Kronecker and pinching extend naturally to the context of graded pinched
gentle algebras.

Definition 2.1.9 Let A = (KQ/(I),| . |) be a graded pinched gentle algebra.

e Agraded Kronecker («, ) of A is a graded Kronecker of the associated gentle algebra A9 such that
there is no loop v € QY based at the source or target of c. It is said to be acyclic if o« and 3 do not
belong to an oriented cycle of (Q9,19).

e for (o, B) a graded Kronecker of A, the pinching of A at (o, ) is the graded pinched gentle algebra
A(q,p) Obtained by performing the same local transformation of (Q, I) as in Definition 2.1.1.

e The notion of a band object supported by a graded Kronecker is as in Definition 2.1.1.

We now state the main results of this paper. Since every graded gentle algebra can be seen as a
graded pinched gentle algebra, Theorem 2.1.3 (2) is a particular instance of Theorem 2.1.11, and Theo-
rem 2.1.3 (3) a particular instance of Theorem 2.1.10. Stating the results in this generality also allows
us to localize at a collection of disjoint simple closed curves by iterating the process.

Theorem 2.1.10 Let A be a graded pinched gentle algebra and B a band object of per(A) supported by
an acyclic graded Kronecker («, 3), with parameter p. There is an equivalence:

per(A)/thick(B) =~ per(A,g)),
where the left hand side is the Verdier quotient.

Theorem 2.1.11 Let A be a graded pinched gentle algebra with an acyclic graded Kronecker («, 3). There
exists a recollement:

D(A(a,p) &= D(A) == D(K[z]/(z?)) ,

where x is of degree 1.

The proofs of Theorem 2.1.10 and Theorem 2.1.11 are made in section 2.6.
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2.2 Recollections on DG categories

We introduce notations and recall some properties of DG categories. Our mains references are
[CC21], [BK91] and [Drio4].

Notations 2.2.1 Let A be a DG category over a base field K.
e We denote by H*(A) its graded homotopy category and by H°(A) its zeroth homotopy category.

e We recall that the category AP™¢~'" of one-sided twisted complexes over A is defined in [BK91] as
follow:

- Objects in AP™®~'" are formal expressions (@ Cilri],0) wheren > 0, C; € A, r; € Z, 0 = (045),

0; € A(Cy, Cy)[r; — rj] is homogeneous of degree 1, 0;; = 0 fori > j and dygined + 0> = 0, where
Apaived = (d.A(a ))

- f=(fij) € ApTetr((éCj [r5],0), (é Clrl], d")) verify fij € A(Cj,Cl)[r; — r;] and the composi-
Jj= i=

tion is the matrix multiplication.
- The differential is defined by df = dngivef + 0'f — (=1)' f0 if degfi; = L.

The DG category A can be seen as a full DG subcategory of AP, For f : X — Y a closed morphism

of degree o of A, let Cone(f) be the object (Y @ X[1], (8 £>) € Apre=ir,

LetC = (@ Cj[rj],9),C" = (D CI[r}],d') € APr~'". Ahomogeneous basis {b}'}; <<,k of A(C, C})
j=1 i=1 ==

foreach !l € {1,...,n} and k € {1,...,m} induces a basis {b¥'] | 1 < k < m,and 1 < | < n, and
1 < h < n*} of APre=tr(C, C"), where [b}!];; = b}' if i = k and j = I, and zero otherwise. The degrees in
APt gre then |[bFY|PretT = (b + vy — 1.

We will extend this bracket notation to linear combinations and sometimes drop them when there is no
ambiguity and the context is clear.

e The triangulated category A" associated to A is by definition H°( AP, The distinguished triangles
are isomorphic to diagrams X — Y — Cone(f) — X[1] with f : X — Y a degree o closed morphism of
A. Any inclusions A < C — AP™¢~'" induce a triangulated equivalence A" ~ C'".

Example 2.2.2 LetA := (KQ/(I),|.|,d) bea DG algebra given by a DG quiver with relations. We view A as
a DG category P(A) with objects P(A)o = Qo and morphism spaces P(A)(i, j) = e;Ae;, with the induced
grading and differential. Using [CC21](Rem 6.2.5 (2)), one can see that the split closure of the triangulated
category P(A)' is equivalent to the perfect derived category per(A).

Drinfeld introduced and studied in [Drio4] a notion of DG quotient.
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Definition 2.2.3 [Drio4](83.1) Let A be a DG category and B a full subcategory. The quotient DG category
A/B has the same objects as A. It has a new morphism ey : U — U of degree —1 for all object U of B,
and all of its compositions with existing morphisms. Formally, one has an isomorphism of vector spaces
(but not of complexes),
Hom 4/5(X, ) @D Hom})5(X,Y)
neN

where Homff/)B(X ,Y') is the direct sum, over all families (U;)1<i<n Of objects in B, of tensor products

Hom 4 (Uy, Up41) @ K[1] @ Hom 4(Uy,—1, Up) ® ... @ K[1] @ Hom 4(Uy, U1) where U,, 11 = Y, Uy = X and
K|1] is the complex with only K in degree -1.

If € is the canonical generator of K[1], the application sends the product f, ® e ® ... ® € ® fy to the
composition fpey, fn—1...€u, fo. The differential is given by the Leibniz rule and d(e;r) = idy for all U in B.
In particular Homf}B(X, Y) = Homy(X,Y).

This DG quotient is an enhancement of the triangulated quotient:

Theorem 2.2.4 [Drio4](Th 3.4) There is a triangulated equivalence:

(A/B)tr ~ Atr/Btr'

2.3 Spectral sequences and Drinfeld quotients

In this section, B will denote a full subcategory of a DG category .A. We will present how the Hom
spaces of A/B naturally inherit a filtration which gives rise to a spectral sequence that can be used
to compute the Hom spaces of H* A/B. Our main reference in this section is McCleary's book A user’s
guide to spectral sequences [McCoo].

Using the notation of Definition 2.2.3, for all objects X, Y in A, the natural filtration

0=F'Cc..cFP'CCFPCC..CC:=Homy;pX,Y)
p
given by FPC ~ Homff)B(X,Y) is:
n=0

- Compatible with the differential: the differential d of C restricts to a map d : FPC — FPC for
eachp € Z,

- Exhaustive: C =, F*°C,

- Bounded below: for each n, there is a value s(n) with F¥("C™ = {0}.

These data allow us to construct a spectral sequence:

Theorem 2.3.1 [McCoo](Th - 2.6) The filtration F of C determines a spectral sequence {E,"*, d,} starting
on page 1 with d, of bidegree (—r,r + 1) and

EP? ~ HPYYFPC/FPTIO)
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This spectral sequence is build recursively starting at r = 0. Let Ef? = FPCPT4/FP~1CPT4 and
dv? . EPY — EP9t! pe the differential induced by the quotient. Suppose that E£*? and the differential
d?4 . EPY s P gre given. By definition of a spectral sequence, there is an isomorphism
EPY ~ Ker(d??)/Im(d?™™4~""). One can then verify that the differential d induces a differential

D4 . 1Dsq p—(r+1),g+(r+1)+1
dyy By = By .

The filtration F also induces a filtration of the homology H(C, d) in the following way:
FPH(C,d) =Im(H () : H(FPC,d) — H(C,d))
where ¢ is the inclusion. Recall the following definition:

Definition 2.3.2 [McCooj(Def 2.4) Aspectral sequence { E;"*, d,.} is said to converge to a graded R-module
H* ifthere is a filtration F on H* such that

EP9 ~ EPA(H* F),
where EX is the limit term of the spectral sequence, and EP1(H*, F') the bigraded module given by
EPY(H* F) = FpHp+q/Fp—1Hp+q_
The following theorem applies:
Theorem 2.3.3 [McCoo](Th 3.2) The spectral sequence of Theorem 2.3.1 converges to H(C, d), that is,
EPd ~ FPHPT(C, d)/FP~HPT(C, d).

Since we are working over a field, all short exact sequences split and the convergence implies that
for all p and g,
HP (Hom 4/5(X,Y)) ~ @P ERHFF, (2.1)
kEZ
Note that Vp < 0,Vq € Z, E}? ~ 0. The following proposition will allow us to compute easily the
first terms E4.

Proposition 2.3.4 Let B bea full subcategory of a DG category Aover a field K, and let X, Y be two objects
of A. Let {E;",d,} be the spectral sequence associated to the natural filtration of C' = Hom 4,5(X,Y).
Then

B @ D B (Homa(U,Y)) ® K[H" (Homa(Uy-1,Up)) © ...

(U;)eBk1+...+kpt1
= 2pt+q

.. @ K[1] @ H" (Homy (X, Uy)).
Proof: By definition, EY"? = HP+9(FPC/FP~1C). Moreover FPC/FP~1C is isomorphic to

P Homu(U,,Y) ® K[1] ® Homu(Up-1,Up) @ ... ® K[1] ® Homu (X, U7)
(Ui)eB
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as a graded vector space. We will show that FPC/FP~1C is actually isomorphic to it as a complex,
endowed with the differential coming from the tensor product. Recall that for complexes (C",d"), ...,

(C1,d"), their tensor product C" @ ... ® C'* has for differential d®, sending an homogeneous element
T, ®...Qx1 1O

r > deg(ar)
d%(z, ® ... @ @y) = _(—1)=F Ty Q... @dp(xp) ® ... @ x1.
k=1
On one hand for f, ® €, ® fp—1 ® ... ® &1 ® fo a homogeneous element in
(P Homa(Up,Y) ® K[1] ® Hom4(Up-1,Up) @ ... ® K[1] ® Homu (X, U1),d%),
(Uy)eB
one has

A% (f @ €p ® fro1® ... €1 ® fo)

S deg(fi)~(p—F)
(—1)=Ft1 [ Reg®.0d(fi)®..0e® fo

Xpl deg(fi)—(p—Fk)
1=k

(1) [r®6®. deg)®...06 & fo

Y deg(fi)—(p—h)
(_1)l=k+1

+
M- I IM-

[r®ep®.0d(fi)®...0a fo

iy
o

since K[1] is endowed with the zero differential. On the other hand, for a homogeneous element
fpepfp_l...elfo of FPC/FP_IC,

N S deg(fi)~(p—F)
d(fpepfp,l...elfo) :Z(—l)l:k+1 fpep...d(fk)...elfo
k=

» p
>~ deg(fi)—(p—k)
=+ Z(—l)l:k’ fpep...fkfkfl..flfo

p
= Z(—l)l:k“ Jp€p---d(fr)-..€1fo

since the fyep... fe fi—1..-€1 fo are in FP~1C. This shows that the differential induced by the quotient
coincides with the one coming from the tensor product, inducing an isomorphism of complex.
For the moment we have shown an isomorphism of complexes

EP? ~ HPY( @ Homu(Up,Y) ® K[1]@Homa(Up-1,Up) @ ...
(U;)eB

. ® K[1] ® Homy (X, Uy), d®).
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We conclude using the Kunneth formula for complexes [Weig4](Th 3.6.3). Given two complexes
P and @, there exist for all n a short exact sequence

0 @ H(P)@HI(Q) - H'(PQ) —» @ Torf(H(P),H(Q)) — 0.
i+j=n i+j=n—1

Since we are working with vector spaces, the torsion groups vanish and there is an isomorphism

@ HY(P)® H/(Q)~ H"(P® Q). This gives
1+j=n

B~ (@ H' (Homa(Uy,Y))RH" (K[1]) @ H" (Homu(Up-1,Up)) ® ...

(Ui)eB hi+...4+h2pt1
=p+q

. ® H"(K[1]) @ H" (Hom4 (X, U1)).

Finally since H*(K[1]) is non zero if and only if i = —1, this gives the desired formula.
O

2.4 Admissible dissections and graded pinched gentle alge-
bras

2.4.1 Adapted admissible dissections

In order to simplify computations in per(A), it will be useful to choose an adapted set of genera-
tors. Recall that graded gentle algebras are in one-to-one correspondence with marked surfaces with
graded admissible dissection, that is, a quadruple (S, M, A, G) where S is a compact oriented surface
with boundary, M a finite set of o and e marked points and punctures, A an admissible o-dissection,
and G a grading of the minimal oriented intersections. See for example [HKK17, OPS25, APS23, LP20]
for the statement of this result, and for more details and examples. Throughout this section, we will
use the terminology of [CJS23](section 1.5). Contrary to the convention adopted in [APS23], we will
draw marked surfaces with admissible dissection in such a way that the orientation of the arrows of
the corresponding quiver will be given by rotating clockwise around a o-point.

By a theorem of [LP20] this correspondence gives rise, in the homologically smooth case (that
is, in the case without e-punctures), to an equivalence between the derived category of the graded
gentle algebra and the partially wrapped Fukaya category W(S, M, n(A, G)) of the associated marked
surface with graded admissible dissection:

Theorem 2.4.1 [LP20](Theorem 3.11) For a homologically smooth graded gentle algebra A with associated
marked surface with graded admissible dissection (S, M, A, G), there is a line field n(A, G) on S such that
there is an equivalence

per(A) ~W(S, M,n(A,G))

Remark 2.4.2 In case A is not homologically smooth, following [0Z22](Definition 3.24, Remark 3.26) we
can still embed per(A) into a partially wrapped Fukaya category W(Ss, Ms,n(As, Gs)) as follows. If Ais
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associatedto (S, M, A, G), let S5 be the marked surface obtained by replacing each e-puncture by a bound-
ary component containing one e-point and one o-point, and let M be the new set of marked points and
punctures. The collection A induces an arc system on S that can be completed into a full arc system Ag
by choosing a new o-arc for each new boundary component. Finally a choice of grading G s that specializes
to G on A induces an equivalence between per(A) and the full subcategory of W(Ss, Ms,n(As, Gs)) gen-
erated by A. Equivalences for W(Ss, Mg, n(As, Gs)) induce equivalences for per(A) (see [0Z22], Lemma
3.28).

For v : S! — S an immersed curve, we denote by wy(a,e) (7) its winding number with respect to
n(A, G) (see [LP20] Definition 1.1.3).

Following [OPS25](Assumption 2.7), we assume that any finite collection of curves is in minimal
position, that is, the number of intersections of each pair of (not necessarily distinct) curves in this
set is minimal in their respective homotopy class. According to [Thuo8], it follows from [FHS82] and
[Neuo1] that, up to homotopy, this assumption is always satisfied. Given two curves v,~/, denote by
|y N +'| this minimal number of intersections.

Fory : S' — S asimple closed curve, let D., : S — S be the associated Dehn twist along v (see
for instance [FM12] for a definition). For § a o-arc on (S, M) intersecting a simple closed curve ~, each
(possibly equal) end point of § give rise to an oriented intersection between § and D, (d), denoted
a(d) and 5(9). Recall that an oriented intersection between to consecutive o-arcs at a o-point is called
a minimal oriented intersection.

Proposition 2.4.3 Let (S, M, A, G) be a graded marked surface and let 1, ..., ~, be a collection of pair-
wise non-intersecting simple closed curves on S with zero winding number. Suppose moreover that these
curves do not enclose a subsurface containing only punctures.

There exists a graded admissible o-dissection (A',G") on (S, M) such that n(A’,G") ~ n(A,G), and
foralli € {1,...,r} there exists §; € A’ such that:

* The endpoints of §; are not o-punctures,

c Nyl =1,

* D, (6;) € A,

* Forall 6 € A\{d;, D~,(0;)}, [0 N~ =0,

« «(0;) and B(6;) are minimal and G'(«(6;)) = G'(B(8;)).

We will call such a dissection (A’, G’) an admissible dissection adapted to the collection {71, ..., v, }.
Example 2.4.4 Consider the graded gentle algebra A given by:
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and |a| = |d| = |f| =0, |c|] = 1 and |b| = |e| = —1. The associated graded marked surface S is
depicted on the left of the following figure:

Figure 2.4.1: A marked surface with a non-adapted admissible dissection (left) and
with an adapted admissible dissection (right).

The figure on the right is an example of adapted admissible dissection (the grading being zero) to the
unique simple closed curve of S. Let Sy be this new graded marked surface.

The proof of Proposition 2.4.3 will rely on the following lemma:

Lemma 2.4.5 [LP20](Remark 1.2.5) Let S be an oriented surface with non-empty boundary 0S decompos-
ing as the disjoint union of connected components 0S = | | 0;S.

=1
A line field n on S relates its genus g with the winding number of its boundary components via the
formula:

Z wn(A7g) (615) =4 —2r— 4g
=1

Proof of Proposition 2.4.3: Each simple closed curve ~; has zero winding number, regardless of
the choice of orientation.

Let S’ be the surface obtained by cutting S along each ~;. It is the disjoint union of connected
surfaces S’ = [i] S’, and each ~; give rise to two boundary components of S”: 4 and ;. Let us

=1

show by contrzjdiction that each S} contains a boundary component of the original surface S (and
thus contains at least one o marked point on this boundary).

Since by hypothesis each S; cannot contain only punctures, each S; containing a puncture must
contain a boundary component of S.

Suppose now that S} does not contain any puncture and that all its distinct boundary compo-
nents p{, e pij are in'{yf, s VY 57 ). Let g beits genus. By Lemma 2.4.5, after choosing the
orientation on each p! which is compatible with the orientation of S, we have

Tj

an(A7G)(pg) =4—2r; —4g9; & 0=4—2r; —4g;
i=1

@rj:2andgj:0,
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but then ! and 7, should be homotopic, a contradiction. Thus we can choose an arbitrary o marked
point m; in each S.

Forallj € {1,...,s},andforallk € {1, ...,r;}, let§] beasimplearcfrom 67 (0) = m; to d;(1) = pi.(1)
(after the identification with some 7 : S! — S), and such that Vk # k' € {1, ...,r;}, |6£ N 6i,| = 0.

For each i € {1,...,r}, this gives rise to a c-arc §; on S intersecting ~; once (and no other ~;/«;)
once and transversely, in the following way: if ;" = pi and~y, = p{;, define §; to be the concatenation
5 = 6%.(6?,)—1. Moreover, define ;1 = &7.7.(6])~" and p; = 65.%.(55)—1. Cutting S along the y,
we obtain a surface ' =T J( |:| I';), where each T'; is an annulus containing -; and whose boundary

=1

components ,uli each have one o marked point. The following figure depicts the situation:

Figure 2.4.2: Arc configuration in the neighbourhood of a simple closed curve.

LetI" = || T be the decomposition of IV into connected components. We have seen above
keKo
that for each k in K, I'y, contains at least one o marked point, thus [HKK17](Lemma 3.3) ensures that it

admits an admissible dissection A;. Weset A" := ( || Ax) [ U{d1,...,6r, D+, (1), ..., D+, (;)}. In order
keKo
to see that this indeed give an admissible dissection on (S, M), we need to check that each pair of

arcs are non-intersecting, which is the case by construction, that they are pairwise distinct and that
they cut S into polygons, each of which containing exactly one e-point. We call such a polygon an
admissible polygon.

The curvesin A’| |{y1, ..., ¥~} are in minimal position by assumption. For k # k' € Ky, any § € Ay,
and ¢’ € Ay are distinct since they do not share common endpoints. For all 4, ¢; is distinct from D.,, (9;)
and fori # j € {1,...,7}, §; % 05,0; 22 D, (05) and D, (6;) # D-,(d;) since they do not have the same
minimal relative position with respect to the set {1, ..., }.

Let Sy be a subsurface cut out by A’. If all boundary arcs of Sy are contained in some Ay, then Sy
is an admissible polygon since A; is an admissible collection. Otherwise Sy is obtained by gluing an
admissible polygon of some Ay with a collection of triangles of the form (M,-i, i, D, (6;)). The gluing
is made along the p;"'s, and since elements of {01, ..., 6, D+, (1), ..., D+, (6,)} are all distinct, Sy is a
polygon. Finally since each triangle (uf,éi, D.,,(4;)) contains no e points, Sy is admissible.

Now n(A, G) induces a unique grading G’ on A’ such thatn(A’, G') ~ n(A, G), and by construction
«(d;) and 3(6;) are minimal for all 4. The fact that G’(a(d;)) = G'(B(;)) follows from wy A ¢)(7i) = 0.
[l

47



Chapter 2. Recollements for graded gentle algebras from spherical band objects

Proposition 2.4.3 has the following consequence on the algebraic side:

Corollary 2.4.6 Let A = (KQ/I,|.|) be agraded gentle algebra associated to the graded marked surface
with admissible dissection (S, M, A, G).

Let By, ..., B, be a collection of band objects of per(A) of parameters (n; = 1, u; € K*) corresponding
to a collection 1, ...,y of simple closed curves on S under the equivalence per(A) ~ W(S, M,n(A,Q))
or under the inclusion into W(Ss, Ms,n(As, Gs)) in case A is not homologically smooth. Suppose that the
~;'s are pairwise non-intersecting and do not enclose a subsurface containing only punctures.

There exists a graded gentle algebra A’ = (KQ'/I',| .|") and an equivalence ¥ : per(A) — per(A’)
such that each V(B;) is a band object supported by an acyclic graded Kronecker («;, 5;) of A/, and such
that Vi # j, {o(ci), (i) } (o (ay), ()} = 0.

Example 2.4.7 Let A be the gentle algebra of Example 2.4.4, and B be a band object of parameter (1, 1)
of per(A) corresponding to the only simple closed curve of S. Then Theorem 2.4.1 shows that Ay is derived
equivalent to the gentle algebra associated the graded marked surface Sy. This algebra is the gentle algebra
A1 of Example 2.1.2.

Under this equivalence, B is isomorphic to (a shift of) (P, €D Py[1],0 = (8 @ B“ﬁ> ).

Proof of Corollary 2.4.6: A choice of admissible dissection (A’,G’) as in 2.4.3 gives the desired
algebra A’, which is derived equivalent to A by [HKK17](Proposition 3.2). The acyclic graded Kroneckers
come from the minimal angles {«(d;), 3(4;) }, and the description of the B;'s in per(A’) in term of one
sided twisted complexes is given by [HKK17](Theorem 4.3).

O

2.4.2 Graded marked surfaces with conical singularities

In this section we establish the correspondence between graded pinched gentle algebras and
marked surfaces with conical singularities and simple admissible dissections, a generalisation of grad-
ed marked surface to surfaces with conical singularities.

Definition 2.4.8

e A (topological) oriented surface with conical singularities is a compact topological space S in which
every point admits a neighbourhood homeomorphic to one of the following:
- The open unit disk D of R?,
- The half disk D N H, where H is the closed upper half plane of R?,
- Thewedge sum Cy = DUD’/ ~ of two pointed open disks (see the left-hand side of Figure 2.4.3).
Since S is compact, it admits a finite number of boundary components, each homeomorphic to a

circle, and a finite set of points C, called the set of conical singularities, that correspond to the singular
point of Cy. The surface S\C must be oriented. Elements of C will be represented by symbols o.
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2.4. Admissible dissections and graded pinched gentle algebras

e A marked surface with conical singularities S = (S, C, M LI P) is the data of:

- A surface with conical singularities (S, C),

- Afinite set P = P, U P, of points in the interior of S\C, called punctures and represented
respectively by symbols o and e,

- Afinite set M = M, U M, of points in the boundary of S\C, called marked points and rep-
resented respectively by symbols o and e. They are required to alternate on each boundary
component, and each component must contain at least one marked point.

e Ao-arcis a non contractible curve on S with endpoints in M, U P,. Every curve will be considered up
to homotopy. Note that o-arcs are allowed to go through conical singularities.

e Let S, bethe marked surface obtained from S by splitting each conical singularity into two o-punctu-
res (see the right-hand side of Figure 2.4.3). A simple admissible dissection A on S is a set of o-arcs
that don't intersect (in the interior of S) and that satisfy:

- Foreach c € C there is exactly one arc v, in A that goes through c, it goes through it only once
and does not go through other singularities,

- The collection A ; of arcs on S induced from A by splitting each . in two, is an admissible
dissection.

e Agrading G on a simple admissible dissection A is the data of an integer for each minimal oriented
angle of A.

Remark 2.4.9 There are two other equivalent ways of thinking of marked surfaces with conical singulari-
ties.

1. First we can think of a marked surface with conical singularities as a marked surface where pairs of
o-punctures have been identified. More precisely, given a marked surface (S, M U P) and a fixed-
point free involution . on a subset P." of P., the associated marked surface with conical singularities
S is obtained by taking the quotient of S under the identifications p ~ 1(p) for all p € P.". Thus the
set of conical singularities is the quotient of P.* under the action of 1, and the new set of o-punctures
is P,\ P,*. This construction is inverse to the splitting of the conical singularities S, where v is given
by remembering each pairing of new o-punctures.

Under this correspondence, simple admissible dissections of the marked surface with conical singu-
larities S are in bijection with admissible dissections on (S, M L P) satisfying that each puncture
in P.* is of valency one. Under this correspondence, the o-arcs vy, and -, admitting respectively
p and (p) in P.* as one of their end points, give rise via concatenation to an arc going through the
corresponding conical singularity.

Note that here we must exclude the case where (S, M U P) is a sphere without boundary, with one e-
puncture and two o-punctures p and p', and with .(p) = p/, since the o-arc in the admissible dissection
of (S, M LI P) would descend to a closed curve on S. This is the only case where this can happen.

Each grading G on (S, A) corresponds to a grading Gy on (S;, A ) that associate zero to each
minimal oriented angle at o-punctures arising from conical singularities.
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Chapter 2. Recollements for graded gentle algebras from spherical band objects

2. Similarly each collection of non intersecting simple closed curves on a marked surface (S, MUIP) gives
rise to a marked surface with conical singularities by taking the topological quotient that identifies
each simple closed curve with a point.

The next proposition follows easily from the correspondence established in [HKK17, BCS21, PPP1g,
LP20] for gentle algebras. A quiver with relation (Q, I) as in Definition 2.1.6 will be called a pinched
gentle quiver.

Proposition 2.4.10 Graded pinched gentle quivers are in one to one correspondence with marked surfaces
with conical singularities endowed with a graded simple admissible dissection.

Proof: Let (Q,I,].]) be a graded pinched gentle quiver with set of vanishing loops Q7. Let v,
be a loop in Qf attached at vertex v, and let o™, a™, 87, 3~ be the (possibly identified or equal to
zero) arrows given in Definition 2.1.6. By Remark 2.1.7, we can assume that at least one of ™, a~, and
at least one of 3%, 37 is non-zero. Let (Q',I’,] . |') be the graded quiver with relations obtained by
resolving each loop in @} in the following way:

3 ﬁ 0 Yo 3 0
{ 1 E — . P Y
AN AN ()
0 3 0 3 78
QL] . 1) @1 . 1)

Each loop v in QY gives rise to two degree zero loops ~, and v attached on different vertices,
and satisfying the relations a™y, = yoa™ = 0 = 8145 = 436~. Thus (Q', I’,| . |') is a graded gentle
quiver and thus corresponds to a marked surface with graded admissible dissection (S, M U P, A, G).
Moreover for each v in @Y, the set of couples (y4,73) give the data of a partial coupling on the o-
punctures of (S, M U P). By Remark 2.4.9 (1), this gives rise to a unique marked surfaces with conical
singularities with graded simple admissible dissection.

Conversely, starting from a marked surfaces S with conical singularities and graded simple ad-
missible dissection, one can split its conical singularities to obtain S, as in Remark 2.4.9 (1). One gets
an associated graded gentle quiver and can do the inverse procedure of the last figure to obtain a
graded pinched gentle quiver. By definition the two constructions are inverse from each other.

O

Example 2.4.11 Consider the pinched gentle algebra Ay, ) of Example 2.1.2 (it corresponds to the left
quiver with relations of the last figure). The corresponding marked surface with conical singularities, de-
picted on the left part of the following figure, is homeomorphic to the conical singularity Cy. The right part
illustrates the marked surface with admissible dissection obtained by splitting the conical singularity.
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2.4. Admissible dissections and graded pinched gentle algebras

Figure 2.4.3: A marked surface with conical singularities and graded simple
admissible dissection, and the splitting of its conical singularity.

Remark 2.4.12 Simple admissible dissections are a special case of a more general notion of admissible
dissection on marked surfaces with conical singularities, introduced in Definition 3.3.1. It includes dissections
admitting several arcs going through a conical singularity.

The localization described in Theorem 2.1.11 corresponds at the level of surfaces with conical sin-
gularities to the contraction of the simple closed curve. More precisely, we have the following propo-
sition:

Proposition 2.4.13 Let A be a graded pinched gentle algebra with a graded Kronecker («, (), let S be its
associated marked surface with conical singularities and let vy be the simple closed curve on S corresponding
to (a, B). (Note that by definition of a graded Kronecker, v does not go through a conical singularity).

The marked surface with conical singularities S, 3), associated to the pinching A, gy of A at («, B8), is
homeomorphic to the quotient of S that identifies all points in ~.

Proof: The marked surface with conical singularities obtained by identifying all points in ~ is the
same as the one obtained by:

(i) Splitting S at « to obtain a marked surface with conical singularities with new boundary com-
ponents v, and vz,

(ii) contracting v, and 3 to obtain two o-punctures p, and pg,

(iii) gluing p,, and pg to create a conical singularity.

Splitting the other conical singularities of the marked surface with conical singularities S’ obtained
at step (i) yields exactly the one used in the proof of Proposition 2.4.10 to define S, g).
O

Remark 2.4.14 Up to derived equivalence we can suppose that («, [3) is in degree zero. In this case, the
pinching of S at ~ sends the graded simple admissible dissection associated to A to the graded simple
admissible dissection associated to A, gy (with the identification of the arcs corresponding to o(«) and

7()).
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Chapter 2. Recollements for graded gentle algebras from spherical band objects

We now state a useful result on derived equivalences for graded pinched gentle algebras. For
a closed curve v on a marked surface with conical singularities with simple admissible dissection
(S,A,G) that does not go through a singularity, we define its winding number to be wn(A//,G//)(’Y)-

Proposition 2.4.15 Let A be a graded pinched gentle algebra corresponding to a marked surface with
conical singularities with graded simple admissible dissection (S, A, G). Let v be a simple closed curve on
S with zero winding number that does not go through a singularity nor encloses a subsurface containing
only punctures or singularities.

There exists a graded simple admissible dissection (A’,G') on S that is adapted to ~y (see Proposi-
tion 2.4.3), and such that per(A) ~ per(A’) where A’ is the graded pinched gentle algebra associated to
(S, A", G).

We can then use this new description of the perfect derived category to apply Theorem 2.1.10 and
take the pinching of A’ at the graded Kronecker («a, 8) corresponding to +. By Proposition 2.4.13, A’(a 5)
gives a graded simple admissible dissection on the marked surface with conical singularities obtained

by contracting v in S.

Proof: Let T be the graded gentle algebra obtained by replacing each vanishing loop 4; in Q¥ by
a zero graded Kronecker (a4, ;) in such a way that I satisfies I',, 3,), = A. By Theorem 2.1.10, each
choice of band objects B; supported on (o, ;) gives an equivalence per(A) ~ per(T") /thick(B;);.

Let (S(T'), A(T"), G(T")) be the marked surface with admissible dissection associated to I', and for
all i let ; be the simple closed curve corresponding to («a;, 3;). The curve ~ is lifted to a curve on
S with zero winding number, and it does not intersect the ~;'s. Moreover this collection of closed
curves does not enclose a subsurface containing only punctures, so we can apply Proposition 2.4.3.
Let (A(T"), G(T")") be the resulting graded admissible dissection, let I be the associated graded gentle
algebra, and let («, 8)i, (o, ) be the new graded Kroneckers.

Setting A’ = F,(a‘ 51, We get per(N') =~ per(I")/thick(B;); ~ per(T')/thick(B;); ~ per(A). By
Remark 2.4.14, the graded simple admissible dissection associated to A’ corresponds to the image of
(A(T)', G(T")") under the pinching at each +;, and thus is adapted to .

O

2.5 Formality of the quotient

In this section we place ourselves in the following setting:

Setting 2.5.1 Let A = (KQ/(I),|.|) be a graded pinched gentle algebra (see Definition 2.1.6). Let B be a
band object of P(A)P ¢t (see Example 2.2.2), of parameter u € K* and supported by an acyclic graded
Kronecker («, ) of A (see Definition 2.1.9). We setw := a4+ pf and 1 := o(a),2 := 7(«).

Let A be the full subcategory of P(A)Pr¢~'" supported on P(A)o and B. The full subcategory B of A
supported on B satisfies the following property:

Theorem 2.5.2 [BK91](84 - Th 1) Let (B) be the smallest strictly full triangulated subcategory of the trian-
gulated category A" ~ per(A), which contains B. There is an equivliance:

B ~ (B).
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2.5. Formality of the quotient

We will show that (A/B)., the full subcategory of .A/B supported on P(A), is formal.

2.5.1 A quasi-equivalence

Lemma 2.5.3 There is a DG equivalence

(A/B)o = P(KEQ/(I),[],d)
where:

- (KQ/(I), | |) is obtained by adding to QQ an arrow ~ from 1 to 2 of degree |«| — 2, loops €1 and e
at1and 2 of degree —1, and an arrow § from 2 to 1 of degree —|«|:

y

/\

€1C 1 i; 2352

~

- dis defined by setting d(e1) = 6w — ey, d(ez) = (—1)4(e2 — wd), d(7) = (—1)7 (wey + eaw), and by
sending every other arrows to zero.

Proof: Recall thateisthe new generator added to End 4(B) when taking the quotient. Leti, j € Qo.
Using the bracket of Notation 2.2.1, let

[e1) == [e1] € Homu(P1, B), [e2) := [e2] € Homa (P2, B),
(e1] := [e1] € Homy (B, P1) and (ez] := [e2] € Hom 4 (B, P2).

Every morphism p = (52> € Hom4(P;, B) factors as p = (e2]p2+(e1]p1 and dually for a morphism
1

¢’ € Hom (B, P;). The equivalence is then given by sending Homy (P;, P;) to itself via A — KQ/I)
forall i, 7, and (e1]e[e1) to €1, (e2]ele2) tO €2, (e1]eez) to § and (ez]eler) to 7.
]

Definition 2.5.4 Recall that the localization Ajw=1] of A at w has been introduced in Definition 2.1.1. Using
notations of Lemma 2.5.3, we define the morphism of DG algebras ¢ : (KQ/(I), \/.\|, J) — Alw™1]in the
following way:

Let ¢ : Qo U Q1 — KQ be given by ¢>|QOUQ1U{5} = id, ¢(e1) = ¢(e2) = ¢(y) = 0. It extends to an
epimorphism of graded algebra ¢ : K Q — KQ, and to an epimorhism ¢ : (K Q J{I), \/.\\, J) — Alw™ Y of
DG algebra since ¢(I) I and ¢(d ( 1)), ¢(d(62)) qﬁ(d(y)) e ().

The next subsection will be devoted to the proof of the following proposition.

Proposition 2.5.5 The functor P(¢) : (A/B)s — P(Alw™!]) induced by the morphism ¢ of Defini-
tion 2.5.4 is a quasi-equivalence.
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Chapter 2. Recollements for graded gentle algebras from spherical band objects

2.5.2 Computation of H*(A/B),
Lemma 2.5.6 H*End4(B) ~ K|z]/(x?), where x is of degree 1

Proof: For a graded pinched gentle algebra A = (KQ/(I),| .|) andi # j € Qo, a basis of
ejAe; >~ e;Ae; is given by paths in (Q7, 19). Let us give a basis of e; Aeg in case it is non-empty.

First there can be no path from 2 to 1 of the form p'ap or p/8p. Indeed, if p’ap € e;Aey then the
acyclicity of («, 8) ensures that pa € I9 and ap’ € 19, but then pg ¢ 19 and Sp’ ¢ 19, and thus p'apf
is an oriented cycle, a contradiction.

Now let p be a non-zero path in e; Aey not passing through « or 5. We can suppose without loss
of generality that pa ¢ 9. The acyclicity of (a, 8) implies that ap € 19 and thus Sp ¢ I9.

There can be no other path in e; Aes different from p. Indeed suppose that p’ is such a path. Then
p'B € 19, otherwise p'8p € ejAes is a contradiction. Since in a gentle bound quiver, every path ~
belongs to a unique maximal path 4, we have p = & = /. But then we can suppose that p = p"p/, and
thus p = p""ap’ or p = p"" By, a contradiction.

In conclusion, if e;Aes # () then e;Aes = (p) where p is a path which we can suppose verify
pa, Bp ¢ I. For the rest this proof, let p = 0 if e; Aey is zero.

We can deduce:
e1Aey = (e1, pa), ealey = (a, B, Bpa), e1Aes = (p), eaAes = (e2, Bp), (2.2)

which gives the basis EndA(B) = <[el]a [62]> [Oé], [ﬁ}a [:0]7 [,OOZ], [Bp]v [ﬁpabr with
[ed]] = [le2]| = 0, [la]| = [[8]] = 1, [lp]| = [p| +q = 1.

Dropping without ambiguity the bracket notation, the differential is given by:

d(e1) = w = —d(e2), d(p) = wp — (=)l pw = ugp — (=1)ll pr,
d(a) = d(f) =0, d(Bp) = (1) Bpa, d(pe) = pBper, d(Bpa) =0,

which gives the decomposition as complexes
Enda(B) = ([e1], [e2], [o], [B]) D[], [pal, [Bpl, [Bpal) =: Eo D Er.
Now E} is acyclic since Ker d|, = (po — (— 1)/l u8p) P(Bpa) = Im d|5,, and
H*End4(B) ~ H*Ey ~ (id = e; + e3)° @(a, Bl w)t. (2.3)
A direct computation shows that:

Lemma 2.5.7 Using the notations of (2.2),
o H*Homy(Py, B) ~ (a, Blw),

e H*Hom4(P2, B) ~ (e2),
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e H*Hom (B, Py) ~ (e1),

e H*Hom (B, P») ~ («, B|lw).
Lemma 2.5.8 Foralli € Qo\{1,2}, H*Homu(P;, B) ~ 0 ~ H*Hom 4(B, P;).

Proof: LetejAe; ~ ejAe; = (p1, ..., pr) and eaAe; >~ eaA9¢; = (1, ...,7s) be two bases where each
Pk, is a pathin (Q9, I9). We use the same notation to designate the induced basis of Hom 4(P;, B).

Recall that B is of the form (Py[|af]@ Pi[1],0 = (0 ¢ HF

0 0
in Hom 4 (P;, B) the differential is given by df = (o + uf3) f (see Notations 2.2.1).

)) for some p € K*, and thus for f

Since i # 1, one can choose an ordering of the p;'s and ' € {0,...,r} such that Vi € {1,...,r'},
BpreTandVie {r' +1,..,7}, ap, € I. So for (), (un) € K™,

Z)\mﬂrZMmh )=0 & (a+pub) Z)\zpﬂrz)\mz (@ +puB)(QY_ mnyn) =0

r’4+1 h=1

& Z Aapy + Z AipuBpr =0

r'+1
< Ve {1, ...,7’}, N =0,

where the last equivalence comes from the fact that in a gentle algebra distinct paths correspond to
distinct elements, and thus the ap;'s and the gp;'s are pairwise distinct. We deduce that the kernel is

Kerd = (71, ..., Vs)-
Now since i # 2, one can choose an ordering of the 4;'s and s’ € {0, ..., s} such that
Vhe{l,..,s} 3, € {1,....r}, v, = ap,, and
Vhe{s+1,.,sh 3, €{1,....r}, v = Bpi,-

Thus for all (uy,) € K%,

S
> unyn = Zuhapzh + Z uﬁpzh =d Zuhmh Z Mhmh
h=1

h=s"+1 h=1 h=s'41

We can deduce Ker d ~ Im d and H*Hom 4(P;, B) = 0. The other case is dual.

Corollary 2.5.9 Ifior jdoes not belong to {1, 2}, then H*Hom 4,3(F;, P;) ~ Homy (P;, P)).

Proof: Let (i, j) be such a pair. By Equation 2.1, HkHomA/B(H,IDj) ~ @ EEH Let g € Z. Since
I€Z
H*Hom 4(P;, B) ~ 0 or H*Hom 4(B, P;) ~ 0 by Lemma 2.5.8, Proposition 2.3.4 shows that Vp > 0,

EP ~ 0. Thus Vp # 0, E% ~ 0. Moreover since for all > 1 the codomain of d;*? and the domain of
d~7 "1 are zero, we have E% ~ E?’q ~ Hom, (P, P;)4.
(Il
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Proposition 2.5.10 Let (i,7) € {(1,1),(1,2),(2,1),(2,2)} and let E** be the spectral sequence on the
space Hom 4/3(P;, Pj). Let

H*Homu(P;, B) =: (t), H*Homu(B, P;) =: (z) and H*Enda(B) =: (idp) @ (y)
be the basis given in Lemma 2.5.7 and in (2.3), and let a := |z| + |t| — 1.
e Vg €7, EY! ~ Homy(P;, P;)Y,
o Vp >0, ER'P ~ (ze(ye)P~1t),
o Vp#0,Yq#a—p EX ~0.

Proof: We have the following relations: zy = yt = y> = 2t = 0. Let p > 0. For q € Z, since by
Proposition 2.3.4

EPi~ @ H'(Homu(B, P)) ® K[1] @ H*(Endu(B)) ® ... ® K[1] @ H* (Homu(P;, B)),

k‘1+...+kp+1
= 2p+q

we have

BP0 (k) € {0,170, 2]+ ki+[t|=2p+q

(2
©0<2p+q—[z|-[t|]<p-1
Sa+l-2p<g<a—np.

For such p and ¢, a basis of E"? is given by

T
EPT = ({ze™_, (ye™)t |r >0, VI € {0,...,7}.n; > 1, an =pand |z|+7r—p+|t| =p+q}),
1=0

where € is a generator of K[1]. Moreover,

T

dh (eI (e )t) = 3 (= 1) P T ety )d(€n ) (T ye™ )t
=0
.

- Z (—1)‘Z(Hleenkly”z(Hf’:le"‘*ly)e”"*l(H}":Hlye”l)t,
T dd
n .
sinceVn > 1. d(e") = > (—=1)l¢ 'lent = 0if n even and ¢"~* otherwise. We first compute the second

=1
page of the spectral sequence.

ForgeZ,d"=0and E}"Y #0 & g =a— 1. Since d;* ' (zet) = (—1)1#l2t = 0, ES? ~ B
For all p > 0, d”*P(ze(ye)?~'t) = 0, and for all p = ze™Il_ (ye™)t € EPT*7P72 one has
dPTHTPT2 () = 0 since g = 1 or 2. Thus ER“7P ~ EPo—P,
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2.6. Proof of the main results

We regroup the remaining cases by complexes. For each b > 0, let Cg be defined by Vi > a, C} = 0,
Vi < a, Cf = Ei’““_i)’“_b_Q(“_i) and Vi < a, d- = d?Ha_i)’“_b_Q(“_i). In this way, Vp > 0 and
Vg€ {a+1-2p,...,a—p—1}, FP"?is equal to ng‘;?q_a. Let us show that each Cj is acyclic by defining
morphisms ¥ : Cp — Cp[—1] satisfying dcs o W + W o dce = idcy. Fori < aand p = ze™Ilj_, (ye")t a
basis element of Cj, let

X ={l€{0,...,r}| ny is odd and different from 1} and Y = {l € {0, ...,r}| n; is even}.

_ 1 i
Let A = XY and define ¥ on paths by

W(p) =AY (= 1) MmO (I emimry)ens T, et
€Y

Then p appears with coefficient A\|Y| in do ¥(p) and with coefficient A| X| in ¥(p) od. For any other
path p’ # p appearing with coefficient 1 in d o ¥(p), it appears with coefficient —p in ¥ o d(p) and
vice-versa. Thus do ¥ + ¥ o d = p holds.

Finally the values of E,, correspond to the second page since Vp, q € Z,Vr > 2,d>? = 0.

U

Proof of Proposition 2.5.5: Since P(Aw~}]) has zero differential, it suffices to show that the mor-
phism H*P(¢) : H*Hom4,p), (F;, Pj) — Homp,(,-17) (5%, P;) is an isomorphism for all i, j.

If i or j is different from 1 or 2, the relations in Alw™] are such that ejAjw™]e; ~ ejAe;. Thus
H*P(¢) is an isomorphism by Corollary 2.5.9.

For (i,7) € {(1,1),(1,2),(2,1),(2,2)}, Equation 2.1 and Proposition 2.5.10 give the isomorphism:
H*Hom 45(P;, P;) ~ Homy (P;, P;) @) (z€(ye)"t | n > 0).

Let us consider the case (i,j) = (1,1). On one hand, the relations in Afw~!] allow to choose the
following basis: Hompa,-17)(P1, P1) = Homp (P1, P1) @(d(ad)"a | n > 0). On the other hand, if we
choose the following representatives: t = a, y = o, z = ey, the equivalence of Lemma 2.5.3 gives the
rewriting ze(ye)"t = e1e(esaer€e)eaar = 6(ad)" v, and H*P(¢) is an isomorphism.

Similarly for the other cases we found:

H*Hom 4/5(P2, P») = Homp (P2, %) @@45(@5)"\ n > 0),
H*Hom 4/5(P1, P;) = Homy (P, Py) @) (ad(ad) al n > 0),
H*Hom 45(P2, P1) = Homp (P2, Pr) @H(5(ad)”| n > 0),

which are isomorphic under H*P(¢) to the corresponding spaces in P(A[w™!]).

2.6 Proof of the main results

We now prove Theorem 2.1.10 and 2.1.11. For this we will need two lemmas.
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Chapter 2. Recollements for graded gentle algebras from spherical band objects

Lemma 2.6.1 Let A be the quotient of a path algebra K Q by a finitely generated ideal I = {p, ..., p.). Let
Qo € Qo be a subset of verticesand e = 5 e; the associated idempotent.
i€Qq
There is an isomorphism [[—]] : eKQe — KQ, where Q is the quiver whose set of vertices is Q,, and
whose arrows from i to j are symbols [a...a1), where ... iS a path from i to j in QQ which passes
through no other vertices of Q.

It induces an isomorphism eAe ~ KQ/I, where I = ([[6piY]] | Vi € {1,...,r} and § € T, v € S), with:

T ={ap..aq | r > 1, Vi.y, € Q1 and 7(a,) € Q and Vi.o(a;) € Qo\Qo} | U{ei | i € Qu}, and
dually

- S={ap...a; |r>1, Vi.y; € Q1 and o(ay) € Qp and Vi.T(a;) € Qo\Qo} I{ei | i € Qp}-
Note that Q can have an infinite set of arrows, and that T is not necessarily admissible.

Lemma2.6.2 Let A = (KQ/(I),| .|) be a graded pinched gentle algebra, («, 3) be a graded Kronecker
in Q as in Definition 2.1.9, and w = « + u3 for some . € K*. There are equivalences:

D(A[w‘l]) ~ D(A(aﬁ)) andper(A[w_l]) ~ per(A(aﬁ)).

Proof: Since P, and P, become isomorphic in Ajw™!] =: KQ/(I), D(A[w™]) ~ D(eAlw]e)
and per(Afw™!]) ~ per(eAlw™'e) wheree = > ¢. One can compute eAlw™!e =: KQ/I using
1€Qo\{2}

Lemma 2.6.1. First we have:

Q1 =1l | p€ Quand5(p) #2 #7(p)}|_[{[8"8],[a"al, [a], [58]}

and Lemma 2.6.1 gives the following description of I:

[(6p]] lpi € T =9 U IP U{éw —e1,wd —ex}and 6 € T, vy € S)
{[Bs...B1][cr-..a1] | [Bs..-B1], [ar...c1] € @y and By € 19}

(

(
LH{[Bs---B1]([0] + €v) | [Bs---01] € @y and B (v, + €,) € IP}
U{([%] + ) [Bs.-B1] | [Bs.--£1] € Qy and (7, + €,)Bs € 17}
U{[ctr...cq]([v0] — €v) | [ar...a1] € Qp and a1 (v, — e,) € IP}
U{([w] = eo)lar.an] | [ar...an] € @y and (v, — ey)as € 17}
L{[[6w — ex]] = [6a] + p[6f] — e,

o (w8 — e2)a]] = [a*allda] — [a*al, [0+ (w — e2)8]] = [a*al[36],
al

[ | =
(87 (wd — ea)a]] = p[BB)[0a], [[B7 (wd — e2)B]] = u[BTB[08] — [B7A]}).
Let v := [da] — p[d]. We have

2060] = e1 + [da] — uldB] = e1 +~ and 2u[68] = e1 — ([6a] — uldB]) = e1 — .

Renaming [313] =: 8T, [ata] =: a™, dropping the bracket notation and rewriting the relations
with 4’s gives the desired description.
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2.6. Proof of the main results

Proof of Theorem 2.1.10: By Theorems 2.2.4, 2.5.2 and Example 2.2.2, -
per(A)/(B) = A" /B =~ (A/B)",
and by Proposition 2.5.5,
(A/B)" = (A/B)y = P(Aw™ )" = per(Alw™1])
We conclude by using per(A)/(B) ~ per(A)/thick(B) and Lemma 2.6.2.
U

Proof of Theorem 2.1.11: Let A and B be as in the Setting 2.5.1. Theorem 3.1 of [Gye24] gives the
recollement:

D(A/B) == D(A) == D(B)

First D(A) ~ D(P(A)) ~ D(A). Then one can show that Endpapre—ir (B) is a formal DG algebra,
and thus D(B) ~ D(Endpaypre-tr(B)) ~ D(H*Endp(pyre—t-(B)) ~ D(K|[z]/(x?)), by Lemma 2.5.6.
Moreover D(A/B) ~ D((A/B),) ~ D(A[w~!]), where the last equivalence is given by Proposition 2.5.5.
We conclude by using Lemma 2.6.2.

U
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Chapter 3

Formal Generators for A.,-quotients of
topological Fukaya categories

3.1 Introduction

3.1.1 A -quotient and simple closed curve contraction

In [Jef22], the author considers families f : X — C of symplectic manifolds with a singular fiber
over 0, and defines the wrapped Fukaya category of the singular fiber to be a certain localization of
the Fukaya category of a nearby fiber. Our work can be seen as an algebraic analogous construction
in which we seek an explicit description of the localization.

Let S be a smooth graded marked surface and 7 : $ — S be the contraction of a simple closed
curve v on S of winding number zero. Let F(S) be the topological Fukaya category of S as defined
in [HKK17], and let B be the object in this category corresponding to v. We study the A,-category
F(S) := D(F(S)|B), where B s the full subcategory of F(3) on objects which become isomorphic to
some elements in thick(B) when passing to the zero homology, and where D(F(S5)|B) denotes the
Aso-quotient category introduced in [LO06]. The goal of this chapter is to give a simpler definition for
F(S) which remains Morita equivalent to D(F(5)|B). The construction is summarized in the following
diagram:

H*A —— DH*A|B) +—=— Fa(S) = H*D

[

A —— . D(AB) .

! J

F(S) —— D(F(S)|B) +~— F(S) = Tw Fa(S)
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3.2. Notations for A..-categories

Let A be an admissible dissection on S as defined in Definition 3.3.1. By subsection 3.3.4, it lifts
to a collection of non-intersecting arcs on S, which we also denote by A. It is then completed into a
full formal arc system A on S. As shown in [HKK17], TwF 4(S) is Morita equivalent to F(S). Thus the
object B can be expressed as a twisted complex supported on the objects of A (see Subsection 3.3.5).

Let A be the full subcategory of Tw}'A(S) supported on AU {B}, where A is seen as a subset of
A. It is shown in Lemma 3.5.2 (and the proof of Theorem 3.5.3) that D(A|B) generates D(F(S)|B).
Moreover, taking a minimal model H* A of the DG category A (Proposition 3.4.8) gives a Morita equiv-
alence D(H*A|B) — D(F(S)|B). In fact, since B becomes isomorphic to zero in homology, we can
restrict ourselves to the full subcategory D of D(H*A|B) supported on A, to obtain a Morita equiva-
lence D — D(H*A|B) — D(F(S5)|B). We show in Proposition 3.5.10 that D is a formal A..-category
and give in Theorem 3.5.11 a description of the homology category H*D as the path category of a
quiver with relations. This motivates the definition F4(5) := H*D, which then satisfies the following
theorem.

Theorem 3.1.1 (Theorem 3.5.3) Following notations of Setting 3.4.1, there is a Morita equivalence:
Fa(S) = D(F(S)|B).

By definition, the topological Fukaya category of S is taken as F(S) := TwFa(S).

3.2 Notations for A, -categories

We first introduce the relevant comcepts and notations on A,-categories that will be useful for
the rest of this chapter. We mainly follow [AP24], [HKK17], and [Seio8]. We fix a field K, that we
suppose of characteristic zero. This hypothesis is used for example in Notation 3.5.6.

3.2.0.1 A_-categories

Recall that an A,-category A is strictly unital if each object X admits a unit, that is, a morphim e
in A%(X, X) such that:

- 1%(a,e) = a and p?(e, a) = (—1)l%lq for any post-composable / pre-composable homogeneous
morphism a,

- u(...,e,...)=0forn # 2.

We refer to [Seio8](l.4) for the idempotent completion Abofan Ao-category. Itis an enhancement
of the idempotent completion for regular categories in the sense that H°(A") is equivalent to H%(A)"
[Seio8](40).

A strictly unital functor F' : A — B is a quasi-equivalence of A..-categories if the induced func-
tor H*F is an equivalence of categories. In this case, the induced functor TwF between the A..-
categories of twisted complexes Tw.A and TwB, is also a quasi-equivalence. See for instance [Seio8]
(Lemma 3.25).
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Chapter 3. Formal Generators for A..-quotients of topological Fukaya categories

More generally, an A-functor F for which the induced functor Tw(F)? is a quasi-equivalence
is called a Morita equivalence. The category A" := H9Tw.A admits canonically a structure of tri-
angulated category, and for a strictly unital functor F' : A — B, the induced functor F* is trian-
gulated [Seio8](Lemma 3.30). Moreover, the idempotent completion (A’””)h also admits a canonical
triangulated structure [BSo1]. Seing morphisms in H*A as morphisms in degree zero between shifts
of objects, we see that applying H* to Tw(F)" induces an equivalence if and only if applying H° does,
ie. I is a Morita equivalence if and only if (F")% is an equivalence.

3.2.0.2 Twisted complexes

Given an A.-category A, we define the additive enlargement addZ.A and the A.-category of
twisted complexes Tw.A as in [Seio8](Section 3). Recall that the involved higher multiplications are
given by the following formulas:

174 (B0 @ Gy ooy by @ ar) = (—1) 205 19ll0il g 61 @yl (an, ...y ar),

(3.1)
luTw.A Qp, - Z.uaddZA Ty ooy 671’ Qn, 5?7,717 [EE) 517 at, 507 EE) 50)

For X in A and k € Z, we introduce the notation X [k] := K[k] ® X € addZ.A. A morphism from X k]
to Y[l] is of the form s'=* ® a, where s'~* denotes the identity morphism between K [k] and K[I]. We
have |s*| = —k. When there is no ambiguity, we will drop the s and write s** ® a simply as a.

By definition, the differential § of a twisted complex is a linear combination of elements of the
form s' ® d of degree one. Thus |d| = [ + 1. If u = 0 for all n > 3, then u%, , also vanishes for n > 3.
In this case we have:

M%FwA(Sl_k ®a) = N;ddZA(Sl_k ®a) + MiddZA((sl, sF@a) + /LgddZA(sl_k ®a,9)
@ (@) + 1aaza@ 5 © @) + agpals T @ 0,0)
= s @ ul(a) + ) Hraazals" T @ dy s @a) + Z Haaaza(s™" @ .57 @ dj) (3.2)
i

— k@ ph(a) + SO () EDIl ik g Z Wllal =l @ 12 (a, d;),

where the s¥~! @ d; are the components of ¢ starting at the codomain of s'~* ® a, and symmetricaly
for the sl @ d;.

More generally, and without vanishing assumption, one has for a chain of morphisms passing
through Xo[ko], X1[k1], ... to Xy [kn):
(—1)Zi<skim=ka)llasll ghn—ko AC
= (=1)Zr<sFo—ks=lasll ghn—ko @ 7 (g, . ay).

Ko —kin ky—k
Hadaza(s™" '® an, ..., 8T ®ay)

(3.3)

3.3 Marked surfaces with conical singularities

The definition of the topological Fukaya category (F(S), /i) of a smooth graded marked surfaces S
is given in [HKK17]. Bases of the morphism spaces are given by boundary paths, and the multiplication
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3.3. Marked surfaces with conical singularities

(1% is given by the concatenation of paths: ji%(b,a) = (—1)l%ba, where |a| the degree of a induced by
the grading. By convention, the concatenation of two paths with non compatible endpoints/starting
points is zero.

3.3.1 Admissible dissections on marked surfaces with conical singular-
ities

Let (S, M,n) be a smooth graded marked surface and let {7;} be a collection of pairwise disjoint
non-isotopic simple closed curves on S, of winding number zero. Let S be the topological space
obtained by contracting each +; to a point, and let 7 : S — S be the corresponding quotient map. Let
C be the set of singular points of S. The tuple (S, M, C) is a marked surface with conical singularities.

Recall that an arc on (S, M, C) is a locally embedded closed interval in S which intersects trans-
versely M at its endpoints, and which is not isotopic to an interval in M by an isotopy keeping its
endpoints in M. This condition will always be assumed when referring to an isotopy of arc. A decom-
position of an arc y induced by C'is a collection of arcs (v;)1<i<, called components, such that v is the
concatenation ~, . ..~;, and each ; has its endpoints in M LI C, and does not intersect C' otherwise.
A collection of arcs A on (S, M, C) is said to be in minimal position if the number of intersections be-
tween elements of A is minimal, as well as the number of intersections between elements of A and of
C. Anarcsystemon (S, M, C) is a collection of arcs in minimal position, such that their decomposition
induced by C' have non-isotopic components, and such that they do not intersect in S\C.

Let A be an arc system on S such that each element of A intersects C' at most once. For ¢ € C, let
A, be the set of arcs of A passing through ¢, and let A; = A\ U.cc A.. The orientation of S induces
a cyclic order on A. on each side of the singularity ¢, encoded in two cyclic permutations o,0_. The
arcs in A, are said to be cyclically compatible if o_ = ajrl. Figure 3.3.1 gives an example of cyclically
compatible arcs at a singularity, with cyclic permutation (123).

Definition 3.3.1 Anarcsystem A on a marked surface with conical singularities is an admissible dissection
if the following conditions hold:

- Each element of A intersects C' at most once,
- Foreach c € C, the arcs in A. are cyclically compatible,
- The arcs of A cut S into polygons, each containing exactly one unmarked boundary segment.

A grading G on a admissible dissection A is the data of an integer g(«) for each minimal angle « between
arcs of A sharing an endpoint in M.

When cutting along an arc of A., we consider that it splits the singularity c. The points of C' can
therefore be vertices of the obtained polygons. When choosing a grading, an interger is assigned only
at minimal angle form by arcs sharing an endpoint in M, and not at minimal angles that arcs might
form by intersect at a singularity ¢ € C.
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Chapter 3. Formal Generators for A..-quotients of topological Fukaya categories

Figure 3.3.1: A marked surface with conical singularities and admissible dissection.

3.3.2 Pinched gentle algebras

In this subsection we introduce a class of graded algebras which will appear as Ext-algebra of
formal generators for A..-quotients of topological Fukaya categories.

Given a vertex k of a quiver, let S(k) be the star of k, that is, the set of arrows for which & is
a source or target. If k is a vertex of a gentle quiver (Q, I), there are arrows a—,a™, 587,81t € Q4
satisfying 7(a™) = o(a™) = kand 7(8~) = o(B%) = k, and BTa~, a3~ € I, provided that we allow
some identifications between {a~, 37} and {a™, 3"}, and that some of these arrows might be zero.
See the left-hand side of Figure 3.3.2 for an illustration of the generic case. An ordering of the star
S(k)in (Q, ) is a choice of sets S; (k) and Sy (k) given either by (S (k), Sa(k)) = {a™,a™},{87,8})
or (S1(k), S2(k)) = ({87, 87}, {a™,a™}).
Definition 3.3.2 A graded pinched gentle algebra is a graded K-algebra A isomorphic to a quotient
(KQ/{I),|.|)with@Q, =Q{UA;U...UA,and I =191 U...UI, satisfying:

- (Q9 := (Qo, QY), I9) is a gentle bound quiver, which might be disconnected,

- The arrows of A; have degree zero and form a subquiver of the form:
Vk-1

Q EOQk-1

1

.k
GQ - k- I%Ikgf}/k

[ e

61\% n //k +®7k+1
O

- The vertex supports C; of the set of arrows A; are disjoint,
- The relations in I; are of the form

B (ve +ew)s (v +en)B, at (v —ex), (v —ex)a,
k10O, 10k, o pagtt, ot a1,

kt10kB 7y k—1akB”, B a1, B rak-1,
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3.3. Marked surfaces with conical singularities

for all vertex k € C;, where {a~,a™} and {3~, 3"} come from the choice of an ordering of S(k) in
(Q9,19). The other relations are:

QG = VkkEQG
2
QRO = 7Y — €4
+ - - I
K0y (vi—ei) = pay (Vi +ei)

fOI’ alli £k e {1, - ,n}, where ka;_ = kO] -+ i4104 and 5 = EQE41 - i—10y (with each term
1410y apearing at most once), and I is the length of ka;“ minus one, I~ the length of ,«; minus one.

We introduce the notation QY = Ay ... U A, and I? = I, UI... U I,. The underlying gentle algebra
of Ais A9 := KQ9/(I19).

Example 3.3.3

(1) The right-hand side of Figure 3.3.2 shows a pinched gentle algebra with r = 1 and |C1| = 1. In this
case, A1 contains a single loop.

Figure 3.3.2: A pinched gentle algebra with special loop ~;, (right), and its underlying
gentle algebra (left).

(2) The left-hand side of Figure 3.3.3 shows the case Qo = {1,2}, Qf = 0, »r = 1 and |Cy| = 2, and the
right-hand side shows the case Qo = {1,2,3}, Q =0, r = 1 and |Cy| = 3.

(3) The case where Qo = {0, 1,2}, QY is the oriented 3-cycle, r = 1 and Cy = {1,2} is represented in
the lower right-hand corner of Figure 3.3.5.

Remark 3.3.4

1. By convention, when C'; contains a single vertex k, A; contains only the loop ;.. Moreover, when C;
contains two elements, the arrows 1oy, and j,_y«y, coincides for each k € C;.

2. Asubclass of these algebras already appeared under the same name in [Bod25], namely when all C;;
contain a single vertex. The above definition is thus a generalization.
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Figure 3.3.3: Pinched cycles of size 2 and 3.

3. One can use the last three relations of the definition to deduce the following ones:

(vi —e)(yi + )"

4. Let A" be the pinched gentle algebra obtained from A by reversing the order of a cycle C;, identified
with {1,...,n} and its natural order, and by changing the choice of ordering of the stars S(k) for
k € C. Let 11, v be the arrows of A; C QY in A, and let ;1 , ;. the corresponding one in A'.
Then the map which sends .11, Vi, t0 —100,, —;, and is the identity otherwise is an isomorphism
between A and A'.

5. The relations in I? are such that for all vertices k and 1 in Qo that do not belong to a same cycle C},
one has an isomorphism of vector spaces e;Aey, ~ e;AYe.

6. If a cycle C; contains a single element k, and the corresponding arrows o~ and o (resp. 3~ and
(7T) are both zero, then one can replace . by i + ey, (resp. v, — ex) to obtain gentle relations, and
thus decrease the number of cycles C; by one.

An explicit K-basis for pinched gentle algebras is given in Subsection 3.5.3, as well as in Re-
mark 3.5.14.

3.3.3 The quiver with relations of an admissible dissection

We now associated to a marked surface with conical singularities (S, M, C') endowed with an ad-
missible dissection A a pinched gentle bounded quiver (Q,I). As usual, we suppose that A is in
minimal position on S.

The set of vertices @)y coincides with the set of arcs A. The gentle bound quiver (Q9, 1Y) is con-
structed as in the smooth case. Namely, the set of arrows QY is the set of boundary paths which start
and end at arcs of A, but does not cross any other arcs. The ideal 1Y is generated by the quadratic
relations that come from composable arrows which do not correspond to composable paths.

The set of vertices C1,...,C, C Qg are given by the sets A, of arcs of A passing through ¢, for
each singular point c € C. One chooses an order on C; corresponding to ¢ € C, as well as an ordering
of its stars, in the following way. Split the singularity ¢ in two and choose one side. The order on C}
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3.3. Marked surfaces with conical singularities

is the one obtained by turning around c¢ following the orientation of the surface. The ordering of the
stars S(k), for vertices k in C, are such that all S1(k) lie on the side of the singularity that we chose.

Example 3.3.5

(1) Figure 3.3.4 depicts the marked surface of Figure 3.3.1 with its conical singularity split. The pinched
gentle quiver is drawn on the singular surface, with a loop ~; at each vertex k omitted. The complete
quiver is depicted in the right-hand side of Figure 3.3.3. In this example the left side of the singularity
was choosen and the orientation of the surface is drawn clockwise. By Remark 3.3.4.(4), the choice of
a different side of the singularity gives an isomorphic pinched gentle algebra.

1

Figure 3.3.4: A pinched cylinder with split conical singularity, endowed with an
admissible dissection and its associated quiver.

(2) The top of Figure 3.3.5 shows a marked surface with conical singularity obtained by the contraction of
a simple closed curve on a torus with one boundary component (see Figure 3.3.7). The same marked
surface is represented with its conical singularity split in the lower left-hand corner. They both are
endowed with the same admissible dissection and the corresponding quiver is drawn in the lower
right-hand corner.

Definition 3.3.6 Let (S, M, C) be a marked surface with conical singularities, and let A be an admissible
dissection on S. The Z-graded category of A is defined by F4(S) = P(Q, I), where (Q, I) is the pinched
gentle bounded quiver associated to A as in the previous paragraph, and P(Q, I) is the path category of
(Q, I), whose objects are Qo and morphism spaces are P(Q, I)(i, k) = exAe; where A = KQ/(I).

Remark 3.3.7 One can also generalize the construction of [OPS25] for gentle algebras, in order to asso-
ciate to a graded pinched gentle quiver a marked surface with conical singularities endowed with a graded
admissible dissection.
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nC1 %’ 2772

C1

Figure 3.3.5: A pinched torus (top) depicted with split conical singularity (bottom left)
and its associated quiver (bottom right).

3.3.4 Lifting of admissible dissections

Let S be a marked surface with conical singularities obtained by a contraction = : § — S of a
collection of simple closed curves on a smooth marked surface S. We lift each admissible dissection
A on S to an admissible dissection A (of marked surface without conical singularities) on S. See
Figure 3.3.6 for an illustration.

First, note that the restriction 7 : $\{v;} — S\C is a homeomorphism. This enables us to lift each
arc of A, to an arcon S. For ¢ € C, we label the elements of A, with {1,...,n} in such a way that it
is compatible with the cyclic ordering. Up to homotopy, there is Z choices of lift for an element of A..
Since the elements of A, are cyclically compatible, the choice of a lift for the arc 1 imposes a unique lift
forthe arcs {2,...,n} in order to obtain a collection of non-intersecting arcs on S. Doing this for each
¢ € C, we obtain a collection of arcs on S, which we also call A. We also still use the decomposition of
Ainto A, and the sets A. when refering to the lifted arcs. By construction, elements of A are pairwise
disjoint non-isotopic arcs, and they cut S into polygons. The only polygon containing more than one
unmarked boundary segment are the one cut by two consecutive arcs of A, for each ¢ € C. We can
add arcs to A4 in the following way in order to obtain an admissible dissection A.

Let ¢ € C be a singularity corresponding to a simple closed curve ~. Leti,i+ 1 be two consecutive
arcs in A, (the label being taken modulo n), and let 4% be a portion of v that has an endpoint p in
i and an endpoint ¢ in i + 1, and that does not intersect the arcs of A. otherwise. Let i = ¢'d be
a decomposition of 7 such that § and ¢’ go from an extremity of i to p, let i + 1 = p/p be a similar
decomposition for i 4+ 1, and choose them in such a way that following the reverse orientation of the
boundary induces a morphism a; from i to the concatenation n = p’y%6, and a morphism b; 1 from
i+ 1to 7. We label 5 by i’. Adding all these arcs to A gives an admissible dissection A of S.
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3.3. Marked surfaces with conical singularities

If G is a grading on A, then define G by G(a;) = G(b;) = Oforall¢c € C andi € A, and by
g(a) = g(«) for all minimal angle a between arcs of A. By construction, each simple closed curve ~;
has winding number zero. Let F := }‘A(S’) be the minimal A.-category of A. Since A is an admissible
dissection, its only non-trivial multiplication is 2. For all i, the degree of a; and b, is zero.

Example 3.3.8

(1) Figure 3.3.6 shows a lifting of the dissection of a pinched cylinder containing three arcs passing
through the singularity, as depicted in Figure 3.3.4.

Figure 3.3.6: A smooth marked surface with a lifted admissible dissection.

(2) The top of Figure 3.3.7 shows a smooth marked surface with a simple closed curve (blue) whose
contraction gives the marked surface with conical singularity of Figure 3.3.5. The same marked surface
is represented as a square with opposite sides identified, in the lower left-hand corner. They both are
endowed with the admissible dissection obtained by lifting the one of Figure 3.3.5. The corresponding
quiver is drawn in the lower right-hand corner.

3.3.5 From conical singularities to band objects

Let ¢ be in C and let v be the corresponding simple closed curve on S. Choosing an arbitrary
grading for v, as well as parameters (m, ) € N* x K, allows us to construct a twisted complex (B, §)
of TwF. For (m,\) = (1,1), and for the appropriate grading, section (4.1) of [HKK17] shows that B

can be expressed as
n n
B=PinePi
=1 =1

The non-zero terms of the differential 6 = (¢; ;) ; are 6,7 ; = a; and di—1yi = bi. As always, the
indices 7 are taken modulo n.
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Figure 3.3.7: A lifted admissible dissection on a torus (top) depicted as a square with
opposite sides identified (bottom left) and its associated quiver (bottom right).

Example 3.3.9 The twisted complex corresponding to the blue simple closed curve of Figure 3.3.6, with
parameters (m, \) = (1,1), is given by:

by

b2 b3
1[1] 2[1] 3[1] 14 2 3
al a as

3.4 Minimal model for a generator of the topological Fukaya
category

3.4.1 Setting

In this subsection we give a basis and describe the differential of the DG category A introduced
in the following setting.

Setting 3.4.1

- Let S be a smooth marked surface and ~ a simple closed curve on S of winding number zero,

70



3.4. Minimal model for a generator of the topological Fukaya category

Let S be the marked surface with one conical singularity ¢ obtained by the contraction 7 : S — S of
~vin S,

Let F4(S) be the Z-graded category of A defined in Definition 3.3.6,

Let A be an admissible dissection on S (Definition 3.3.1). The set A. of arcs of A passing through c is
identified with the ordered set {1, ..., n}, compatibly with the cyclic ordering of the arcs at

Let A be the admissible dissection of S obtained by lifting A (see Subsection 3.3.4). Elements of A are
labelled in the same way both on S and S. The set A is the disjoint union of

- A= A.U A, where A is the set of arcs of A that do not intersect c,

- AL ={1,...,n'}, thesetof arcs that are added to A in order to obtain an admissible dissection
on S,

Let F := F; (S) be the minimal A.-category of the arc collection A. Its only non-trivial multiplication
is ji%. For all i, there are morphisms a; € F(i,i') and b; € F(i, (i — 1)") of degree zero,

Let B be the twisted complex @', i[l] ® @;_, ' of F(S) = TwF, whose non zero terms of the
differential are 6;: ; = a; and §(;_1y ; = b;. The Axo-multiplications of TwF are denoted by f,

Let B be the full subcategory of F(S) supported on objects which are isomorphic to elements in
thick(B) after passing to the zero homology,

Let A be the full subcategory of TwF supported on A and B.

Even though the category A does not generate TwF, we will see in Lemma 3.5.2 that it induces a

generator D(A|B) of the A.-quotient D(F(S)|B).

3.4.1.1 The canonical basis of A

As mentioned before, for i, j € A, a basis of A(i, j) = F(i, j) is given by the boundary paths from

Note that by construction of the lifted dissection A, fori € A.and j € A, each non trivial boundary

path p from j to ¢’ factors as p = a;p’ or p = b;1p'. Similarly, each non trivial boundary path p from i
to j factors as p = p'a; or p = p'b;.

Let j € A. The definition of the morphism spaces between twisted complexes allows for the

following identifications:

- A(j,B) = P Fli.i)-1] e P Fi.i),
=1 =1

-A(B,B) = @ @(f(k, D Fk[1) e FK, D[-1] & F 1)), (3.4)
k=1 =1

-AB,j) =P F6 e P FE. ).
=1 =1
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The situation is summarized in the following diagram:

The fact that a boundary path p from i to j represents a morphism between i and j, or i and B,
etc., will be deduced from the context. Recall that |_| denotes the grading of 7. The degreesin A are:

- In A(j, B): p € F(j,i) has degree |p|a = |p| — 1, and p € F(j,7') has degree |p|4 = |p],
- In A(B,j): p € F(i,7) has degree |p|a = |p| + 1, and p € F(¢', j) has degree |p|4 = |p|.
- In A(B, B):

p € F(k,1) has degree |p|4 = |p|, p € F(k,l') has degree |p|4 = |p| + 1,
p € F(K' 1) has degree |p|a = |p| — 1,and p € F(K',I') has degree |p|a4 = |p

’

3.4.1.2 Differential of the DG category A

Since F has no non-trivial i for n > 3, the same holds for . A. We now give a complete list of the
non-vanishing ji' using Equation 3.2.

The calculation is illustrated in the following examples. Let p be a path in F(j,4), seen as an
element of A(j, B). It is of the form s! ® p when we forget the simplified notation. We have:

(' (s' @ p) = piagazr (s @ (ai + b)), s' ® p)
st|a; ~ sHIb; ~
= (D)l & 42 (ay, p) + (1)1 11Ps0 @ 42 (b, p)
= @ (1) asp + (~1)"lbip).

Dropping the s gives ji'(p) = (=1)I°l(a;p + b;p). For p € F(k,1) seen as an element of A(B, B):

i (p) = i (s° ® p) = Hagazr (s~ @ (@ +br), 5" @ p)
= (—1)l Mkt s=t @ 52 (a) + by, p) = (=1) (@rp + bip).

The other cases are computed similarly.
- In A(j, B): for p € F(j,4), i (p) = (=1)IPl (aip + bip),
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- InA(B, j): for p e F(i',j), i (p) = (=1)1P0(pa; + pbis1).
- In A(B, B):

- for p € F(k,1), i* (p) = (=1)¥l(arp + bip),
- for p e F(K',1), i*(p) = (=)W (pay, + pbys1 + arp + bip),
- for p e F(K, 1), i*(p) = (=)l (pay, + pby11).

3.4.2 Transfer of A -structures

The following proposition is a special case of Proposition 1.12 of [Seio8] (see Remark 1.13 that fol-
lows). It is a generalisation of Theorem 1 of [Kad8o0].

Let B be an A.-category with higher multiplications jij;. Suppose that for each pair (x, y) of objects
of B, a decomposition B(z,y) = H*B(x,y) @ C*(x,y) is given, where H*B(x,y) is the homology of
B(z,y) seen as a complex with differential ji}; and C*(x y) is an acyclic complement.

Let f1: H*B(x,y) — B(x,y) be the |nclu5|on and g' : B(x,y) — H*B(z,y) be the projection with
respect to this decomposition. Let 7! be an endomorphism (of graded vector space) of B(x,y) of
degree —1 that vanishes on H*B(x,y) and is a contracting homotopy for C*(z, y), that is, it satisfies:

AT + T g = flg* —id. (3.5)

Proposition 3.4.2 [Seio8](Prop-1.12)

One can define a A.-category A with objects Ob(A) = Ob(B), morphism spaces H*B(x,y), first order
structure map u* = 0, as well as a quasi-isomorphism f : A — Bwhich is the identity on objects and whose
first order map is the inclusion f*. The higher u™ and f™ are given by the following recursive formulas:

f Tny--, T Z Z Tl fSr wnw--axn—s,,»—&-l)a-”7f51(x817~--7m1)))7
T S1,...,5r
(3.6)
/L xnv"'v Z Z fsr mna'--7$nfsr+1)a-"7f81(l’817"'a$1)))a
TSl

where the sums are taken over all partitions n = s; + ...+ s, withr > 2.

3.4.3 Setup for the homotopy transfer

We now give a decomposition of the morphism spaces of A that will allow us to apply Proposi-
tion 3.4.2. Note that a different choice of decomposition would give a different description of the
multiplication p™ obtained by transfer.

Lemma 3.4.3 For all pairs (x,y) of objects in A, the following gives a decomposition of graded vector
spaces
Alz,y) = H"(z,y) & I"(z,y) & C*(z,y),

where I*(z,y) denotes the image of i', H*(z,y) is a complement of I*(x,y) in the kernel of ii*, and
C*(x,y) is a complement of the kernel of ji':
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-Vi,j e A,
H*(i,j) = F(i,7), I"(i,j) = 0, C*(i,5) =0,
'Vj 6A57
H*(j’B)_O I* ]5 @fjv C* ]a @fjv )
i€A. €A
H*(B,j) =0, I'(B,j) = @ F(i, )], C*(B,j) = P F(, 1),
€A, 1€A:
-Vi e A,
H*(i,B) = {(a;), C*(i, B) @}'2] 1, I*(i, B) = (a; + b;) (EB]:ZJ ) ai, b;),
JEA JEA
H*(B,i) = (e;), I*(B,i) = (@ f(j,z')[l]) , C*(B,i) = @D F(i.)
JEAe JEA:
- For B,

n

H*(B,B) = (ep)’ @ (b1)! whereeg = > (e; + ey),

i=1
I'(B,B)={a; +b; | 1 <i<n)®{a; +bit1]1 <z'<n>EB
P ((pai + pbis1) + (asp+bp) | p € Fi' i) @ (D FG. 7))/ (ai bi),
1,JEA. 1,JEA.
C*(B,B)=(ei|[1<i<m)@(er|[1<i<nm)® P f(z'ﬂj)[—l]@( P F.3)) /e,

1,j€EA: i,jEAC

where a quotient of the form V' /(p1, . . ., ps) is identified with the subspace of V generated by all the bound-
ary paths except the p;.

Figure 3.4.1 gives examples of configurations of arcs in A that induce the decomposition of the
preceding lemma.
Proof: Recall the basis and notations introduced in Subsection 3.4.1.

-Fori,je A A(i,j) = }'(' j) and the differential is zero.
-Forj € A, A(j, B) = EB F(5,9)[-1] & @ F(4,4"). For p € F(j, ), i' (p) = 0, and for p € F (5, ),
i=1

it (p) = (=Dl (a, p + blp) where one of the two terms is zero and the other is not, depending
on the endpoint of p’. This gives a decomposition of A(j, B) as the sum of the kernel of ji' and a
complement. Since each boundary path p € F(j,') factors as p = a;p’ or p = b;+1p/, by construction
of the lifted dissection A, every morphlsm of the kernel is in the image of the differential.

- Similarly, for j € A, A(B,j) = EB}' i, 7)[1] @ GB}'(Z j) and the decomposition of a path
p € F(i,j)as p=pla; or p=p'b; gives the description. -

-Fori € A, A(i,B) = (EB ]-'(z’,j)[—l]) ® <GB }‘(z',j/)) is still a decomposition between the

j=1 j=1

kernel and a complement. A non trivial path p in F(i, ) is sent by ' to (—1)IPla;p or (—1)lI°lp;p,
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~.

\ B
B
(i-1)

(© A(i,B),i € A, (d) A(B, B)

Figure 3.4.1: Examples of arc configurations in the lifted dissection A.

and the trivial path e; is sent to —(a; + b;). Thus the image is as described and the homology is
(ai, b; | a; + b; = 0), for which we choose a; as a basis.

- Similarly for ¢ € A, A(B,i) = ( éb ]-‘(j,z’)[l]) ® < ) f(j’,z’)) is a decomposition between the
j=1 J=1
kernel and a complement. A (non trivial) path p in F(j', ) is sent by i* to (—1)IPlpa; or (1)1l pb; 4,
thus the only boundary path which is not in the image is e;.
- We now give a decomposition for A(B, B). Recall the standard basis:

A(B,B) = @ F(i'.j)l-1 @ (Fi,j) ® F@,j") @ F(i,5")[1].

i,j=1

We first describe the kernel. The space @ F(i,5')[1] is included in the kernel. Elements of
ij=1

é F(i',j)[—1] are sent to é F(i,j) ® F(@i',j") by iil, and elements of é F(i,5) ® F(,5") are

3,j=1 1,7=1 3,j=1

n n
sentto @ F(i,j')[1]. Moreover, no element of @ F (¢, j)[—1] is sent to zero.
i,j=1 i,j=1

It remains to study elements w of @ F(i,j) @ F(,j') which are in the kernel. Recall that
ij=1
Vp € F(i,j), i (p) = (=1)"l(a;p + bjp), and Vp € F(i,5), i*(p) = (—1)I7I(pa; + pbit1).

n

This shows that for a decomposition w = 3 (A\je; + peir) +w’ where ' is not supported on the trivial
=1

75



Chapter 3. Formal Generators for A..-quotients of topological Fukaya categories

n

paths, both > (X\je; + piey) and ' must be in the kernel. In w’, each term pa; € F(i, j) with a;p non
i=1

zero must be compensated by a term a;p € F (', '), and similarly for the other terms. Thus «' is in

@D (pa; + pbit1+ajp+bjp|p € F(i,7)). One can see by applying ii! on Y (A\ie; + Aivey), that one
ij=1 i=1
must have \; = Ay fori,j € {1,...,n}. This shows that the kernel K*(B, B) is

n n
K*(B, B) = (es) & @D (pai + pbiy1 + ajp+bip | p € F(i',5)) & @ F(i, 5)[1].
i,j=1 i,j=1

The space C*(B, B) given in the lemma is a complement since for p € F(i', j), one can get ele-
ments pa; + pbiy1 Vvia (pa; + pbiy1 + ajp + bjp) — (ajp + bjp). We now describe the image. First, for
p € F(@i', ), i*(p) = ()Pl (pa; 4 pbiy1 + ajp + bip). Fori, j E {1,...,n}, aboundary path in F(i, j)
which is not a; or b; is in the image. Including the image of restrlcted to (e;,ey | 1 < i < n), one
gets forn > 2,

I*(B,B)=<{ai+bi|1Si§n}U{ai+bz‘+1|1§i<n}>
D ((pai+ pbit1) + (ajp+bjp) | p € F(@ (@}“” )az,bi%

i,j€EAC i,j€Ac
The homology is then (ep) @ ({ai, b | 1 <i <n}|{a; + bi,a; + bix1 |1 <i<n}), and we choose
{eB, b1} as a basis. Moreover, we can choose {a; +b; | 1 <7 <n}U{a; +biy1 |1 <i<n}asabasis
n

Of<{ai+bi ‘ 1< < n}U{ai—i—le ‘ 1< < n}> since, ifn >2,a1 +by = Z(CLZ —l—bi) — Z(az +bi+1):
=1 =2

and for an arbitrary linear combination we have

Z )\i(ai + bi) + Z/Li(ai + bi+1) =0<= \ia1 + Z()\Z + ,ui)ai + Aoby + Z()\i+1 + Mi)bi—H = 0.
i=1 i=2 =2 =2

Thus the \; and p; are zero. The case n = 1 is trivial.
]
For the convenience of future computations, we write down the following decomposition for the
endomorphism ring of B.

Lemma 3.4.4 The following gives a decomposition of graded vector spaces

A(B,B) = H*(B, B) & I*(B, B) & C*(B, B),
where I*(B, B) denotes the image of ii', H*(B, B) is a complement of I*(B, B) in the kernel of ii*, and
C*(B, B) is a complement of the kernel of ii':

n

H*(B,B) = (ep)" @ (b1)" where ep =Y "(e; + eq),
=1
I*(B,B) = <bl 4+ at,....,b1 +an, b1 — ba, ..., b1 — bn>

D ((pai + pbisr) + (ajp+bjp) | p € F(i,)) ( P 7G5 ) (@i, bi),

1,jEA; i,JE€EAc
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-1

<.

C*(B,B) = (

(]

(eiter)+ei|1<j<n)®
1

(eiten1<i<me @ Fi.j-1e( @ FG.1))/ e,

’i,jeAc szeAC

<.
Il

-

(

(2

I
<

where a quotient of the form V/{pu1, . .., ps) is identified with the subspace of V' generated by all boundary
paths except the p;.

Proof: We can choose the set {b; + ai,...,b1 + an,by — ba,...,by — by} as a basis of the space
(a; +b; |1 <i<n)®{a;+bi11|1<i<n)sincefori > 2, a;+b; = (b1 +a;) — (by — b;) and for
1 <i<mn,a;+biy1 = (by —ai) — (b1 — bi+1). Moreover, the set BU {ep}, where

i1 .
B:{Z(€z+€z/)+€] | 1 S] Sn}U{Z(el—i—ez/) | 1 <j Sn}’
i=1 i=j

generates (e;, ey | 1 < i <n). Firstfor1 <j <n,

7—1 n
€; = (Z(el +ey)+ ej) + Z(el +ey)—ep.
i=1 i=j
Thenforl <j<mn,
J Jj—1
ej = (D (eiten)+ejn) —ejur— (D (ei+en) +ej),
=1 =1
n—1
and e,y =ep — (X (e; + ey) + ey). Itis a basis since it has the desired cardinality.
=1

Example 3.4.5

(1) For S and A as in Figure 3.3.6, A = {1,2,3} = A. where c is the only conical singularity of S. Let
i € {1,2,3}. The decomposition given by the preceding lemma is:

H*(i, B) = (a;), C*(i,B) = (es), I"(i,B) = {ai + by),

H*(B,i) = (e;), C*(B,i) =0, I"(B,i) =0,

H*(B,B) = (ep,b1),I"(B,B) = (b1 + a1,b1 + ag,b1 + a3, by — ba, by — bs),

C*(B,B) = (e1,e1 +er +ea,e1 + ey +ex+ex +e3) D (e2 +ex +e3+ey,e3+eg).

(2) For Sand Aasin Figure3.3.7, A = AsU A.with A, = {0} and A. = {1, 2}. For =,y two consecutive
arrows of the cycle (chbaciaicy), we write (z .. .y) to designate the path that goes around it once,
starting at y. The decomposition is:

I*(O, B) = <(a1 N c’l)kalco, (b2 . cé)kbgcllalco ’ ke N),
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C*(O B) <(CO 1) Co, (Cl bg)kc'lalco | ke N),

I*(B,0) = ((c,. ) cybociay, (ch . ..co)kcng | k € N),

C*(B,0) = <(c ) ch, (chy. .. co) 0’2620’1 | k € N),

H*(1,B) = (a1),C*(1,B) = {(co ... a1)*, (¢} .. . b2)¥chay | k € N),

I"(1,B) = (a1 + by, (a7 . .. cl)k+1a1, (ba...cH) bactar | k € N,

H*(B,1) = (e1),C*(B,1) = {(co ... a1)"cochy, (co . . . a1)*cochbac) | k € N),
I*(B,1) = {(cp...a1)* 1, (cp...a1)Feochby | k € N),

H*(2,B) = (a3),C*(2,B) = ((co....a1)*cochby, (¢} ... b2)* | k € N),
I*(2,B) = {(ag + ba, (by ... h)* by, (a1 ... ¢} arcochbs | k € N),
H*(B,2) = (e2), C*(B,2) = ((c} ... b)kc), (¢} .. . b)Ec arcocy | k € N),
I*(B,2) = (¢} ...by)kcay, (€] .. . b2)¥ Tt | k e N),

H*(B,B) = <€B,b1>,f*(B,B) = <bl 4+ ai,b1 + as, by — b2>@

((co...a1)*eoch(ar + ba) + (ay +b1)(co . .. a1)¥eoch,

(co-..a1)fcochbaci (a1 + bg) + (ay + b1)(co . . . a1)¥eocybady,

() - b2)"el (a1 + ba) + (a2 + b2)(¢) b2) i,

() ... ba)Fc arcocy(ar + ba) + (ag + bg)(cl b))k areody | k e N)@

<(a1 ) ay, (bo . ) Rbocan, (by ... b)) by, (a1 ... &) Farcochby | k € N,

C*(B,B) = (e1,e1 + e1r + e2) @ (ea + ex)D
((co...a1)feocy, (co...ar)feochbac), (€] ... ba)*e), (€] ... ba)*clarcody | k € N
((ay...)FL (by . )ETL (by .. ) Eboc), (a1 ... ) Fareody | k € N).

Setting 3.4.6 Let (x,y) be a pair of objects in A. We set f' : H* A(z,y) — A(x,y) to be the inclusion
and g' : A(z,y) — H*A(x,y) to be the projection with respect to the basis given in Lemma 3.4.3 and
Lemma 3.4.4 for A(B, B). We define an endomorphism T* (of graded vector space) of A(z, y) of degree —1,
which is zero on H*(z,y) & C*(z,y).

- For (z,y) = (j, B) with j € Ag: T (aip) = (=1)Vlp and T" (bip) = (=1)7lp,

- For (z,y) = (B,j) with j € Ay: T"(pa;) = (=1)Plp and T (pb;) = (=1)I7lp,

For (z,y) = (i, B) with i € A.:
T (a; + b)) = e; and T (arp) = T (byp) = (—=1D)IPlp for k € A, and p non trivial in F(i, k),

- For (x,y) = (B,i) withi € Az T (pay) = T (pby) = (—1)Plp fork € A,

- For the case (z,y) = (B, B):

- For1 < ] <n, Tl(bl —|—6Lj) = —(Z(ei —|—€i/) —l—ej),
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- For1<j<mn,TYby —bj) = (e;+ex)

1=j
- For p e F(i',5), T ((pai + pbit1) + (ajp + bjp)) = (=1)lp,
- Forapath pin F(i,i)/{a;), F(i, (i —1)")/(b;) or F(i,7"), (orin F(1,1")/{a1,b1) whenn = 1),
p is of the form p = p'a; or p = p'b;, with p' non trivial. We set
T'(plai) = T'(p'bi) = (1)1

Using the formula for ii* given in subsubsection 3.4.1.2, one can check that T satisfies Equation 3.5.
It is immediately true for elements of H*(x,y) since T send them to zero. For elements of I*(z,y) the
condition becomes i*T' = —id, and for those of C*(x,vy) it becomes T'i' = —id since T also sends
them to zero.

For example in the case (z,y) = (j, B) one has:
T (asp) = (~D)Vi (o) = (~1)¥(=1)¥lap,
and T'ji' (p) = (—1)IP1T" (aip + bip) = ()Pl (—1)l¥lp.

The other cases are similar except for (z,y) = (B, B) which comes from the following formulas:

j—1 =1
- For1<j<nmn, i'(} (e;i+er) +e;) = > ((ai + b) — (a; + bit1)) + (a; + bj) = b1 + aj,
=1 =1

n

S For 1< < m (3 (ei o) = 3o ((ai + bi) — (aq + big1)) = —(by — by),

=] =]
- For p e F(i',),
iH(p) = i (s@p,s™t @ (a; + b)) + °(s7 @ (a5 +by), s @ p)
= (—)I71s" @ 42 (p, a; + b;) — s° @ i*(a; + bj, p)
= (=)l (pa; + pby) + (=) (a0 + ;).

- ) = (@ 5T @ (0 + b)) = (—DIPls T @ 2 (o a; + b)) = (=117 (pla; + p'by).

This will allow us to apply Proposition 3.4.2 to this setting.
Notations 3.4.7 We first rename the basis of H*.A before describing the minimal model. For i € A.:

- Lett; :== a; € H(i, B),

- Let z; :=e; € HY(B,1),

- letx :=b € H'(B, B).

Proposition 3.4.8 Let A be the A.-category defined in Setting 3.4.1. The following higher multiplications
u™ on H* A give a minimal model for A.

Let j € Aand i,k € A.. We give a complete list of the non-vanishing p"(xy,...,xz1) for z1,...,z,
passing through (Xo, X1,...,X,).
(n=2)
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- On the arc collection A, i restricts to [i?,

- (B,i,B): For z; € A(B,1i), t; € A(i, B), u*(t;, z;) = .

Z.7B7i7j)" For pa; in ]:(7’3,7)1 Mg(paiazhti) = —pPa;

4,1, B,): For p a non trivial path in F(j, i) such that a;p is non zero, 1i®(z;, t;, p) = (—1)lIPllp,

- (
- (
- (k,B,i,B): For1 <k <i—1, u3(t;, zi, ty) = th
- (B,i,B,k): For 1 <k <i, u®(zx, t;, 2) = 2,

- (

B,i, B, B): u®(x,t;,2) = .
The elements eq, . .., e,, eg are units.

The next subsection is devoted to the proof of Proposition 3.4.8, and the main part of the text
resume in Section 3.5.

3.4.4 The homotopy transfer

We prove Proposition 3.4.8. For this we place ourselves as in Lemma 3.4.3 and Lemma 3.4.4 for
the decomposition of A(B, B), and as in Setting 3.4.6. We will apply recursively Equations 3.6 of
Proposition 3.4.2.

For each iteration we give a list of the non vanishing terms:

S(n) =Y > A (@0 Tnest1)s e T (s 7)),

T S1.-,8r

for all possible sequences z1, . . ., x, of composable morphisms of H* A passing through the sequence
of objects (Xg, X1, ..., X,). Notes that since 1™ = 0 for n > 3, i" also vanishes for n > 3 and X(n)
becomes:

Sn) =Y B @ Bag), fo (@, 1),

1<s<n—1

We then apply ¢! (resp. T') to compute ™ (resp. f™). Recall that the rules for computing i are given
by Equations 3.1 and 3.3. When taking a morphism p in F we always mean a basis element, that is, a
non-zero path.

on =2,%(2) = @2(f (z2), fH(z1)).
Letj,l,me Aandi, k € A..

- (XOaXlaXQ) = (jalam):

> For p e F(j,1) and p' € F(I,m), i*(p', p) = i(p', p) = (=1)Ilp/p.
Thus p2(p/, p) = (=1)Plg(p'p) = (=1)lPlp'pand f2(o/, p) = (=1)IPIT (o' p) = 0.
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- (4,1, B):

> For p € F(j,4), i*(ai, p) = i*(s° ® ai, 8* @ p) = * @ fi*(as, p) = (=1)¥lasp.
— If j = i and p = e;, then by applying ¢!, one get u?(a;,e;) = a;, and by applying T,
f?(a;,e;) = 0since a; is in the homology.
Otherwise, if p is non trivial and a;p is non zero, u?(a;, p) = 0 and

P(as,p) = (~)T (asp) = (-1 (-1)Flp = .
(B,4,5):
> For p e F(i,j), i*(p,e;) = i (s @ p,s T @ e;) = (=1)IPls L @ p.
—Ifi=jandp=e; p%(e;,e;) = —e; and f2(es, e;) = 0.
Otherwise p = p'a; + p'b; for some o/, and p2(p, e;) = 0,
2, e) = (=D)IPITY(pa; + p'b;) = (_1)\\pll(_1)|f/|p' = (—=1)Upl=DFlel yf =
(i, B, k):
> /12(€k, ai) = /12(871 X €L, SO & ai) =0.
(i, B, B):
> f(ep,a;) = a;.
— u?(ep,a;) = a;, f*(ep,a;) = 0.
> ﬂQ(bl,CLi) = /12(871 &® bl, 80 &® ai) = 0.
(B, B,1):
> (e, ep) = e;.
— u?(e;,ep) = e, f2(ei,ep) = 0.
> /12(62',()1) =0.
(B,i, B):
> ji%(ai,e) = 28 ®a;, s ®@e) = —sTt®@a; = by — (b1 + a;).
— Applying ¢! gives 1%(a;, e;) = by, and applying T gives
i1
FPlaier) = =T (b1 + a;) = > (e +ew) + €.
v=1
> ji%(ai,e) = 28 ®a;, s ®e) = —sTt ®@a; = by — (b1 + a;).
— Applying ¢! gives 1% (a;, e;) = by, and applying T gives
i1

FPlaier) = =T (b +ai) = (ej +ej) +eiifi # 1,
j=1

and f%(a1,e1) = =T (b1 + a1) = e; — ep.

81



Chapter 3. Formal Generators for A..-quotients of topological Fukaya categories

- (B, B, B):

> fi*(ep,ep) = ep, ii*(b1,ep) = by, i*(ep, b1) = —by, [i%(b1,b1) = 0.
Let's summarize the non vanishing cases. Let j € Aand i € A..
- On the arc collection A, i restricts to 2,

- The element ep and the e;’s in H* A(j, j) are units: p?(z,e) = = and p?(e, z) = (—1)#lag,

for e one of these elements and x in H* A respectively post and pre-composable,
- (B,i,B): Fore; € A(B,i), a; € A(i, B), p?(a;, e;) = by.
The non vanishing f? are:
- (4,14, B): For p € F(j,4) non trivial such that a;p is non zero, f(a;, p) = p,

- (B,i,j): For p € F(i,j) decomposing as p = p'a; + p'b; for some o/, f2(p,e;) = —p',

(B, B): fane) = 3 (eo 4+ ew) + er

v=1

on =3,%(3) = i*(f*(x3,22), f' (21)) + @*(f(23), f*(x2,21)). Letj,l € Aand i,k € A..
- We first consider all the cases where f?(z3, 22) is non zero.

Let p € F(4,) non trivial such that a;p is non zero. Recall that f2(a;, p) = p.
- (1,7,4,B):

> Fory e F(l,5), p2(f (az, p),7) = i2(s' @ p,s° @) = (=1)"ls' @ py. In this case, since
2(p,y) =0,%(3) = @®(f?(ax, p),7). Both g' and T vanish on this element.

- (B,i,k, B):

Let p € F(i, k) decomposing as p = p'a; + p'b; for some p/, and such that a;p is non zero.

> First, i°(f*(ax, p), e;) = @2(s' @ p, s @ e;) = (~1)IPls0 @ p.
Then, i2(ax, f2(p,e;)) = —i2(s° @ ag, s* @ p') = —(=1)P1s° @ ap’, and

S(3) = 2> (f*(ar, p), €:) + i*(ar, F2(pye0)) = (=D)IPN(p'a; + p'bi + arp)
— ¢! vanishes on this element, and applying 7" gives
fg(ak7p7 ei) = (_1)||P||(_1)\P/\p/ = _p/'
Let p € F(i,j) decomposing as p = p'a; + p'b; for some o/, and let e; € A(B,i). Recall that
F2(p.ei) = —p'.
Since f2(e;,x1) = 0for all 21, £(3) = @2(f2(p, &), f1(x1)).
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- (kaviaj):
> 52(f2(p, e, ar) = —p2(s°®p, s"®ay) = —s°® p'ay, which is non zero only when p = p/ay.
— T vanishes on this element, and applying ¢! gives p?(p'ag, ex, ar) = —p'ay.
- (B>B>i7j):

> @2(f2(p,ei),ep) = —p2(s° ® p',ep) = —s° @ p’. Both g and T vanish on this element.

> B2 (f2(prei)sbr) = —f2(s" @ ply s T @ by) = —(=D)IPlsTh @ p'by = (—1)lPls ™ @ p'by, which
is non zero only when p = p’b;. Note that p’ is non trivial since j € A.
— ¢! vanishes on this element, and applying 7! gives

Fp'brer,br) = (~D)PIT (p'by) = p.

i-1
Lete; € A(B,1i), a; € A(i, B). Recall that f2(a;,e;) = 3. (ey + ey) + €.
v=1

On the tuple (x1, 22, x3) = (71, ¢;,a;), the term f2(e;, z1) is necessarily zero, and we only need to
compute X(3) = i3 (f?(as, €;), f1(z1)).

- (k,B,i,B):
i1
> 2(f2(a,e),ar) = @2(s° ® 3 (ey + ey) + €i, 8° ® ag) whichis equal to a, if 1 <k <i—1

v=1
and zero otherwise.

— T vanishes on this element, and for 1 < k < i — 1, applying ¢! gives

13 (ai, e;,ax) = ay.

- (B, B, i, B):
i—1 i—1
> 12(f%(aie),es) = p2(Y. (ey + ey) + e ep) = > (ey + ey) + €. Both g' and T vanish
v=1 v=1

on this element.

i—1
> [)‘Q(f2(ai7€i);bl) = [LQ(SO ® Z (BU + ev/) + 61‘75_1 (039 bl) =0.
v=1

- We now consider the cases where f2(x2, x1) is non zero.

Let p be a non trivial path in F(j,4), decomposing as p = p’a; or p = p'bj, and such that a;p is
non zero for a; € A(i, B). Recall that f2(a;, p) = p. Since f%(x3,a;) = 0 for all z3, the term %(3) is
B2 (f1(x3), f*(ai, p))-

- (]7Z7B7k) :

> i (e, f2(ai, p)) = i2(s ' @ eg, s' @ p). This termis —(—1)Ils® @ p = (=1)IPllp if & = i and
zero otherwise.
— T vanishes on this element and applying ¢! gives 3 (e;, a;, p) = (—1)!1°lp.
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- (4,4,B,B) :

> (e, f2(ai, p) = i2(s° ® ep,s' ® p) = (=1D)lPls! @ p. Both g' and T vanish on this
element.

> f2 (b1, f2(ai, p)) = B2 (s @ by, st @ p) = —(—1)1Pls® @ bip = 0.

/

Let p € F(i,j) decomposing as p = p'a; + p'b;, and let e; € H* A(B, ). Recall that f2(p,e;) = —p'.
- (BaZ7j7l) :

> Fory € F(4,0), i2(v, f2(p, &) = —i2(s° @7, 5" ® p') = (=1)IF'ls @ v’ In this case, since
2(v,p) =0,%(3) = @2(v, f2(p, e;)). Both g' and T vanish on this element.

- (B7i7j7 B) :
> The case (x1,x2,23) = (es, p, a;) as already been treated before.

i—1
Lete; € A(B,i), a; € A(i, B). Recall that f2(a;, e;) = 3. (ey + ey) + €;. Since f2(x3,a;) = 0 for all

v, 5(3) = £2(f M (za), F2(a, ). -

- (B7i7B7k):

i—1
> @2 (ek, f2(aie;) = p2(s 1 ®@er, 8" ®@ Y (e, +ey) +e;) which is equal to e if k € {1,...,4}
v=1
and zero otherwise.

— T vanishes on this element, and for 1 < k < i, applying ¢' gives u?(ex, ai, e;) = ex.

- (B,i, B, B):
i1 i1
> [i*(ep, [*(ai €) = (*(s°@ep, '@ Y (ey +ew) +€i) = Y (ey +ew) + €. Both g' and T
v=1 v=1

vanish on this element.
i—1
> 2 (b, f2(ai,e) = i (s @by, 8" @ Y (ey + ew) + €) = by,
v=1

— T vanishes on this element and applying g* gives u?(b1, a;, e;) = by.

We summarize here the non vanishing cases. Let j € Aand i, k € A..

i, B,i,j): For p'a; in F(i, ), i (p'as, €5, a;) = —p'as,

4,1, B,4): For p a non trivial path in F(j, ) such that a;p is non zero, p?(e;, a;, p) = (—1)l7llp,

(4,
(J
- (k,B,i,B):For1 <k <i—1, u®(ai, e;,ar) = ag,
(B,i,B,k):For1 <k <4, ,us(ek,ai,ei) = ey,
(

B,Z,B B) 3(b1,ai,ei) = bl.
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The non vanishing f2 are:

- (B,i,k,B): Let p in F(i, k) decomposing as p = p’a; + p'b;, and such that axp is non zero for
aj & A(k, B) Then f?’(ak,p, ei) = —p,’

- (B7Bvl7j): For plbl € ‘F(laj)' fg(p/blvelabl) = p/'

on =4, %(4) = @2(f3 (x4, w3, 22), [ (1)) + B2 (24, 23), [2 (22, 21)) + B2 (1 (24), f3 (23, 22, 21)).

We will go through all the tuples (4, 23, T2, 1) such that (f3 (x4, z3, 22), f1(x1)) is non zero, then
(f?(x4,3), f2(x2,21)) and finally (f1(z4), f3(x3, 72, 21)), without repeating the cases that already ap-
peared. Let j,l € Aand i, k,h € A..

- Here are the cases for (f3(z4, 23, 72), f*(z1)) non zero.
For (z2,x3,z4) going through (B, 1, k, B). Let pin F (i, k) decomposing as p = p'a; + p'b;, and such

/

that ap is non zero for a;, € A(k, B). Recall that f3(ag, p,e;) = —p'.
On the tuple (z1, 2,23, 24) = (21, €1, p, ax), f2(es, 21) is necessarily zero. The term f3(p, e;, x1) is
non zero only when (x1, z9, 23, x4) = (b1, €1, p'b1, ax) with by € A(B, B).

- (h,B,i,k, B):

> p2(f3ag, p,ei),an) = —i%(s' @ p/,s* ® ap) = —s' ® p'ay. Both g! and T vanish on this
element.

- (B, B,i,k,B):

> @2(f3(ak, p,ei),es) = —ji*(p', ep). Both gt and T'! vanish on this element.

> B2(f3(ag, p, i), b1) = —p2(s' @ p, s @ by) = —(=1)IP'lls° @ p/by. Itis non zero only when
i =1and p = p'by. In this case 32(f3(ag, p'b1,e1),b1) = (—1)1P'ls0 @ p'by.
Moreover, i2(ay, f3(p'b1, e1,b1)) = @2(s° ® a, s @ p') = (=)0 @ app.
Thus (4) = 32(f3(ar, p'b1, e1), b1) + i (ax, f2(p'b1, e1,b1)) = (=)' (p'by + arp’).
— ¢! vanishes on this element, and applying 7" gives

Fag, p'br,e1,b1) = (=) (p'by + anp’) = (=Dl (=1)IFl " = .

For (w2, x3,74) going through (B, B, 1, 7). Let p'by in F(1, 7). Recall that f3(p'by,e1,b1) = p'.
On the tuple (z1, 22, r3,24) = (71, b1, €1, p'b1), f2(b1,z1) and f3(e1, by, z1) are necessarily zero.

- (i7B’B)1’j):
> ﬂQ(f3(p/b1,€1, b1)7ai) = /12(80 029 P/730 029 ai) = 30 029 Plflz‘ =0.
- (BvaB’l’j):

> @2(f3(p'b1,e1,b1),e5) = i2(p', ep). Both gt and T vanish on this element.
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> @2 (f2(p'bryen, b1),b1) = @2(s° @ st @ by) = (~)IPls ™ @ ooy
— ¢! vanishes on this element and applying T gives

FAp'b1,e1,b1,b1) = (—D)IPI(—1)lPl = —

- We now treat the cases where ( f2(x4, z3), f(x2, 1)) is non zero. The previous calculations show
that if 42(f2(z4, x3), f2(z2,21)) is non zero, f?(f3 (x4, x3, x2), f*(x1)) must be zero.

For (z3,x4) going through (j,, B). Let p be a non trivial path in F(j,¢) such that a;p is non zero
for a; € A(i, B). Recall that f2(a;, p) = p.

On the tuple (z1, 2, 3, 24) = (21,22, p, a;), f(x2,21) is non zero only if (z1,x2) = (ex,y) where
ex € A(B, k) and v € F(k,j) decomposes as v = v'ax, + 7'by. In this case f2(v,ex) = —7'.

Since f3(p, v, ex) = 0, B(4) = @2(f* (x4, 23), f* (22, 21)).

- (B,k,j,i, B) :

> i2(f2(ai, p), F2(vser) = —fi%(s' @ p, 8" @ y') = —(=1)"'Is! @ py. Both g' and T vanish
on this element.

For (z3,x4) going through (B,i,j). Let p € F(i,j) decomposing as p = p'a; + p'b;. Recall that
f(p,ei) = =7
On the tuple (1, 22, r3, 24) = (71,22, €;, p), f2(x2, 21) is non zero in the following two cases.

- (l7kavi)j):

> Let v be non trivial in F(I, k) and such that a7y is non zero for a;, € A(k, B). Recall that
f2(ak7/7) =7
Inthis case, f*(e;, a,) = 0and £(4) = 2(f2(p, 1), [2(ar. 7)) = —i2(* ® o, s' @) = 0.

- (B7k7B7/i7j):
k-1
> Recall that f2(ag,ex) = 3. (€y + €y) + ex. Since f3(e;, ax, ex) =0,
v=1
k-1
2(4) = /12<f2(p7 ei)a fz(aka ek)) = _ﬂ2(80 ® :0/7 30 ® Z(ev + ev’) + ek)'
v=1
Both ¢! and T'! vanish on this element.
i-1
For (x3,z4) going through (B, i, B). Recall that f2(a;, e;) = Y. (ey + ey) + €.

v=1
On the tuple (z1, 22, v3,24) = (71,2, €;, a;), f?(x2, x1) is non zero in the following two cases.

- (j7k7B7iaB):
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> Let p be a non trivial path in F(j, k) such that axp is non zero for a;, € A(k, B). Recall that
f*(ax, p) = p. Since f3(e;, a, p) =0,

i1
S(4) = B2 (f2(birei), P (ar, p) = 12O _(ev + ewr) + €5, p).
v=1
Both ¢! and T'! vanish on this element.
- (B,k, B,i, B):
k-1
> Recall that f2(ag, ex) = 3. (ey + €y) + ex. Since f3(e;, ax, ex) = 0,
v=1

~
|

J

>

~1
S(4) = @2(f*(ai &), fPam er) = B2 (ev+ew) +ei, Y (en+ew) +ex)
1

<

= (ev +ev) + €min(k,i)-
Both ¢! and T'! vanish on this element.

- We now treat the cases where (f!(z4), f3(x3,z2,21)) is non zero. The previous calculations
show that if g2(f!(z4), f3(x3, 22, 1)) is non zero, then i%(f? (x4, z3), f2(x2, 1)) Must be zero. The
only case when a2(f'(z4), f3(x3, 22, 21)) and a?(f3(xq, x3,22), f1(21)) are both non zero is when
(.rl, xIo,X3, 1‘4) = (bl, €1, plbl, ak).

For (x1,x9,xz3) going through (B, i, k, B). Let pin F(i, k) decomposing as p = p'a; + p'b;, and such
that ap is non zero for a; € A(k, B). Recall that f3(ag, p,e;) = —p'.

- (B>i7kaB7h):

> @2(en, f2ap, prei)) = —i2(s P @ep, st @ p) = (=1)P1s°® epp. Both g* and T vanish on
this element.

- (B,i,k, B, B):
> (e, f3(aw, p,ei)) = —f2(ep, p'). Both g! and T vanish on this element.
> f2(by, f3(ag, p,e;)) = —2(b1, p'). Both ¢! and T vanish on this element.
For (z1, 72, 73) going through (B, B, 1, 7). Let p’by in F(1, ). Recall that £3(p'b1, e1,b1) = p'.
- (B, B,1,34,1):
> Forvy € F(4,1), i%(v, f3(p'b1, e1,b1)) = @(v, p'). Both g! and T vanish on this element.

- <B7B717j7B):
Suppose that j € A..
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> Thecase (z1, x2, x3, x4) = (b1, €1, p'b1, a;) as already been treated before. See (B, B, i, k, B).

Let j € Aandi € A.. The non vanishing f* are:
- (B, B, 1,4, B): For p'by € F(1,4) such that a;p’ is non zero, f4(a;, p'b1, e1,b1) = 0,
- (B, B, B,1,j): For p'by € F(1,5), f*(p'b1, e1,01,b1) = —p.
e n > 5. We will show by induction that for all n > 5, 4™ = 0 and that the only non zero f" are
given by:
- (B,...,B,1,i,B): For p'by € F(1,i) such that a;p’ is non zero,
f(ai, p'bi,er, by, ..., b)) = (—1)"/)',
- (B,...,B,B,1,j): For p'by € F(1,7),
f(p'b1,e1,b1,b1,...,b1) = (=1)"T1p,

forj € Aandi € A.. Itis a direct generalization of the case n = 3 and 4.

Let n > 5 be such that forallp € {4,...,n — 1}, the only non zero f? are as above. Each term of
Y(n) is of the form @2(f"~*(zn, ..., Tst1), f*(xs, ..., 21)) With either s > 3 orn — s > 3.

Ifn—3 > s> 3, thenn —s > 3. Note that it is possible only for n > 6. Our induction hypothesis
ensures that, up to a sign, " *(zp,...,zs+1) and f*(zs, ..., x1) are of the form:

- s'® p' € A(B, B) for some path p’ € F(i, k), or
- s ® p' € A(B,j) for some path o' € F(1, 7).
Applying ji? on a couple of such elements gives zero:
- (B,B,B): 2(s' @ +,s' @ ) =0,
- (B,B,j): i2(s"@+, st @ p') = 0.

Thus

E(n) :/]’2(]6”71(‘7:717 ERE) xQ)v fl(ml)) + ﬁQ(fn72(xn7 s ,Ig), fQ(x%xl))
+ﬂ2(f2($n,$n_1), fn_Q(xn—Q’ s 7x1)) + ﬂQ(fl(xn)a fn_l(:BN—l, ceey 1'1))

We compute all the possible values of 3(n). Note thatn — 1 > 4 and n — 2 > 3. Recall that the
non vanishing f2 are:

- (4,1, B): For p € F(j,4) non trivial such that a;p is non zero, f%(a;, p) = p,

/

- (B,i,j): For p € F(i,j) decomposing as p = p'a; + p'b; for some o/, f2(p,e;) = —p',

88



3.4. Minimal model for a generator of the topological Fukaya category

i—1
- (B,i,B): f*(ai,e;) = 3 (ev +ew) +ei.
v=1
And the non vanishing f3 are:
- (B,i,k, B): Let pin F(i, k) decomposing as p = p'a; + p'b;, and such that axp is non zero for
ai, € A(k, B). Then f3(ay, p,e;) = —/,

- (B7Bvl7j): For plbl € ‘F(L])' fg(plblvelabl) = pl'

Letj,l € Aandi,k, h € A..
- Suppose @?(f" (xy,...,x2), f1(x1)) is non zero. We go through all the possible values of the
term f"(z,, ..., x9).

For (x9,...,x,) going through (B,...,B,1,i,B). Let p'by € F(1,i) such that a;p’ is non zero.
Recall that f”_l(ai, plbl, e1,b1,..., bl) = (—1)n_1p,.

On the tuple (21,2, ...,2,), f2(z2,21) is necessarily zero since the codomain of z; must be B.
Similarly f*~2(z,,_s,...,x1) is zero since the domain of z,,_» must be B. The term f" !(z,,_1,...,21)
is non zero if x; = by € A(B, B), and in this case recall that f"~'(p'by, e1,b1,...,b1) = (=1)"p'.

- (k,B,...,B,1,i, B):
> (=) a2 (st @ p, ¥ @ ag) = (—1)""1s! @ p'ag. Both g and T vanish on this element.
- (B,B,...,B,1,i,B):

> (=1)" 12 (st @ p,ep) = (—1)""1s! ® p. Both g' and T vanish on this element.
> First,

/]2(fn_1(aiv Plbh €1, blv cee 7b1)7 bl) = (_1)n_1ﬂ2(51 & p/7 5_1 ® bl)
(=) H(=DIFIs0 @ /b,

Moreover,
i (ai, "M (pbryea, by, b)) = (1) (0 @ ag, s°p) = (—1)" (=) @ aip.

Thus %(n) = (=1)"(=1)IP'l(p'by + a:p’).
— ¢! vanishes on this element and applying 7" gives

Fai, p'brs e, b, b by) = (1) (=D)PIT by + aip’) = (—1)7).
For (z3,...,x,) going through (B, ..., B, B,1,j) . Let p'b; € F(1,7). Recall that
N p'b,en, by, by, by) = (1)
On the tuple (x1, 2, ...,2,), f2(x2,21) is necessarily zero since the codomain of z; must be B.

Similarly f*~2(z,_2,...,21) and f*"*(z,_1,...,x1) are zero since the domain of z,,_» and x,,_; must
be B.
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- (k,B,...,B,B,1,j):
> (=1)"@%(s"®@ p, 8" @ ap) = (—1)"s" ® plag = 0.
- (B,B,...,B,B,1,j):

> Both g' and T vanish on (—1)"i2(s° ® p', eR).
> ()" (s @ p s @b) = (=1)"(=1)I s @ o'ty
— ¢! vanishes on this element and applying T gives

(b1, e1,b1, by, ..., b1, b)) = (=)™ (=D)PIT(p'by) = (—1)" ).

- Suppose @2(f" %(zn, ..., x3), f>(z2,21)) is non zero. The previous computations show that in
this case ji2(f* (xp,...,x2), f1(x1)) must be zero.

Looking at the possible value of (z,,...,z3), one can make the following observations. On the
tuple (x1,z2,...,,), the morphism z3 must go from h € A, to B, thus f"2(x,_o,...,z1) is zero.
Similarly, since the codomain of z; must be h € A., f* Y(z,_1,...,x1) is zero.

Recall that n — 2 is possibly equal to 3.

For (z3,...,x,) going through (B, ..., B,i,k, B). Let pin F(i, k) decomposing as p = p'a; + p'b;,
and such that ayp is non zero for a;, € A(k, B). Recall that

" 2(ag, pyei,b1,...,by) = (=1)"2p.
- (4,h,B,...,B,ik,B):
> For vy € F(j,h) such that a;y is non zero,
(D" 2 (s' @ p' o (an, 7)) = ()" 2P (st @ st @) = 0.

- (B,h,B,...,B,ik, B):

h—1
> (~1)"22(s1 @, f2apsen) = (—1)"22(s © o, Y (ew + ew) + €4). Both ¢! and T
v=1
vanish on this element.

For (z3,...,xy,) going through (B, ..., B, B,1,j). Let p'by € F(1, 7). Recall that
720’ br,er, br,y by b)) = (1))
- (1,i,B,...,B,B,1,j):
> For v € F(l,4) such that a;7 is non zero,
(D)"Y @, fPaiy) = (FD)"THE (Y @ st @) = 0.

- (B,i,B,...,B,B,1,j):
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i—1
> (=) (Y@, fai ) = (1)U (s°® ', X (ev+ew) +e;). Both gt and T vanish

v=1
on this element.
- Suppose that i2(f?(xpn, Zn_1), [ 2(2n_2, ..., 1)) isnon zero. The previous computations show
that in this case 22(f" Y(an, ..., z2), f1(x1)) and @2 (f"2(xp, ..., x3), f2(x2, 21)) must be zero.

For (x1,...,x,—2) goingthrough (B, ..., B,i, k, B). Let pin F(i, k) decomposing as p = p'a; + p'b;,
and such that ayp is non zero for a;, € A(k, B). Recall that

" 2(as, p,ei,b1,...,b1) = (=1)"2p.
On the tuple (z1, 22, ..., zs), f* (zn_1,...,71) is zero since the domain of z,,_; must be B.
- (B,...,B,i,k,B,h,j):
> For~ € F(h,j) decomposing as v = v'ay + +'bp,
(—)" @22 (een),f) = —(~1)" 22 (L @ o, st @ p) = .

- (B,...,B,i,k,B,h,DB):

h—1
> ()22 (P ansen) ' © p) = (~1)" 252 (es + ew) + en,s' @ o). Both g' and T
v=1
vanish on this element.

For (x1,...,x,—2) going through (B, ..., B, B,1,j). Let p'b; € F(1, 7). Recall that

I (b 1, bi b, br) = (1)

- (B,...,B,B,1,j,i,B):
Note that @2(f!(z,), f* Y(zn_1,...,21)) Must be zero.
> For~ € F(j,i) non trivial such that a;y is non zero,
(=172 (P ai), 8 @ p) = (1) (s @y, 8" @ ) = (1) (=)W st @
Both ¢' and T'! vanish on this element.

- Suppose that i(f1(zy), f* *(zn_1,...,21)) is non zero. The previous computations show that
in this case @?(f" 2(zn, ..., x3), f2(x2,21)) and @2 (f?(xn, Tn_1), f* %(zn_2, ..., 1)) Must be zero.

The only possible value of (z1,...,,) such that @?(f* Y(zn,...,z2), f1(x1)) is non zero is given
by (a;, p'b1,e1,b1,...,b1,b1), going through (B, B, ..., B,1,i, B).

For (z1,...,2n-1) going through (B, ..., B, 1,i, B). Let p’by € F(1,i) such that a;p’ is non zero.
Recall that fnil(aiv plblv €1, b1> SRR bl) = (_1)n71pl~

- (B,...,B,1,i,B,k):
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> (=) a2 (s ®ep, s'@p) = (=1)(=1)¥'Is%eyp’. Both g* and T vanish on this element.
- (B,...,B,1,i, B, B):

> Both g' and T vanish on (=1)""1ji?(ep, s' ® o).

> (—1)" 12 (s7 @by, st ®@p) = 0.
For (z1,...,x,—1) going through (B, ..., B, B,1,j) . Let p'by € F(1,7). Recall that

N p'by,er, by, by, .. by) = (1),

- (B,...,B,B,1,j1):

> Lety € F(4,1). Both g* and T" vanish on (—1)"i?(s° ® v, s° ® p').
- (B,B,...,B,1,i,B):

> The case (x1,...,2,) = (as, p'b1,e1,b1,...,b1) has already been treated before.
This concludes the induction. Relabeling the basis of H* A as in Notations 3.4.7 gives the higher

multiplications given in the proposition.
O

3.5 A.-quotient of the minimal model and formality

In this section we place ourselves as in Setting 3.4.1. The notion of A,,-quotient was introduced
in [LO06]. We describe here only the case of interest for us, following [HKK17](Section 3.5).

The quotient D := D(H*A|B) of H* A (with the A,.-structure of Proposition 3.4.8) by the object
B is a Ax-category which has the same objects as H*.A, and whose morphism spaces are given for

all i, 7 € A by a decomposition (as vector spaces) D(i,j) ~ @ D™ (i, ), where
neN*

D™ (i,5) = (an-an_1-...-az-a1 | a1 € H* A(i, B),an € H*(B,j) and a; € H*(B, B) for2 <i < n—1).
Note that for n = 1, DV (i, j) = H*A(i, §). The degrees in D are
lan - ...-a1] = lap| + ...+ |a1| + 1 —n,

and thus
lan - ... a1l = |lan] + - - . + [Jas]|-

Forr>1and 0 =mng <n; < --- < n,, the higher multiplications are given by

B (G, ooy 1y ey Oy e Q1) =
e i+1
Z (—1)”“’“ 1 alnanr Cee Qg A (Ahtjy - QE) - Q—1 - - ..~ Q1 (3.7)
Jj=0
1<k<ni

ny>k+j>ny—1+1

Since jil(ep - eB) = ep, the object B becomes isomorphic to zero in homology, and restricting to
the full subcategory supported on A gives a quasi-equivalent A,,-category, that we still denote D.
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Setting 3.5.1 Following notations of Setting 3.4.1, let D be the full subcategory of the A.-quotient D(H*A|B)
supported on the set of arcs A, where H* A is endowed with the A.-structure of Proposition 3.4.8.

It is a DG category (seen as an A..-category). Indeed, let r > 3. The term p7*! in Equation 3.7 can
be non zero only if j = 2. But then p3(ag 2, axi1,a1) is zero since ax; does not have B as domain or
codomain. Thus @" = 0.

3.5.1 Quasi-equivalence with the localization of the topological Fukaya
category

Relying on results that will be proved later in this section, we now show that F4(S) is Morita
equivalent to the A.-quotient D(F(S)|B), with F(S) = TwF 4(S) the topological Fukaya category of
the smooth marked surface S before contraction of the simple closed curve. Here B8 denotes the full
subcategory supported on objects which are isomorphic to elements in thick(B) after passing to the
zero homology.

When # is a full subcategory of a DG category G, the A,.-quotient D(G|H) coincides with the
DG quotient introduced by Drinfeld. Since we are working over a field, the following equivalence
[Driog](Theorem 3.4) tells us that it enhances the triangulated quotient:

(g/H)tr ~ gtr/thr.

For H a full subcategory of an A..-category G, [Seio8](Lemma 3.32) tells us that #!" is the smallest
strictly full triangulated subcategories of G that contains H, which we denote by (7). Thus (")
is thick(#), the smallest strictly full triangulated subcategories of (G'")! that is closed under direct
summands.

Lemma 3.5.2 Seeing the set of arcs A as objects of the quotient fA(S)tr/thick(B), one has:
thick(A) = (F4(S)" [thick(B))".

Proof: We need to show that the arcs of A\A = {1,....n} arein thick(A). For 1 < k < n, let

n n
D= P ile P
i=k+1 i=k

be the twisted complex whose differential * = (6},); ; is given by 6% ; = a; and 5@_1), . = b;, and zero
otherwise. Let D,, = n/ be the twisted complex concentrated in degree 0. Recall that the triangulated
structure on F;(5) is given by triangles:

x Ly e - xn,

where C(f) is the mapping cone of the degree zero cocycle f between twisted complexes X and

Y. See [Seio8](Equation 3.28) for a definition. As a curve on S, the twisted complex D; corresponds

to the Dehn twist of 1 along the simple closed curve ~. Since C(1 M D) is the band object
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B associated to v, (b1 + a1) becomes an isomorphism in the Verdier quotient, and D; belongs to
thick(A). Now suppose that Dy_; belongs to thick(A) for 2 < k < n. Then

—(br+ax)
—

C(k‘ (k‘ - 1), D Dk) =Dy

shows that (k — 1) and Dy, are also in thick(A).

Theorem 3.5.3 Following notations of Setting 3.4.1, there is a Morita equivalence:

Fa(8) — D(F(5)|B).

Proof: The inclusion D(F ;(S) U B|B) — D(F(S)|B) is a Morita equivalence since
D(F(S)|B)'" ~ F(S)!" /B ~ F(8)'" /thick(B),

and
D(F;(S) U B|B)"" ~ (F4(S)UB)"" /(B) ~ F(S)" /thick(B).

~

Applying Lemma 3.5.2, we see that the inclusion D(A|B) — D(F ;(S) U B|B) is also a Morita equiv-
alence since (D(A|B)"")f =~ thick(A) in (D(F 4(S) U B|B)!")% ~ (F(S)"" /thick(B))t. By construction,
there is a quasi-equivalence between A and H*A endowed with the minimal structure of Proposi-
tion 3.4.8, and itinduces a Morita equivalence between D(A|B) and D(H*A|B). As stated in the para-
graph before Setting 3.5.1, D(H*A|B) is quasi-equivalent to D. We conclude using Proposition 3.5.10
which assserts that D is formal, and using Theorem 3.5.11 which tells us that H*D ~ F4(S).

U

3.5.2 Formality of the A -quotient and description of its homology

Notations 3.5.4 Since H*A(i, B) and H*A(B, j) are zero fori,j € As, D(i,5) = H*A(i,j) = F(i,7) if
1orjisin As.
Leti,j € A.and n > 2. Using Notations 3.4.7, a basis for D™ (i, j) is given by elements of the form:
w=z; - _,((ep)" 2)(ep)"t;, (3.8)

p
forsomep > 0andny > 0fork € {0,...,p}, satisfying > (1 +ng) =n— 1.
k=0

Lemma 3.5.5 Leti,j € A. The differential ii* vanishes on D'V (i, j) and for w as in Equation 3.8,

p
plwy= > (F)mertmg I ((ep) ™) (ep)™ T I (2 - (e5)™ )t (3.9)

=0
n; 70 and even
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Proof: Note that since p2(as3, az, a1) is zero if as is x or ep, we have:

n—1

ian ... a1) = Z(—l)““’“—l"“'“l“an oo (g, ag) e an
k=1

For any choice of integers 1 = ro < r; < ... <rs = n, this allows us to write:

s—1

/Zl(an cooap) = Z(—l)“arl‘l""'aluan Ce Oy 41 ~ﬁ1(a”+1 Cee ) Q1 .G (3.10)
=0

Let w be as in Equation 3.8. First we consider the case p = 0, thatis w = z; - (eg-)"t;.

If ng =0, i*(z; - (ep-)™t;) = p*(zj,t;) = 0. If ng > 1, since for k € N, ||(ep-)*t;|| = -k — 1,
no—1
Bz (e)"t:) = 2 - (ep)" P (ep, i) + Y (=1) 'z (ep)™ M
k=0
no—1 no—1
= 0y ) e 3 D e = 3 07 e
k=—1

Thus ji'(z; - (ep-)™t;) is equal to zero if ng is odd or zero, and to z; - (ep-)"~'t; otherwise, which
coincides with the given formula.

Now suppose that p > 1. Let s = p + 1 and choose in Equation 3.10 the integers r; such that

Qn - ... 0p, = 2zj - (eg-)"?xand ap - ... a1 = v - (ep:)"t;, and ar,, - ... a,, = x - (ep-)"x for
le{l,...,p—1}. Let's study each i'(ar,, - ... ap).
Ifn; =0, i (z - (ep)™x) = p?(z,2) = 0. 1fn; > 1, sincefor k € N, ||(ep-)*z|| = &,
ny— 1 nl—l
pl(a - (ep)"z) = (=)z - (ep)" lw+ Z ep )" lr =Y (1) Fa - (ep) e
k=—1

Thus ji!(z - (ep-)™x) is equal to zero if n; is odd or zero, and to —x - (eg-)™ 'z otherwise.

Similarly one can see that i! (x - (ep-)™t;) is equal to zero if ng is odd or zero, and to z - (eg-)™ ¢,
otherwise. And that ji*(z; - (ep-)" ) is equal to zero if n, is odd or zero, and to —z; - (ep)™ 1z
otherwise.

Finally Equation 3.10 gives:
(2 T ((ep)™ ) (ep)"0ti) =

Z (=1)%z; - T, ((ep) ™ a-)(ep)™ M ILh (2 - ()™t

nﬁéO even

where 6y = 0and §; = |[TI, ((ep-)™x-) (ep) ™t || +1 = (—ny_1 —...—ng—1)+1forl € {1,...,p}.
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Notations 3.5.6 Let (i, ) be a pair of objects in D. For w as in Equation 3.8, let
clw)=[{l€{0,...,p} | nyisodd}| and d(w) = |{l € {0,...,p} | Lis non zero and even}|.

Let T be the endomorphism (of graded vector space) of D(i, j) of degree —1, given on w by:

p
T'(w) = —AWw) Y (~)"ottmy L ((ep)™ e ) (ep)" T (@ - (ep)™ )t (34)

=0
ny dd

where \(w) = (c(w) + d(w))~t if w has at least one n, different from zero, and zero otherwise.
For p € F(i,j), let T*(p) = 0.

Proposition 3.5.7 Let (i, j) be a pair of objects in D.
We give a decomposition D(i,j) = H*D(i,j) & C*D(i,j), where H*D(3, j) is a complement of the
image of fi* in the kernel of fi*, and C*D(i, j) is an acyclic complement of H*D(i, j).
- Ifiorjisin As, H*D(i,7) = D(i,7) = F(i,7), C*D(i,7) = 0;
- Fori,j e A,
H*D(i, j) = (zj - (x)'ti | p € N) & F (i, ),
C*D(i,5) = (z; - I _, ((ep-)™z-)(ep-)"t; | A € {0,...,p},ny is non zero ).

Moreover T satisfies Equation 3.5:
T+ T = gt —id, (3.12)

where ' : H*D(i,j) — D(i, j) is the inclusion and g* : D(i,7) — H*D(i, 7) is the projection with respect
to this decomposition.

Proof: By Equation 3.9, ii' is zero on H*D(i, j) and C*D(i, j) is a subcomplex of D(i, j). Equa-
tion 3.12 is satisfied on H*D(i,j) since T vanishes on these elements. Proving it on C*D(i, j) will
ensure the acyclicity. The following computation is similar to [CJS23], proof of Theorem 2.5.

Let w be as in Equation 3.8 with at least one n; different from zero. In ! o T!(w), w appears with
coefficient —\(w)c(w), and in T o it (w) with coefficient —\(w)d(w).

The signs involved in T' and p! show that, for any element ' different from w, if w’ appears
in ! o T (w') with coefficient ), it will appear in T o i' (w’) with coefficient — )\, and reciprocally.

Thus we have ! o TH(w) + T o it (w) = —A(w)(c(w) + d(w))w = —w.

The next lemma will show that D is a formal A..-category.

Notations 3.5.8 We first rename the basis of H*D before describing the multiplication. Fori, k € A. and
peN, let, B =z - (z-)Pt;, with the convention .3; = . 3).

Lemma 3.5.9 The category H*D, seen as an A..-category, is a sub-A.-category of D. Its multiplications
are given by:
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- On morphisms in F, i® restricts to [i?,

- (j,1,1): For p a non trivial path in F(3,i) such that a;p is non zero, i (;5;, p) = (—1)lIPllp,
- (i,4,§): For pa; a path in F (i, j), i*(pai,if;) = —pai,

- (i, k,h):

> Ifp,g=0,
-Ifi<h
- Ifi <k < h 1*(Br, kBi) = =B + B
- Otherwise i (nBk, kBi) = — 1,81,
CUfh<i
- If R <k < B2 (B 1Bi) = — B — nBa
- Otherwise i (B, kB3i) = —1, 81,
> Ifp=0andq>1,
- fk <4, 20,8 kBi) = — BT — BL,
S Ifi <k 2,80 1) = — 80
> Ifg=0andp>1,
- Ifk < By 12(0Brs 1, B7) = =80T,
Afh <k B2 (hBrs i B7) = =80T — B
> fpa > 1, 2B B7) = =BT — B

The elements e, . . ., e, are units.

Proof: We compute zi? on all possible couples (z1, z2) of basis elements.
Letj,i,me A, i,k,h € A,,and p,q € N.

- (4,1,m): Let (z1,22) = (p,), where p € F(j,1) and v € F(I,m) are paths.
72 (v, p) = (7. p).
- (4,1, k): Let (x1,22) = (p, 21, - (z-)Pt;), where pis a path in F(j,1).
Ifj =dand p=e;, @?(z1 - (2)Pti,e;) = i - (z-)Pu(ti, e;) = 2 - (z)Pt;.

Otherwise the term ji?(z - (z-)Pt;, p) is non zero only for p = 0 and i = k, and if p is non trivial
such that a;p is non zero. In this case,

B2(zi i, p) = 13z, ti, p) = (= 1)l
- (i, k, 5): Let (21, 22) = (21 - (z-)Pt;, p), where pis a path in F(k, ).

(
If j = kand p = ey, i (ex, 25 - ()Pt;) = (=)0l u2 ey, 24) - (2)Pti = 23, - ()Pt

Otherwise the term [i*(p, ), - (x-)Pt;) is non zero only for p = 0 and i = £, and if p it factors as
p = p'a;. In this case,

ﬂQ(plai7z’i : tl) = /1’3(/)7 ZUtZ) = _plai-
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- (i,k,h)l Let (xl,xg) = (zk . (x-)pti,zh . (iL‘-)qtk).

We compute the different possible values of i (zy, - (z-)%, 21 - (z)Pt;).

> Ifp,g=0,
B2 (zn -ty 2 - ) = (D)Wl 2 (e, 20) -t + 2 103 (e, 20 1) + (DI (g e, 20) - 1
-Ifi>k—-1,
— Ifh > E,

B2 (zn -ty 2 - 1) = (=)l 2 (4, 20) b = —2n 2 1

— If1<h<k,

B (2h - thy 2 - ) = —zn - @t — 21 - 4
-If1<i<k-1,
— Ifh > E,
[2(zp  thy 2 ti) = —zp T ti+ 2 4
— f1<h<Ek
B2 (zn thy 2k ti) = —zp T ti+ oz ti—2p i = —zp Tt

> Ifp=0andq>1,

1% (zn - () Ttg, 25 - ;)
=(=D)I8l 2, - ()92 (b, 28) - ti + 2 - (@)U (g, 20 ) + (D)2 - (@)1 (2, b, 2) -
= — 2z ()Tt oz ()Y (b 2y 1) — 2 ()9 - 8

-Ifi>k—1,
B2 (zn - (@), 2p - 1) = —2p - ()Tt — 2 - ()
-If1<i<k—1,
B2 (zn - (@)t 2 1) = =2 - ()T -t b zn - (@)% — 2 ()0t

= —2p (x,)Q“'l . t’L
> Ifg=0andp>1,

- Ifh >k,
02(2n -t 2k - (2)P) = —zp - (2)PHe
-f1<h<k,
02z -ty 2 - (2)Pt) = —2 - ()P — 21 - ()P
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> Ifp,g>1,
% (zp - () Ttg, 25 - (22)Pt;)

= (=)@l - ()02 (g, 21) - ()Pt + (D)@ ()97 B (@, 21) - (20)Pt
= —zp - ()Pl — 2 - (2) TP

Relabeling the basis of H*D as in Notations 3.5.8 gives:
- (i,k, h):

> Ifp,qg =0,
S fi>k—1land1<h <k g2k iBi) = —nBt — 1Bi
-If1<i<k—1andh >k, i%(nBe kBi) = —nBt + 1Bi,
- Otherwise, i (n0k, k5:) = —nB},

> Ifp=0andq>1,

i > k1, @2(, 80 16:) = =87 — .8,
S f1<i<k—1, 22,80 8) = =80,
> Ifg=0andp>1,

- fh >k, @B, ,8Y) = —, 81,
S 1< h <k @208k BY) = =, 87 =, 8P,
> |fp7q 2 11 ﬂ2(h627k65) = _hﬁg+1+p - h/Bngp'

Finally, we reorganise the case disjunction.
O
In this situation, applying the minimal model construction on H*D, seen as a sub-A..-category
of D, will give the restriction of i as A..-structure, and the quasi-equivalence will be given by the
inclusion. This gives the next proposition.

Proposition 3.5.10 The A..-category D is formal, and the inclusion f' : H*D — D is a quasi-equivalence.

The rest of this section will be devoted to prove the following theorem, which gives a description
of H*D (seen as a category) as the path category over a quiver with relations.

Theorem 3.5.11 Following notations of Setting 3.4.1 and Setting 3.5.1, there is an equivalence of categories:
H*D ~ Fa(S).

Recall that F4(S) is defined in Definition 3.3.6 as P(Q, I), where (@, I) is the graded pinched
gentle bound quiver associated to the dissection A. The proof will rely on an explicit description,
done in Subsection 3.5.3, of the morphism spaces of P(Q, I). We first describe further the Z-graded
category H*D. Note that passing from H*D seen as an A..-category to H*D seen as a category,
by changing the signs, does not affect the multiplication given in Lemma 3.5.9 outisde of F since
lka;| = 0. On these elements, we denote % (y, z) by yz.

Fori,k € {1,...,n}, let ya; = 2;p; and ’yf = (2;0; + €;)P for all p € N, with the convention ’)/ZQ = ¢;.
Moreover, let kaj = kQk—1 .- i+10; aNd g = pagyr ... 104, Where no 4oy is repeated.
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Lemma 3.5.12 Leti # kin {1,...,n}. The following relations hold.
KOGYi = Yk (3.13)
kR = Y] — € (3.14)

I+

(3.15)

where [T is the length of ya_1...;110; minusone: |l =k —i—1ifi < kandl =n —1i+ k — 1 otherwise.

ki = pai(i + €)

pa = k(v — ) (3.16)
where [~ is the length of yagi1 ... i—1c; minusone:l =n—k+i—1ifi < kandl =1i— k — 1 otherwise.

T=(i—e)(vte

=(vite)lv—e

a )n—l

i ! >

Note that I and [~ always satisfy [T + 1~ =n — 2.
Proof:

(i) First, 2;,5:(2:5; + €;) = 41BiiBs + 218s and 2(2, 8 + ex)kBi = 4BriBi + 215
Ifi <k, 1BiBi = —kBl = rBrrbBi-
Ifk <4, kBiiBi = —kBF — kBi = kBB
(II) First, 4161@]952 = —41611 Then
(2i8; + €:)(2iB; + €;) = 4iBiiBi + 4iBi + €; = —4(B + iBi) + 4iBi + es = —4:iB; + €.

(iiiy (a) Supposei < k. Itis enough to show that for all i < h < k, 4xBrnBi = 215:i(Vi + €i)-
First 45 BpnBi = —4, 8} + 4xB;. Then

28i(2i8i + 2€;) = 41.B:iBi + 4 fi = 4,81 + 4i.Bi.

Similarly if i > k, we show that for all h < k and i < h, 4x8rnBi = 2k8i(7i + €:).
First 4kﬁhh/8i = _4k/8i1' Then

218 (vi + €i) = 4BiiBi + WBi = —A( B + kBi) + 4B = —4iB; -

(b) Suppose i < k. Itis enough to show that for all h < i and k < h, 4;8n18; = 2158 (i — €i).
First 45 BpnB;i = —4,8;. Then

218i(2:B: + ei — €;) = 4B = —4;,81.

Similarly if i > k, we show that for k < h < 4, 418n18; = 215 (Vi — €;).
First 4kﬁhh/8i = _4k/6i1 — 4k6i- Then

2:Bi(vi — €i) = 4BiiBi = — 4B} — 4kBi.
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(iv) By the last item, we have ;o; 1 10 2. ..i1105 = 05_1i—105(7; + ;)" 2 which in turn is equal
to (72 — e;) (i + €)™ 2 by the second item. The other direction is similar.

|

Lemma 3.5.13 Leti # k € {1,...,n}. Let B; ;, be a basis of F(i, k), and B; a basis of a complement of
(e;) in F(i,i).

(1) {77 | p € N} U B; is a basis of H*D(i, i),

2) {rein? | p e N}U B, is a basis of H*D(i, k).

Proof: (1) Let ,3;' = e;. A basis of H*D(i,i) is given by {.8” | p € Z>_1} U B;. We verify by

p—1
inductiononp € Nthatyy = 37 5,37 with AP, # 0, which ensures that {+]" | p € N} U B; is linearly
s=—1

independent and spans H*D(i, ). We have

p—1 p—1 p—1
W= @iBiten) D MBS = Y MBS+ D MBS

s=—1 s=—1 s=—1

with ;3,8 = B and 885 = —, 87! — 85 for s > 0.
(2) A basis of H*D(i, k) is given by {, 7 | p € N} U B; .. Similarly, it is enough verify by induction
p
onp € Nthat ya;y! = > A5, 87 with A # 0. We have
s=0

p p p
vain? = O ML (208 +e) = O N2 BB+ Y AL B

s=0 s=0 s=0

With 858 = =81 or =B — kB and 578 = =BT — 35
]

Remark 3.5.14 Leti # k € {1,...,n}. Since (X + 1) and (X — 1) are relatively prime, the following is
also a basis of H*D(i, k):

{(k0s" Urr (i) + 0 Vi (30))27 | p € N},
where for a,b € N, U,,V, € K[X] are such that (X + 1)U, + (X — 1)*V;, = 1. Using Equations 3.15
and 3.16, this comes from

) _
ki = k(i + €)' Upe () + ee(yi — €)' Vie (%)
= 0 Upe (%) + pg Vi (m)-

We now prove the theorem, relying on Proposition 3.5.15.

Proof of Theorem 3.5.11: Let+ : P(Q,I) — H*D be the map given by the identity on arrows.
By Lemma 3.5.12 and the first three points of Lemma 3.5.9, it is well defined. It is dense by definition,
so it only remains to show that it is fully faithful. Lemma 3.5.13 and Remark 3.5.14 tell us that for
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i,k € {1,...,n}, the image of the basis of Proposition 3.5.15 spans H*D(i, k). It is immediate that it
forms a basis for n < 2, so we now suppose n > 3. Let us show that it is linearly independant when
i # k. By Equations 3.15 and 3.16,

l
+ T\ st
oAl = reu(yi +e)t AP = peu Y <8 )'Yf 7,
s=0

-
_ - I~ -
and oy VP = pai(yi —e) AP = kaiz ( )(‘Dl ;P
s=0 5
Given afinite linear combinaison in the image of the basis of Proposition 3.5.15 which is equal to zero,
we can successively eliminate the terms ,a;"+¥ for p maximal and greater or equal than (™. Thus it
remains to show that the following family is linearly independent:

Vi- = {saf] [p <17y u{ag o |p <17}

For a fixed n, we will show this by induction on [~ € {0,...,n — 2}. In what follows, we identify
H*D(i, k) with the polynomial ring K[v;], and polynomials in ~; with their corresponding coordinate
vectors in the canonical basis. Let A;,- be the square matrix of size n — 2 whose first [~ columns are
(yi+e)' ..., (v +e) Tyl 1, and whose last I columns are (y; — €)', ..., (v —e;)! A L

The case [~ = Ois trivial, as well as I~ = n — 2. Suppose that i~ € {0,...,n — 4} is such that V}- is
linearly independent. We can perform the following column operations on A4;- to obtain a new basis

Wi of (V-):

_ 1 o
(vi—e) v —(i—e) v —(i—e) v = (v —e) Ty
for j € {0,...,I" — 2}, where the left arrow indicates a column replacement. Similarly we apply the
following transformation to A, ¢:
P e L
(it e T = (it e) T T (e T = (it e) T
forj € {0,...,(I” + 1) — 2}. After transformation, the two matrices differ only by one column. The

column (y; — ¢;)! 7" "V in A— and (y; + €)' "4} in A—,,. Our induction hypothesis tells us that

the common columns are linearly independant, and we want to show that it remains the case when
adding (yi + e;)!" 4! ". This is equivalent to showing that the decomposition of (y; + ¢;)!" 14}~ on the
basis IW,- involves a non-zero coefficient for (y; — e;)! 7} . Let
I——1 It—2
(vit+e) Z (i + ) ] + Z pi (i — €)' Tl — ey (i — e A

be this decomposition. It can be rewritten as

-1

_ +_ 1
(vi + 61 Z )\ % +e;) 1%’“ + (v + ei)l 1717)
I+—2
1 - -
= i ((vi =€) At = (v — ) Al) — (i —e) A
=0

(3.18)
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- , It ,
where P(’}/Z) = Z _()‘j + )‘j—l)’yg with )\l— = —land A_; =0, and Q('Yz) = Z (Mj—l — /Lj)’yg with
§=0 j=0

p—1 = 0. Since W,- is a basis, there is a unique P of degree [~ and Q of degree IT — 1 satisfying
Equation 3.18. The condition y;+_; # 0 is equivalent to Q(e;) # 0. We can see that it holds by noticing
that P = (’}/Z’ — ei)ﬁ and Q= ('Yi + ei)ﬁ_l.

O
3.5.3 Basis for pinched gentle algebras

Throughout this subsection, let A = KQ/(I) be a pinched gentle algebra, as defined in 3.3.2. In
particular, it comes with a collection of disjoint ordered sets of vertices (1, ..., C, C Qo called cycles.
We will give a basis of A using Bergman’s diamond lemma [Ber78]. As pointed out in Remark 3.3.4, for
all vertices i and k in Q) that does not belong to a same cycle C}, one has an isomorphism of vector
spaces exAe; ~ e AJe;. Thus we only need to describe e Ae; for i and k belonging to a common cycle.
Let C be a cycle of A, which we suppose identified with {1,...,n}.

Proposition 3.5.15 Leti #kc C ={1,...,n}.
(1) {7? | p € N*} U B is a basis of e;Ae;, where B; is a basis of e;AY¢;,

@) {,off |peNYU{ ;7P | p<IT}U By is a basis of e, Ae;, where B,y is a basis of e AYe;.

We first recall Bergman’s diamond lemma following [BW23]. For @ a quiver, we denote by @, the
set of path of length n € Nand Q>y, = U, >, @~ the set of paths of length greater or equal than n.

Definition 3.5.16 Let () be a finite quiver. A reduction system for KQ is a set:
R={(s,¢s)|s€Sand p; € KQ}
where
- S'is a subset of Q2 such that for all s € S, no s’ # sin S is a subpath of s,
- Forall s € S, s and ¢ are parallel,

- For each (s,ps) € R, @ is a linear combination of paths that does not contains elements of S as
subpath.

Paths as in the last item are called irreducible, and in this case o itself is also called irreducible. The set
of all irreducible paths is denoted Irrs(Q).

Definition 3.5.17 Let R be a reduction system for KQ.

- For (s,¢s) € Rand q,r € Qo such that gsr # 0, the basic reduction v, s, : KQ — KQ is the
linear map defined by vy s »(gsr) = qpsr and vy s -(p) = p for paths p # qsr. A basic reduction of
the form v, , is said to be a reduction of type s. A reduction is a composition of basic reductions.
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- A path p is said to be:

- reduction-finite if for any infinite sequence of reductions (t;) jcn there exists ng € N such that
foralln > ng, tyo...0t(p) =tp, ©...01t0(p),

- reduction-unique if it is reduction-finite and for all reductions ¢, ' such that t(p) and t'(p) are
both irreducible, t(p) = v'(p).

R itself is reduction-finite (resp. reduction-unique) if all paths are reduction-finite (resp. reduction-
unique).

- R is said to satisfy the condition (o) for the two-sided ideal I = (s — s | (s,p5) € R) ifitis
reduction-unique.

- An overlap ambiguity of R is a path pgr with p,q,r € Q>1 and pq, qr € S. An overlap ambiguity
pgr is resolvable if ¢,,r and py,, are reduction-finite and there exists reductions t,t’ such that

t(ppgr) =V (PPgr)-

Proposition 3.5.18 [Ber78](Theorem 1.2) Let R = {(s, ps)} be a reduction system for the path algebra
KQandletI = (s — ¢s | (s,ps) € R) be the corresponding two-sided ideal. If R is reduction-finite, then
the following are equivalent:

(i) All overlap ambiguities of R are resolvable,
(i) R is reduction-unique, ie. R satisfies () for I,

(iii) The image of Irrs(Q) under 1 — KQ/I is a K-basis of kQ/I.

Proof of Proposition 3.5.15: We will use the shorthand v;_;(p) := tjs o...otj(p). To show that a
reduction system R is reduction finite, we will use the following argument.

Let (v;),en be an infinite sequence of basic reductions and let p be a path. A branch of (x;..o(p))jen
will refer to a sequence of paths (p;);>—1 such that p_; = pand for all j > 0, the path p; appears with
a non zero coefficient in the linear combination v;(p;_1).

Suppose that (r;) and p are such that for all integers n; € N, there exists n > n; such that
th.0(p) # tn,..0(p). We choose inductively a branch (p;) for which for all jo > —1 and j; > jo,
there exists j > ji such thatr; ;o 11)(Pjo) 7 Tj1...Go+1) (Pjo)-

.
Suppose that p_1, ..., pj, are already chosen, and let r;,+1(pj,) = > )\lpé-0+1 for Ai,..., \, € K*.
=1

VL e {1,...,r}, 330 > Jo+ L Vi > 4L Gorn) Pl 1) = Tj{...(jo+2)(p§o+1) then for all j > j; where
ji=max{jl|1<i<r},

o Got ) Pio) = D AT Gor2) Phor1) = D N Gor2) Plior1) = v Go+ ) (Pl
=1 =1

a contradiction. Thus there exists I such that Vji > jo+1, 35 > j1, 7. (jo+2) (pg.oﬂ) # i1 (jo+2) (pé-0+1),

and we can choose pj,+1 = p§~0+1. By construction, (p;) cannot be constant after some rank jo, other-
wise this would imply that v; ;,4+1)(Pjo) = pjo for all j > jo + 1 since (p;) is a branch.
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This construction tells us that, if every branch must eventually be constant, then R must be re-
duction finite.

In order to show the proposition, we need to find a basis for the pinched gentle algebra KQ/(I)
given by Qo = {1,...,n}, QY = 0 and with unique ordered set of vertices C' = Qo.
The case n = 1 is trivial. We first show the case n = 2. The set

R = {(817901) = (fykkahkaifyi% (827902) = (kaiiaka/yl% - ek) ‘ ? ;é k € {]-7 2}}

is a reduction system for K'() whose associated two-sided ideal is I and whose set of irreducible paths
coincides with the sets given in the proposition. Let's verify that it is reduction finite.
Let p be a path, (t;);en be an infinite sequence of basic reductions, and let (p;); be a branch of

(tj..0(p))jen. When applying a basic reduction rj,1(p;) = )\lp§~+1, the number of arrows of the
=1

form j,41a4, in each p§+1 must be less or equal than the number of arrows of this form in p;. Thus for
the elements of (p;) this number must eventually be constant, meaning that there exists j, € N such
that for every t; of type so with j > jo, p; = tj(p;—1) = pj—1. Butthen since there cannot be an infinite
sequence of terms for which an arrow ~; goes to the right, all reductions of type s; must eventually
act as the identity. Hence, the branch is eventually constant, and R must be reduction finite.

There are two overlap ambiguities given by v, and ;g g for i # k, and they are resolved
in the following way:

oy, 152 2
ViekCiioy — V(Y — ek)

S1 S1 52 2
VekQGi O —— OGO V> kOGO Vg — (’Yk — ek)Vk

S2 2
ik OGi —— o (Vi — €ek)

iQkR Qi > (V) — )ik — ik (Vi — k)
Now suppose n > 3. Let R be the set containing the following couples:

- for each couple i # k consecutive in {1,...,n},

(817 ¢S1) = (ka’a?h kai’)/i%

(82, 0s5) = (ki 7P — €5),

- foreach couplei # k € {1,...,n},
. -1 I+
(s3:90) = o0 g =) o 3 (1))
=0

- and foreachi e {1,...,n},
(54, 050) = (o (vi — ea) (i + €)™ 1),
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One can check that R is a reduction system for K (). Moreover, the two-sided ideal associated to R
is I, and the set of irreducible paths coincides with the sets given in the proposition. The following
argument shows that it is reduction finite.

Let p be a path, (v;);en be an infinite sequence of basic reductions, and (p;); be a branch of
(tj..0(p))jen. The length I(p;) is the number of arrows that p; contains. Let l,(p;) be the number of
arrows of type ja; that p; contains, and [, (p;) be the number of counter-clockwise arrows ;_;«; that
it contains. The reductions are such that for all j > —1, [~ (pj+1) < lo- (pj)-

Suppose that there is infinitely many reduction of type s3 in (t;). Then there cannot be an infinite
number of reductions of type s3 such that p; is obtained from p;_; by replacing k%‘_%ﬁ by a term of
wai (i — e;)”, since I,- is bounded below by zero. Once this replacement does not occur anymore,
the length I(p;11) of each term p;1; can only be less or equal than the length of p;. From this we

deduce that ,a;~/" cannot be replaced an infinite number of times by a term of ,a; (lz)’yf,
0

since it would make the length [ strictly decrease an infinite number of times. Thus all reguctions of
type s3 must eventually act as the identity.

After this, since reductions of type so and s, make the quantity [, strictly decrease, they too must
eventually act as the identity. Finally, there can only be a finite number of transformations for which
an arrow -, goes to the right, so reductions of type s; eventually act trivially. This shows that the
branch is eventually constant, and we deduce that R is reduction finite.

It remains to show that all overlap ambiguities of R are resolvable. For a and bin {1,...,n}, we
introduce the notation [a > b] for the set {a,a + 1,...,b — 1,b}, where the integers are taken modulo
n. In particular [a>a] = {a} and [a + 1>a] = {1,...,n} for all a. The following is a complete list of

overlaps for R, where i # k.

(51,82) : VekQuiOg (s3,81) : kai’yf’l%iaiﬂ with [T > 1
(51,83) © Yok Qi1 - - - im10i7F (83,82) 1 4105 qi-10i0—1

(S1,84) * Vek Q1 - - - k1% (s3,83) : kagha;%ﬁyzﬁfﬁ fori #k+1,
(s2,82) iR andwithh € [k+ 17— 1]

(52,53) kb1 ORRORAT - - im1007F (84,82) 3 4QUm1 -+ i1 Qi1

(82, 84) ¢ b1k Qk—1 - - - kt1Q (s4,84) : ia;hajiaz withh € [i +1>i — 1]

We now resolve each of them.
> (s1, s2) : First
S92 2
ViekQiioy — k(Y — ex)

Then
S1 S1 S2 2
Vek Qi O —— OGO > QGO Vg (Wk — ex)Vk

> (s1, s3) : First
+_
It s — P13 + - —l (1 s+1
VekQk+1 - - - i—10607; > ;05 7 = 5y (Vi —ei)” v ey Z s )i
s=0
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Then

-1
_ l
It s3 + ! — s
VekOk1 - - - i—100Y; > Yery (Vi =€) — Yer® Z s )i
s=0

-1
- _ l
b o (i —e)! g Y <S)’Yf+1
s=0

> (s1,84) : First
Vek Q1 -« - k1% — Yk (Ve — ex) (v + ex)™ !

Then
s1 S1 S4 —1
VkhOR—1 - - - k1Ol > k1 Vh—1p— 1% —— 0% Yk — V(Y — €x) (T + €x)"”
> (82, 82) : First

S2 2
0RO 0g — o (Y — ek)

Then
100G O 2y (%2 - ez’)z’ak L z'Oék(’Y;% - €k)

> (s2,s3) : We will resolve jogragyt - .- i,lawf. First suppose thati = k + 1. We have

(k1R 1) Vet > (Vi1 — €rr) Vot

and

n—3
n—2y , 53 + n—2 s
10k (RO 1V 1) o 1@y — (k1 QkkQg1) D ( R el
=0
-3

3 o

s2 + 2 n—2 s
P k1% 41 (Vi1 — €k+1) < s )’Ykﬂ

s=

o
w

n—

- n—2
LN (Ve+1 — k1) (Vo1 + €xt1)” t— (’VI%JA — €k+1) Z < s )’VliJrl

n—3
_ n—2
= (VI%H - €k+1)((7k:+1 +eppn)" - Z < )’Wi+l)
s=0

—2
= (’YI%-H - €k+1)’Y1?+1

Now suppose that i # k + 1. First we have

It si1s2 — 1T+ — 1t
(k+1Qk kOt 1) - - - im1057Y] ——— (k+1% Y )i — k+19 Vi

l
55 +m — )1 Y
k+1%; (vi — i) Vi T k19

+
s=0

l+ + 1 1 _ l+
( s )’Yf+ — k19 V5
= (%) = (IT + 1) 077
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t—1

- _ 1+ — |t . . .
where () = ;0 (vi — )t "ty — Zo (Yt — a7l Applying s gives:
s=

- IT+1\ |
() = (% + Do 2l V5 () = 0 4 Dy (i — )4 (0 4 1)y 007 Z( e
s=0

= 10 (i =€) " — (U + Ded) + 0 [1]

I+ I+—
where [1] = (1T + 1) X (") - 5 (Tt A

s=0 s=0
Then we have
t—1
Ity 83 + -
1Ok (RO 1 i 100 ) — k1 Qg0 (Vi — €)= k100 Z < >

. -1 I+
= 0] (i — €)' = (bp10kkRs1) g0 Z < )%
s=0
-1 It—1

s 2
'—2>k+1a;r(%—€z' — k10 Z( ) ;T + Ry Z( >

= (%x) —1 k+104_%l 1

-t + . .
where (xx) =, o (v — &) — 07 Z (. ) 2o X (L)g. Applying ss gives:

+1

- F+1
(o) = U ppqay b T (o) — 1o (1 — e) 7+ 107 Z < >

+
= 107 (i =€) T = (U + De) + 05 (2]

a4 I++1 = I+ 2 i I+
where [2] = 1" 3 ( S - 2 (i 2 ()
5= s= s=

Let us show the egality between [1] and [2]. On one hand we have

I+ l 1 1+ l 1 I+ l 1
+§ s § : s § : s i+
1= ( s >%+ < s >%_ <s—1>%_%
s=0

s=0 s=1

I+ -1
Z IT+1\ It+1 T+1\, g+ Z It +1 It +1\, | +
s=0 s=1
i+ t—1
T 4+1 T+ 1\, + IT4+1 T 4+1
+ s + l § { _ s +A. .

s=

(3.19)
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On the other hand,

SR ()

+HM~
o

(3.20)
I I+ ' " +
B (B (e
+ + + +
Finally using < b+ > (4), we have 1+ — (4 = (L)) — (111) = —(.{7,) and
L e A A A N A A N A AN A
S s—1 s—2) S s—1
> (82, 84) : First
E—10kEOK—1 - - - k+10% S (713—1 - @lc—l)lc—loéz;r s k—lalj;_(’)/l% — k)
Then
f 1 R Q1 - - - k10— po10 (Ve — ex) (Ve + ex)" ' = k1o (v + er)" 2 ( — ex)
-3
e n—2
= (h1aw7y 2+ k10 Z < > T — k)
=0
n—3 n—?2
((;.C 1Oék k- 1Oékz< ) )+ k- lakz< >7k)('7k_ek)
s=0

= kqa}:(%% —ex)

> (s3, 1) : We will resolve ka;yf+*17iiah with [t > 0, for h = i + 1 and then for h = i — 1. First we
have

t—1
— 1t—1 5153 + - s
(kai Y Yi)iQip1 > k% i1 (Vit1 — €it1) = k0 Q41 E ( >%‘+1

t—1
= ol (i) (Yis1 — e a-
= k%1 4100 Q41 ) (Vi+1 z+1 Tk z+1 7z+1
l+ 1

52 + I=+1 s
> 0 (Yirr —eir1)” T (Vi1 €i1) — g0y E < >%+1

Then

Y S1 N S | S1 — i+ — -1
k% i (’Yiiai-i-l) R0y Yy i1 Yi QG Qi1 Y1 = (k%41 Vip1 )it

I+t—2
53 + ) ) s+1
> k0 (Vi — €z+1) Mg — K1 Z < > Vi1

= (%) + kaz+1’>’z+1 -
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-3
- — +— . . .
where (%) = o (vig1 — eir1)" Ty — oy = ey Z ( Nt Applying ss gives:

-2
— 1+— - =1
(*) + X141 = (%) + ka;q (Yit1 — €i+1) — k01 E : < >7§9+1

I~ I~ I+—
= (poifq (itr — €)' Tyigr + pai g (i — e¢+1) ) =ty

-3 1 +t—2
— - +1
ki Z < s )’Yfﬂ kit 1 Z < >'Yz‘s+1
s=0

— ot (v T, . P s | —
= k@7;+1(%+1 —€it1) (Vit1 +eip1) — 1 k117 k%

I+t—2 1 t—2
— k%41 Z < >%+1 KOt 1 Z ( )7%11
-2
=41 - = —
= kaiH(%Jrl —eiy1) T (ig1 Feir1) — l+k0%+1%' Qyq Z < >%+1 k%41

t—1
_ + =41
=, (Yier —€ir1)” T (Vir1 +€iv1) — g0 Z < >%+1

-1 -1 I+
usmg( )+( s ):(s)
Now Iets do the case h =i — 1. First suppose that k = i — 1. We have

i1 (i) P (o1 )Y P2 (W — eim )

and

n—3
n—3 5153 + n—2 s
(im0 2vi)i0i—1 —— ;105 01 — (i—104i0G—1) E < s i
s=0

n—3 n 9
S2 + 2 ) - s
o1 — (Vo — eie1) E ( s )%’—1
s=0

n—3
_ n—2
= (i —eic)(ier Fe)” = (P —ei) Y ( )%8_1

s=0

n—3
_ n—2 _
= (v —ei) (i te)" I = ( )'yf_l) = (2 — e )

s=0
Now suppose k # i — 1. First

o1
I - _ *
(s Y )it s Lo (i1 — eim1) — e (im1uicion) ( >ﬁ_1

s
s=0
52 + - - 2 ' " s
” kai_1(%‘—1 —ei-1) — k O‘i_1(%'—1 —ei—1) s Yi—1
s=0

IT+1
:(*)_l+k Q171 iy
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B -2 -1
where (x) = ol (-1 — ei-1)" — oy, Zo (s )'Yf+12 T k1 Z (s )'71 1- Applying s3 gives:
s=

_ B t+1
() = 1oy 2 () = 1oy (e — eic)! 1+l+kai_12( ) )vf—l
s=0

Tk 04;11(%—1 - ei—l)lll(%q — (I +1e;_q)
o4 22 4 -1
w2 (U = S (e 2 () )
s=0 s=0

Then

k% Wf ('Yiiaifl) F°_>kaz (i1 1)% 1 s (ka 1% 1 )’Yifl_kai—l%!—l

53 + o N1 - 41\ o .
> kg (Yie1 — ei1) Vi-1 T kG Z s Vi1 T EQ—17%i—1
s=0

= (%) = (IT + 1)y 1'Yzl .

I+
1+ — + . . .
where (sx) = o (yic1 —eim1)t lyio — pai Z ("IN = il vl Applying s gives:

I+

o T+ 1\
(o) — (1 + Ve 7D 222 () — (1 + Dpeit (e —eimn) 71 4 <z++1ka112< >”

= v (vie1 —eic1)! 71(%‘—1 — (" +1)e;i1)
_ T+ . .
ERTARST) 3l U Z (o)
5=0 =0
This is similar to Equation 3.19 and 3.20.
> (s3, 82) : First

(1101104 )iCi—1 = 105 (i — €)™ %1 — o (e — €)™

Then
— S2 — —
191 im10aii—1) == (40 1%i-1)%i-1 — 1%
sz _3 — —
= z‘+10‘j—1(%—1 —ei—1)" i1 — (4101 %i-1) — i+1%%—1
s _3 -3 _ _
— z‘+10‘j—1(%‘—1 —ei—1)" o1 — (z‘+10%+—1(%‘—1 —ei1)"7 = i+lai—1) 1% 1
= i+1041t1(%71 - eifl)n_g(%fl - 62‘71)
> (s3,53) : Supposei # k+ 1andleth € [k + 114 — 1]. First
it =l I it
_ —_ 1t —1 S 1~ — —1
(kah h®; Vi )%n s (ka;r(%' —e) — oy Z < >'7z)%n =: (a)
s=0
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Then
nt—1
_ _ g+ + I+
ko, (hey o )'—>kah (hai (vi —e)" = pay Z ( > =: ()

We will construct a sequence of reductions t from (b) to (a). Let j € [k>h — 1], " be the length of
jQ@j—1...i4104 minus one and d = nt — 6% — 1. First
ot—1
- — 0T 5= d+1 d+1
kY (j%+1j+10% Vi )%% = £ ]O%Jr(%‘ —€;) %Jr — Ky Z < >%S’YZ+

Then
+
— §+ d S — 0 —1 6 +1 d
kaj j ]+1(]+104i ¥ Vi)V > QG §OG+1 (j+10‘;'|—(7 e) — 19 Z ( s )’Yf)%’
- + 5 lyd _ N7 L +d
= 105 (jaj+1jr105) 00 (v — e;) a Y ( ) ;
pa (3.21)
L st 41
H2 as 0 () (et — (67 + Dy T - oy ( ) )%”d
s=0

d
= (*) ka] it 71 7@'

dt—1
where (%) = paj 0 (vi — ) (i + ey — 0%, a7 s Y (CTHY)Ast Applying ss gives:

ot—1
. s+ - _ 5t
() — k%Y (j% %5 )%d y (A4) - KO O j(%‘ - 61‘)6 %d + rQ; Z s >%S+d
s=0
- e')‘SW?)
) <5+)} s+d
S i
ot —

ot 5 d+1 + 6t +d et +d (3-22)
— - s
= k0 Oy (vi —e)” v =0T e kY Z <$ _ 1) Vi

— (kaj_jazr(%‘ — ei)5’ (i + ei)’y k% i ;F(

+ 5t+d
=07 — KOy Z

Vi

s=1
5t—2
+
+ A+l st 5t +d _ 0N stitd
- ka_j ]az (7 ) Pyz =9 Oé Vi — kO (S) 7
s=0

st—1

-‘r [ d+1 s+d+1
- ka] At} (71 ) ka Z ( >

using (&) + (°)) = (°"1). Note that ,a; should be replaced by e, when I = k. Take ¢ to be the

s

composition of each t; given by Equation 3.21and 3.22, for [ € [k + 1> hl.

> (s4, S2) : First
S92 + 2
i1 i 10601 ot (Vi — ei)
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3.6. Example of silting objects

Then

iQG—1 - i1 L (v —ei) (v + ei)n_liaiJrl

i1 (Vi + 1) 2 (V1 — €is1)

n—3
_ n—2
= (iai+1’Yf+12 + Qi1 E < s >%‘S+1)(%2+1 — €it1)
s=0

S iaikl(7i2+1 — €it1)
> (S4,54) : Leth € [i + 1 >4 — 1]. First

+ o

z‘a;h‘)‘i i%p s ia;(% —en)(vn + 6h)n_1

Then

o pa ol s (i — ) (i + )" g S o (v — en) (v +en)™ !

3.6 Example of silting objects

According to [Al12](Corollary 2.28), all silting objects in a Krull-Schmidt triangulated category T
have the same number of indecomposable summands. We now give an example which illustrates
how this may fail when 7T is not Krull-Schmidt.

3.6.1 From 3 generators to 2

Let A be the pinched gentle algebra given by

with va = a and 8 = —3. We show that T := P, @ Ty with Ty = (P» & P *“% Py} is a silting

object of per(A)f. We use the embedding of per(A) into its split closure to identify objects X with
couples (X, idx). Recall that by Lemma 3.5.2 (and the proof of Theorem 3.5.3), thick(P, & P, @ P3) is
per(A)f. Forall z,y € K, the commutative diagrams of Figure 3.6.1 show that 7' does not have positive

extensions with itself (here we identify an idempotent e; with 1).

Moreover, taking the cone of the morphism from P; to P, & Ps % Py given by the identity of

P, gives P, @ P3, which shows that thick(T) is per(A)?. In fact, since there is no morphism from P; to
P, @ Ps, we can see that T is a tilting object.

13
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raepr 22 p Pep 22

z 0
(Oy (malyﬁ) (za yﬁl /
~ *1‘(14”}’ + y

Pg@Pg ﬂ) P1

Figure 3.6.1: Any positive self-extension of T'is null-homotopic.

We now compute the endomorphism ring of 7. First the endomorphism ring of P; is given by
End(P) = {P(v) | P € K[X]}. Since there is no morphism from P1to P,& P, Hom(P;, T) coincides
with End(Pl) = {P(y) | P € K[X]}. Note that for a polynomial P ¢ K[X], P(y)a = P(1)a and

P(y)B = P(—1)5. Morphims from T5 to P; are given by polynomials P satisfying P(y)(a 8) = (00),
thus the space of morphisms is Hom(73, P1) = {P(y)(v* — e1) | P € K[X]}. End(T%) can also be
identified with K [X] since any morphism

PQEBPg M P

(59)] |Pe)

PoP P,
2@3@1

must satisfy = = P(1) and y = P(—1), and thus P determines x and y. Let

a:=e; = (0,e1) € Hom(Py,T»), b:=~> —e; = (0,7 — e1) € Hom(Ty, P),
71 :=7 € End(Py) and 2 := ((§ % ),7) € End(T3).

Here we use both the notation (0, f) and f for a morphism from P; to 1% (or from T to P;). The
following relations hold:

a'h—ew— ((6%) M O61 ) = 720,

byo = (0,7* = e)((5 %):7) = (0, (7% — e1)y) = v(7* — e1) = mb,

ba—(7 —e1)er =77 — el

ab=(0,e1)(0,7* —e1) = (0,7 —e1) = ((§ %1),1)* = (5 %), e1) =3 — idr,.

Re-labeling P by 1 and T by 2 gives the following pinched gentle algebra:

71C1 QD’Yz

with ay; = ya, bye = 71b, ba = v? — e and ab = 73 — es.
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