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Abstract: This doctoral dissertation studiesthe localization of the topological Fukaya cat-egory of a graded marked surface, as definedby Haiden-Katzarkov-Kontsevich, at a collectionof compatible spherical objects. Geometrically,such a collection corresponds to a set of dis-joint graded simple closed curves on the sur-face. We seek to motivate the idea that the lo-calized category can play the role of a topologi-cal Fukaya category for the singular surface ob-tained by contracting the corresponding simpleclosed curves.In the first chapter we recall classical re-sults of the representation theory of gentle al-gebras and introduce the relevant concepts re-garding A∞-categories, before presenting theconstruction of the topological Fukaya categoryof a graded marked surface. Some aspects ofthe geometric model for the bounded derivedcategory of a gentle algebra are also presented.In the second chapter we define a classof algebras given by quivers with relations,that we call pinched gentle algebras. Basedon a similar result for gentle algebras, weshow that graded pinched gentle quivers are inone-to-one correspondence with marked sur-faces with conical singularities endowed with agraded simple admissible dissection. We thenstudy a differential graded (DG) enhancementof the localization of the perfect derived cate-gory of a gentle algebra by a subcategory gen-erated by a collection of compatible sphericalobjects. We show that each pinched gentle al-gebra arises as the endomorphism ring of a for-mal generator of such a DG quotient. In or-der to show the formality, we use a spectral se-quence on the morphism spaces of a DG quo-tient and describe its first page in a general way.Finally, using a result of Gyenge, wededuce that

the derived category of a pinched gentle alge-bra sits in a recollement similar to the one ob-tained by Chang-Jin-Schroll for the localizationat a collection of compatible arcs.
The third chapter essentially generalizesthe results of the second one by enlarging theclass of formal generators obtained for localiza-tions of topological Fukaya categories by com-patible spherical objects. More precisely, a gen-eralization of the class of pinched gentle al-gebras is given, as well as a generalization ofthe notion of admissible dissection of amarkedsurface with conical singularities. The one-to-one correspondence between these objects,given in the second chapter, is then describedin this new generality. We then study a A∞-enhancement of the triangulated quotient andshow that each pinched gentle algebra arisesas the endomorphism ring of a formal genera-tor. The computation of the formality is donethis time by means of a homotopy transfer of
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This construction allows us to associate to agraded marked surfaces with conical singulari-ties S, endowed with an admissible dissection

A, a category FA(S) which generates the per-fect derived category of a pinched gentle alge-bra. An immediate consequence of the equiv-alences given in the smooth case by Haiden-Katzarkov-Kontsevich is that the Morita equiv-alence class of FA(S) is independent of A.
We give two bases for pinched gentle alge-bras along the way, one of which is obtainedusing Bergman’s Diamond Lemma. The lastsection provides an example of a non-Krull-Schmidt triangulated category containing twosilting objects having a different number of in-decomposable summands.





Remerciements

Je tiens à remercier chaleureusement mes directeurs de thèse Pierre-Guy Plamondon
et Thomas Brüstle pour leur encadrement durant ces quatre années. Je remercie Pierre-
Guy Plamondon pour sa motivation et son énergie sans faille. Pour la précision de ses
relectures, pour la clarté de sa pédagogie, et pour sa patience. Je remercie ThomasBrüstle
pour son accueil attentionné à Sherbrooke. Pour son enthousiasme à la diffusion des
mathématiques, pour son écoute et sa confiance. Tous deux m’ont fait profiter de leurs
connaissances, de leurs expériences et de leur générosité. Ce travail est le reflet de leurs
enseignements.

Je suis profondément reconnaissant envers Raf Bocklandt et envers Emmanuel Wag-
ner d’avoir accepté de prendre le temps de relire mes travaux, et de prendre le rôle de
rapporteur pour cette thèse.

Claire Amiot fut la première à m’introduire à la théorie des représentations des car-
quois. Grâce à elle, j’ai pu rencontrer mes directeurs, et son soutien m’a donné la chance
de pouvoir terminer cet écrit à l’Institut Fourier. Je la remercie désormais d’avoir accepté
d’être examinatrice pour ma thèse. Je remercie Ana-Maria Castravet et Emily Cliff d’avoir
accepté de faire partie du jury de ma thèse. Elles ont, par leur investissement respectif
dans les équipes française et canadienne, participé à mon intégration dans le monde de
la recherche.

Je tiens à remercier ma fratrie mathématique. Tout d’abord Monica, qui a sumemon-
trer l’exemple, puis Esha et Judith, dont les nombreuses présentations me furent pré-
cieuses. Merci à mes camarades du Laboratoire de Mathématiques de Versailles: Ernest,
Maria, Danil, Taher, Lucas, Davide.

Et du côté québécois, merci à toi Sunny pour m’avoir fait découvrir ton pays et ta
culture. Merci pour ces heures de discussions passionnées, à explorer lesmathématiques
et bien plus encore.

Enfin, je remercie ma famille pour son soutien inconditionnel. À mes parents Marie-
Christine et Christophe pour leur bienveillance et leur absolue confiance. À ma soeur
Manon, dont la joie de vivre a su me retrouver partout sur cette planète. Et à toi D’zoara,
dont la présence aimante à mes côtés a rendu ce travail possible.

Cette thèse a été financée par une bourse de l’Institut des Sciences Mathématiques et
une bourse de l’Action Doctorale Internationale 2021 de l’IDEX Université Paris-Saclay, et
a bénéficié du Programme Vivaldi de la Fondation Mathématique Jacques-Hadamard. Je
tiens également à remercier le Département de Mathématiques de l’Université de Sher-
brooke pour son accueil et son support financier.



Contents

Introduction en français 7
0.1 Contexte . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
0.2 Résultats principaux . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

0.2.1 Résultats principaux du Chapitre 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
0.2.2 Résultats principaux du Chapitre 3 . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1 Introduction 6
1.1 Context . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.2 Gentle algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
1.3 Reminder on A∞-categories . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.3.1 Localization and homotopy transfer . . . . . . . . . . . . . . . . . . . . . . . . . . 14
1.3.2 Differential graded categories . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

1.4 Topological Fukaya categories, after [HKK17] . . . . . . . . . . . . . . . . . . . . . . . . . 19
1.4.1 From Fukaya categories of graded marked surfaces to gentle algebras . . . . . . 19
1.4.2 From gentle algebras to Fukaya categories . . . . . . . . . . . . . . . . . . . . . . 24
1.4.3 Localizations of the topological Fukaya category at a collection of arcs . . . . . . 27

1.5 Main results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
1.5.1 Main results of Chapter 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
1.5.2 Main results of Chapter 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

2 Recollements for graded gentle algebras from spherical band objects 35
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

2.1.1 Definitions and main results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
2.1.2 Graded pinched gentle algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

2.2 Recollections on DG categories . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
2.3 Spectral sequences and Drinfeld quotients . . . . . . . . . . . . . . . . . . . . . . . . . . 41
2.4 Admissible dissections and graded pinched gentle algebras . . . . . . . . . . . . . . . . 44

2.4.1 Adapted admissible dissections . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
2.4.2 Graded marked surfaces with conical singularities . . . . . . . . . . . . . . . . . 48

2.5 Formality of the quotient . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
2.5.1 A quasi-equivalence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
2.5.2 Computation of H∗(A/B)◦ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

2.6 Proof of the main results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57



3 Formal Generators for A∞-quotients of topological Fukaya categories 60
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

3.1.1 A∞-quotient and simple closed curve contraction . . . . . . . . . . . . . . . . . . 60
3.2 Notations for A∞-categories . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
3.3 Marked surfaces with conical singularities . . . . . . . . . . . . . . . . . . . . . . . . . . 62

3.3.1 Admissible dissections on marked surfaces with conical singularities . . . . . . . 63
3.3.2 Pinched gentle algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
3.3.3 The quiver with relations of an admissible dissection . . . . . . . . . . . . . . . . 66
3.3.4 Lifting of admissible dissections . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
3.3.5 From conical singularities to band objects . . . . . . . . . . . . . . . . . . . . . . 69

3.4 Minimal model for a generator of the topological Fukaya category . . . . . . . . . . . . 70
3.4.1 Setting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
3.4.2 Transfer of A∞-structures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
3.4.3 Setup for the homotopy transfer . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
3.4.4 The homotopy transfer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

3.5 A∞-quotient of the minimal model and formality . . . . . . . . . . . . . . . . . . . . . . 92
3.5.1 Quasi-equivalence with the localization of the topological Fukaya category . . . 93
3.5.2 Formality of the A∞-quotient and description of its homology . . . . . . . . . . . 94
3.5.3 Basis for pinched gentle algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

3.6 Example of silting objects . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
3.6.1 From 3 generators to 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

Bibliography 115



Introduction en français

0.1 Contexte
L’objectif de cette thèse est d’obtenir une description simplifiée du quotient de la catégorie de

Fukaya topologique d’une surface marquée, par une collection d’objets sphériques. Géométrique-
ment ces objets correspondent à des courbes fermées simples disjointes sur la surface, et prendre
le quotient revient à contracter chacune de ces courbes en un point. L’exemple d’une courbe fermée
simple sur un cylindre est représenté sur la Figure 0.1.1.

Figure 0.1.1: Une courbe fermée simple (bleue) sur une surface marquée, et la surfacemarquée avec singularité conique obtenue par contraction.
Dans [Jef22], l’auteur considère une fibration symplectique f : X → C d’hypersurfaces, où seule

f−1(0) est singulière. Il y définit la catégorie de Fukaya enroulée de la fibre singulière comme étant
le quotient de la catégorie de Fukaya enroulée d’une fibre proche, par une sous-catégorie induite par
le foncteur de monodromie. Notre travail peut être vu comme l’étude d’un analogue algébrique de
cette construction dans le cas des surfaces, avec pour objectif de donner une expression explicite du
quotient comme catégorie dérivée parfaite d’une algèbre donnée par générateur et relations. Cela
nous conduira à travailler avec la classe des algèbres aimables.

Depuis leur introduction [AH81,AH82,AS87], les algèbres aimables se sont avérées être liées à de
nombreux autres domaines des mathématiques. Leur théorie des représentations a été largement
étudiée, par exemple dans [WW85, GP68, BR87, Cra89, Kra91]. Ayant pour origine la théorie des al-
gèbres amassées provenant de surfaces triangulées [FG09, FST08], des modèles géométriques pour
les algèbres aimables ont ensuite été développés dans des directions diverses [Lab09,ABCP10,BCS21].

Les algèbres aimables sont également apparues dans le contexte de la symétrie miroir homologi-
que en tant qu’algèbres d’endomorphismes de générateurs formels de catégories de Fukaya topologi-

1



Chapter 0. Introduction en français

ques de surfaces graduées marquées [HKK17]. Réciproquement, dans des travaux tels que [LP20,
OPS25,PPP19,BCS21], à toute algèbre aimable graduée est associée une surfacemarquéemunie d’une
dissection admissible graduée. Dans le cas où l’algèbre est homologiquement lisse, [LP20] donne une
équivalence entre la catégorie dérivée bornée de l’algèbre et la catégorie de Fukaya topologique de la
surface marquée graduée associée. En se basant sur la description de la catégorie dérivée bornée de
l’algèbre aimable donnée dans [BM03,BD05, ALP16, ÇPS19, ÇPS21], il est montré dans [OPS25] que la
surface marquée avec dissection admissible sert de modèle pour les objets indécomposables, pour
les morphismes irréductibles et leurs cônes, ainsi que pour les triangles d’Auslander-Reiten.

Cesmodèles géométriques ont depuis eu de nombreuses applications dans l’étude des catégories
dérivées bornées d’algèbres aimables graduées. Par exemple, en généralisant un invariant dérivé
numérique donné dans [AG08] (voir aussi [BH07]), ils ont permis d’établir un invariant dérivé complet
pour ces algèbres [LP20,APS23,Opp19, JSW25,Opp25].

Plus généralement, de nombreuses opérations algébriques sur la catégorie dérivée trouvent une
interprétation géométrique au niveau de la surface modèle. Ce fut le cas par exemple dans [CS23,
CJS23, JSW25] où il est montré, entre autres, que la mutation bousculante correspond à un retourne-
ment de la diagonale dans un quadrilatère. Un autre exemple est donné dans [Opp19], avec la de-
scription des twists sphériques de la catégorie dérivée comme twists de Dehn sur la surface.

L’étude de la localisation par un arc de bord a été faite dans [HKK17], et utilise la localisation des
catégories A∞ strictement unitaires introduites dans [LO06]. Plus généralement, une étude de la
localisation par une collection admissible d’arcs a été faite dans [CS23, CJS23]. Il y est montré que la
surface obtenue en découpant le long des arcs donne lieu à un recollement au niveau des catégories
dérivées.

Dans cette thèse, nous étudions la localisation par une collection de courbes fermées simples dis-
jointes. Une telle courbe correspond à un objet de la catégorie de Fukaya, qui s’avère être sphérique
au sens de [ST01]. Introduits dans un premier temps pour construire des actions catégoriques du
groupe des tresses (voir aussi [KS02,GTW17,AL17,Opp19] pour d’autres actions similaires), les objets
sphériques jouent désormais un rôle important dans l’étude des catégories triangulées.

Un de nos objectifs sera de motiver l’idée qu’un tel quotient par un objet sphérique peut jouer
le rôle d’une catégorie de Fukaya topologique pour la surface singulière obtenue en contractant la
courbe fermée simple correspondante.

0.2 Résultats principaux
Dans cette section le corps de base est supposé être de caractéristique zéro.

0.2.1 Résultats principaux du Chapitre 2
Dans le Chapitre 2, nous étudions la localisation de la catégorie dérivéeD(Λ) d’une algèbre aima-

ble graduée Λ, par un objet de bande sphérique. Nous montrons que cette localisation est équiva-
lente à la catégorie dérivée d’une algèbre Λ(α,β) (Théorème 2.1.3), et cela nous conduit à définir une
classe d’algèbres données par carquois et relations, que nous appelons algèbres aimables contractées
(Définition 2.1.6).
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0.2. Résultats principaux

La notion de surface marquée avec singularités coniques est introduite dans la Définition 2.4.8 et
la Remarque 2.4.9, comme étant l’espace topologique obtenu par la contraction d’une collection de
courbes fermées simples disjointes sur une surfacemarquée lisse. La notion de dissection admissible
simple graduée sur une surface marquée avec singularités coniques y est également définie et nous
montrons la proposition suivante:
Proposition 0.2.1 (Proposition 2.4.10) Les carquois aimables contractés gradués sont en bijection avec les
surfaces marquées avec singularités coniques munies d’une dissection admissible simple graduée.

La Définition 2.1.9 donne une procédure pour obtenir une nouvelle algèbre aimable contractée
Λ(α,β) à partir d’une algèbre aimable contractée Λ contenant un sous-carquois d’un certain type, ap-
pelée Kronecker acyclique gradué et notée (α, β). De plus, chaque Kronecker acyclique gradué donne
lieu à un objet de per(Λ), appelé objet de bande supporté sur (α, β). Le résultat principal est le suiv-
ant:
Théorème 0.2.2 (Théorèmes 2.1.11 et 2.1.10) SoitΛ une aglèbre aimable contractée contenant un Kronecker
acyclic gradué (α, β). Il y a un recollement:

D(Λ(α,β)) D(Λ) D(K[x]/(x2)) ,

où x est de degré 1. Cela induit une équivalence triangulée:

per(Λ)/thick(B) ≃ per(Λ(α,β)),

où B est un objet de bande supporté sur (α, β).

Soit Λ une algèbre aimable contractée graduée, et SΛ la surface marquée avec singularités coni-
ques associée munie d’une dissection admissible simple graduée. On peut appliquer le Théorème
0.2.2 pour décrire la localisation de per(Λ) par une courbe fermée simple γ de nombre d’enroulement
zéro sur SΛ (ne passant pas par une singularité), de la manière suivante.

En appliquant le Théorème 0.2.2 un nombre fini de fois, per(Λ) peut être réalisé comme un quo-
tient de la catégorie dérivée parfaite d’une algèbre aimable Λ̂. Les équivalences dérivées pour Λ̂
données par [HKK17](Proposition 3.2) nous permettent de montrer la Proposition 2.4.3 qui dit que
Λ est dérivée équivalente à une algèbre aimable contractée graduée Λ′ pour laquelle γ correspond
à un objet de bande supporté sur un Kronecker acyclique gradué (α, β). On peut alors appliquer le
Théorème 0.2.2.

Le Théorème 0.2.2 est prouvé de la manière suivante. Nous réalisons d’abord D(Λ) comme la
catégorie dérivée D(A) d’une catégorie DG A contenant une sous-catégorie strictement pleine et
formelle B d’homologieK[x]/(x2), avant d’appliquer le Théorème 1.4.13. La Proposition 2.5.5 montre
que le quotient DGA/B est formel et donne une description explicite de sa catégorie cohomologique.
Le calcul est basé sur l’utilisation d’une suite spectrale sur les espaces de morphismes d’un quotient
DG, dont la première page est décrite en toute généralité dans la Proposition 2.3.4. On note en pas-
sant que le calcul des autres pages, effectué dans la Proposition 2.5.10, est rendu possible par le fait
que l’objet B est sphérique, et bénéficie donc d’une homologie simple. Enfin, nous montrons dans le
Lemme 2.6.2 queH∗(A/B) est Morita équivalente à l’algèbre aimable contractée Λ(α,β).

3



Chapter 0. Introduction en français

0.2.2 Résultats principaux du Chapitre 3
Le Chapitre 3 généralise les résultats obtenus dans le Chapitre 2 en élargissant la classe des al-

gèbres aimables contractées et en les réalisant comme générateurs formels de localisations, par des
objets sphériques, de catégories de Fukaya topologiques de surfaces marquées graduées.

La stratégie utilisée ici diffère de celle utilisée dans le Chapitre 2 par le fait que nous travaillons
cette fois avec un enrichissement A∞ du quotient triangulé. Cependant, même si les preuves sont
différentes, le calcul de l’homologie d’un générateur formel est similaire (on pourra comparer la déf-
inition de Ψ dans la preuve de la Proposition 2.5.10, et celle de T dans la Notation 3.5.6).

Premièrement, la classe des algèbres aimables contractées est définie (Définition 3.3.2) en général-
isant celle donnée en Définition 2.1.6, et la notion de dissection admissible sur une surface marquée
avec singularités coniques est introduite, généralisant celle de dissection admissible simple de la Déf-
inition 2.4.8.

Ensuite, la Sous-section 3.3.3 associe un carquois aimable contracté avec relations (Q, I) à chaque
dissection admissible graduée A d’une surface marquée avec singularités coniques S. La catégorie
FA(S) est alors définie comme étant la catégorie de chemins P(Q, I) dont les objets sont Q0 et lesespaces de morphismes sont P(Q, I)(i, k) = ek(KQ/⟨I⟩)ei (Définition 3.3.6).Supposonsmaintenant que S est une surfacemarquée ayant une singularité conique obtenue en
contractant une courbe fermée simple γ de nombre d’enroulement zéro, sur une surface marquée
graduée lisse Ŝ. Soit A une dissection admissible sur S. La Sous-section 3.3.4 donne une manière
naturelle de relever A en une dissection admissible Â de Ŝ. Notre théorème principal est le suivant:
Théorème 0.2.3 (Theorem 3.5.3) Il y a une équivalence de Morita:

FA(S)→ D(F(Ŝ)|B).

IciD(F(Ŝ)|B) désigne le quotientA∞ (voir Définition 1.3.11) de la catégorie de Fukaya topologique
F(Ŝ) de Ŝ par la sous-catégorie pleine B supportée sur les objets isomorphes à des éléments de
thick(B) après passage en homologie zéro, B désignant un objet de bande sphérique associé à γ
(voir Sous-section 3.3.5).

Puisque la Proposition 3.2 de [HKK17] dit que la classe d’équivalence de Morita de FÂ(Ŝ) est in-dépendante de Â, une conséquence immédiate du Théorème 0.2.3 est que ce résultat est aussi vrai
pour FA(S) (pour des choix de dissections admissibles graduées A sur S induisant une même gra-
dation sur Ŝ). De plus, des calculs non inclus dans cette thèse suggèrent que ce théorème peut être
utilisé pour classifier les objets indécomposables de FA(S)

tr en terme de courbes graduées sur S,
en analogie avec [HKK17](Théorème 4.3). Inspiré par [HKK17], nous appelons F(S) := TwFA(S) lacatégorie de Fukaya topologique de S.

En itérant la preuve du théorème 0.2.3, il est possible d’obtenir un enoncé portant sur des surfaces
marquées avec plusieurs singularités coniques.

Le théorème 0.2.3 est démontré de la manière suivante. D’après le Lemme 3.5.2, la dissection
admissible A (vue comme un sous-ensemble de Â) génère D(F(Ŝ)|B). Cela permet de définir une
sous-catégorie pleine A de F(Ŝ) qui induit un générateur de D(F(Ŝ)|B) en prenant un quotient A∞
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de la forme D(A|B). Afin de simplifier la description de D(A|B) nous calculons dans la Proposi-
tion 3.4.8 unmodèleminimal pourA, notéH∗A. Cela induit un nouveau générateurD := D(H∗A|B)

de D(F(Ŝ)|B), qui d’après la Proposition 3.5.10 est formel. Comme ce fut le cas dans le Chapitre 2,
le calcul de H∗D est rendu possible par le fait que B est un objet sphérique et qu’il bénéficie donc
d’une homologie simple (voir la preuve de Proposition 3.5.7). Finalement, le Théorème 3.5.11 décrit la
catégorie cohomologique de D comme étant la catégorie des chemins sur le carquois aimable con-
tracté associé à A, c’est-à-dire comme étant FA(S). Le diagramme de la Sous-section 3.1.1 résume la
situation.

Une première base pour les algèbres aimables contractées est donnée dans la Remarque 3.5.14.
La Proposition 3.5.15 en donne une deuxième, obtenue par une application du lemme du diamant de
Bergman. Elle est ensuite utilisée dans la preuve du Théorème 3.5.11.

La dernière Section 3.6 donne un exemple de catégorie de Fukaya topologique (triangulée) d’une
surfacemarquée contractée, qui contient deux objets bousculants ayant un nombre différent de com-
posantes directes indécomposables. Cela montre que [AI12](Corollaire 2.28) n’est en général pas vrai
lorsque la catégorie triangulée n’est pas supposée être Krull-Schmidt.
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Chapter 1

Introduction

1.1 Context
The aim of this thesis is to describe the partially wrapped Fukaya category of a graded marked

surface after taking a quotient by certain spherical objects. Geometrically, such an object corresponds
to a closed curve on the surface, and taking the quotient will amount to contracting the curve.

Figure 1.1.1: A marked surface with a simple closed curve (blue), and itsmarked surface with conical singularities obtained by contraction.
In [Jef22], the author considers families f : X → C of symplectic manifolds with a singular fiber

over 0, and defines the wrapped Fukaya category of the singular fiber to be a certain localization of
the Fukaya category of a nearby fiber. Our work can be seen as an algebraic analogous construction
in which we seek an explicit description of the localization. We will do this through the use of gentle
algebras.

Since their introduction [AH81,AH82,AS87], gentle algebras were found to be linked tomany other
areas of mathematics. Their representation theory has been widely studied, in particular in [WW85,
GP68, BR87, Cra89, Kra91]. Originating in the theory of cluster algebras from triangulated surfaces
[FG09, FST08], geometric models for gentle algebras have been developed in numerous directions
[Lab09,ABCP10,BCS21].

Gentle algebras also arose in the context of Homological Miror Symmetry as endomorphism alge-
bras of formal generators in partially wrapped Fukaya categories of gradedmarked surfaces [HKK17].
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Conversely, in works such as [LP20,OPS25,PPP19,BCS21], to any graded gentle algebra is associated a
graded marked surface with graded admissible dissection. In the homologically smooth case, [LP20]
showed that the bounded derived category of the algebra in equivalent to the partially wrapped
Fukaya category of the associated graded marked surface. Moreover, based on the description of
the bounded derived category of gentle algebra given in [BM03,BD05,ALP16,ÇPS19,ÇPS21], it is shown
in [OPS25] that the marked surface with admissible dissection serves as a model for the indecompos-
able objects, the irreducible morphisms and their cones, and the Auslander-Reiten triangles.

These geometric models have since been fruitful for the study of the bounded derived cate-
gories of gentle algebras. For example, this led to a complete derived invariant for graded gentle
algebras [LP20,APS23,Opp19,JSW25,Opp25], generalizing a numerical derived invariant of [AG08](see
also [BH07]).

More generally, many algebraic operations on the derived category find an interpretation in terms
of transformations at the level of the surface model. For example, [CS23, CJS23, JSW25] illustrated
the usefulness of this correspondence in the study of the silting theory of the derived category. In
particular, silting mutation corresponds to the changing of graded arcs and in some cases to the
flipping of diagonals in a quadrilateral. Another example is the correspondence established in [Opp19]
between spherical twists of the derived category and Dehn twists on the surface.

The study of the localization at a boundary arc was done in [HKK17], relying on the localization
of strictly unital A∞-categories introduced in [LO06]. A more general study of such localization at an
admissible collection of arcs was done in [CS23,CJS23]. It is shown that the surface obtained by cutting
along the arcs, and what the authors call the surface obtained by supporting along the arcs, give rise
to a recollement at the level of the derived categories.

In this thesis we study the localization at a simple closed curve. Such a curve corresponds to a
spherical object in the Fukaya category. Spherical objects were introduced in [ST01] in order to con-
struct categorical actions of the braid group. Since then, they have been shown to play an important
role in the study of triangulated categories, and further similar braid group actions were investigated
(see for instance [ST01,KS02,GTW17,AL17,Opp19] for more details).

One of our objectives is to motivate the fact that such a quotient by a spherical object can play
the role of a topological Fukaya category for the singular surface obtained by contracting the corre-
sponding simple closed curve.

The rest of this chapter is structured as follows. Section 1.2 introduces the class of gentle algebras
and states the classification theorem of [BM03] for indecomposable objects in the bounded derived
category of a gentle algebra. In Section 1.3, basic definitions and properties regarding A∞-categories
are introduced. In particular, a special case of the A∞-localization defined in [LO06] is presented, as
well as the notion of homotopy transfer. Subsection 1.3.2 translates some of the concepts introduced
for A∞-categories to the context of differential graded categories. The Section 1.4 is devoted to the
topological Fukaya categories of a graded marked surfaces, as defined in [HKK17]. After introducing
the relevant definitions and properties, we describe how to obtain a gentle quiver from a full formal
arc system. Reciprocally, we explain in subsection 1.4.2 how to construct a graded marked surface
from a graded gentle algebra. We also present some aspects of the geometric model given by the
surface for the bounded derived category of the gentle algebra, following [OPS25]. The next sub-
section, 1.4.3, states the recollement of [CJS23] obtained by cutting the surface along a collection of
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disjoint arcs. We finally present in Section 1.5 the results obtained in Chapter 2 and 3.

1.2 Gentle algebras
In this section we recall the definition of a gentle algebra as well as the classification of indecom-

posable objects in its bounded derived category. Throughout we work with ungraded algebras. The
classification in the graded case is given in [OPS25](Corollary C.2) (see Subsubsection 1.4.2.2).

Let K be a field, Q a finite connected quiver and I an admissible ideal of the path algebra KQ.
We consider right modules, and read paths from right to left. Each morphism between two indecom-
posable projective modules Pi and Pj is given by a linear combination of paths in Q that goes from i

to j.
Definition 1.2.1 A bound quiver (Q, I) is gentle if the following conditions are satisfied:

(1) Each vertex of Q is the source of at most two arrows and the target of at most two arrows,

(2) For each arrow α of Q, there is at most one arrow β such that βα is a path and βα /∈ I and at most
one arrow γ such that αγ is a path and αγ /∈ I ,

(3) For each arrow α of Q, there is at most one arrow δ such that δα is a path and δα ∈ I and at most
one arrow ε such that αε is a path and αε ∈ I ,

(4) The ideal I is generated by paths of length 2.

A finite dimensional algebra Λ is gentle if it is isomorphic to an algebra of the form KQ/I with (Q, I) a
gentle bound quiver.

A possibly infinite dimensional algebra of the form KQ/I for a quiver Q and an ideal I of KQ
satisfying the above definition is called a locally gentle algebra.

Indecomposable objects in the bounded derived category of a gentle algebra were classified in
terms of homotopy strings and bands in [BM03]. Our notations are based on [ALP16](Section 2) and
[OPS25](Section 2.1).

Let (Q, I) be a gentle bound quiver, and let s and t be the source and target maps of Q. For each
arrow α ∈ Q1 we introduce its formal inverse α, given by s(α) = t(α) and t(α) = s(α). The set of
formal inverses is denoted by Q1 and we view the operation a 7→ a has an involution on Q1 ⊔ Q1 bysetting a = a. Note that for a concatenation of paths ρ2ρ1 in Q, the formal inverse is ρ2ρ1 = ρ1 ρ2.
Definition 1.2.2

(1) A direct string is either a trivial path or a path a = an . . . a1 with each ai inQ1, and such that a /∈ I .

(2) An inverse string is a path b = b1 . . . bn with each bi in Q1, and such that b /∈ I .

(3) A finite (reduced) homotopy string is a concatenation σ = σr . . . σ1 with t(σi) = s(σi+1) for all
1 ≤ i ≤ r − 1, where:
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(a) Each σi is a direct or inverse string,

(b) If σi and σi+1 are both direct, then σi+1σi ∈ I ,

(c) If σi and σi+1 are both inverse, then σi+1σi ∈ I ,

(d) For 1 ≤ i ≤ r − 1, σi ̸= σi+1.

(4) A homotopy band is a finite homotopy string σ = σr . . . σ1 with t(σi) = s(σi+1) for 1 ≤ i ≤ r − 1,
such that:

(a) σ has an equal number of direct and inverse strings σi,

(b) t(σr) = s(σ1) and σr ̸= σ1,

(c) σ ̸= τm for some homotopy string τ , andm ≥ 2.

(5) A left infinite homotopy string is an infinite concatenation σ = . . . σ2σ1 satisfying:

(a) For all k ≥ 1, σk . . . σ1 is a homotopy string,

(b) There exists j ≥ 1 such that . . . σj+1σj is periodic and for all i ≥ j, σi is an inverse string of
length one.

(6) A right infinite homotopy string σ = σ−1σ−2 . . . is the inverse τ of some left infinite homotopy string
τ .

(7) A two-sided infinite homotopy string is a sequence . . . σ1σ0σ−1 . . . where . . . σ1σ0 (resp. σ0σ−1 . . .)
is a left (resp. right) infinite homotopy string.

For simplicity, we call here a finite homotopy string what is called a finite reduced homotopy string
in [OPS25]. This property corresponds to the assumption σi ̸= σi+1. An infinite homotopy string will
refer to a right, left, or two-sided homotopy string, and a homotopy string will refer to a finite or
infinite homotopy string.
Definition 1.2.3

(1) A graded finite homotopy string (σ, µ) is a finite homotopy string σ = σr . . . σ1 together with a
sequence of integers µ = (µr, . . . , µ0) satisfying for i ̸= r:

µi+1 =

{
µi + 1 if σi+1 is a direct string,
µi − 1 if σi+1 is an inverse string.

(1.1)

(2) A graded infinite homotopy string (σ, µ) is an infinite string σ together with a sequence of integers
µ = (µi) satisfying Equation 1.1 for all i.

(3) A graded homotopy band (σ, µ) is a homotopy band σ = σr . . . σ1 together with a sequence of
integers µ = (µr, . . . , µ0) satisfying Equation 1.1 for i ̸= r. Note that the definition of a homotopy
band ensures that µr = µ0.

9



Chapter 1. Introduction

The sequence of integers µ is called a grading. The shift µ[1] of a grading µ is the grading defined by
µ[1]i = µi − 1.

The choice of a grading on σ is determined by the choice of an integer µ0. One can associate
to each graded homotopy string or band a complex in the bounded derived category of the gentle
algebra as follows. We use the cohomological convention for complexes.
Definition 1.2.4 [BM03](Section 4)

(1) Let (σ, µ) be a graded homotopy string. The string object associated to (σ, µ) is the complex P •
(σ,µ)

ofDb(mod Λ) defined by:

(a) For k ∈ Z,
P k
(σ,µ) =

⊕
µi=k

Pvi ,

where vi is the target of σi or the source of σi+1, whichever is well-defined,

(b) The differential has components σi : Pvi−1 → Pvi when σi is direct and σi : Pvi → Pvi−1 when
σi is inverse.

(2) Let (σ, µ) be a graded homotopy bandwith σ = σr . . . σ1, letM be an indecomposableK[X]-module
of finite dimension dimKM = m, and let J be thematrix of themultiplication byX in a chosen basis.
The band object associated to (σ, µ, J) is the complex P •

(σ,µ,J) ofD
b(mod Λ) defined by:

(a) For k ∈ Z,
P k
(σ,µ,J) =

⊕
µi=k
i ̸=r

P⊕m
vi ,

where vi is defined as before,

(b) For i ̸= r, the differential has a component σiIm : P⊕m
vi−1

→ P⊕m
vi when σi is direct and a

component σiIm : P⊕m
vi → P⊕m

vi−1
when σi is inverse, where Im is the identity matrix,

(c) For i = r, σr induces a component σrJ : P⊕m
vr−1

→ P⊕m
v0 when it is direct and a component

σrJ : P⊕m
v0 → P⊕m

vr−1
when it is inverse.

WhenK is algebraically closed, one can choose a basis ofM such that J is the Jordan block Jm(λ)

of sizem, associated to the scalar λ ∈ K. The elementsm and λ are called the parameters of the band
object P •

(σ,µ,Jm(λ)).

Let ind(Db(mod-Λ)) be a set of representatives for the isomorphism classes of indecomposable
objects in the bounded derived categoryDb(mod-Λ) of a gentle algebra Λ = KQ/I .

Let St be a set of representatives for the graded homotopy strings of (Q, I) under the equivalence
relation identifying a string with its inverse and let Ba be a set of representatives for the graded
homotopy bands of (Q, I) under the equivalence relation identifying a band with its cyclic rotations
and their inverses.

The following is a reformulation in our notations of the classification theorem of [BM03].
10
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Theorem 1.2.5 [BM03](Theorem 3) Suppose thatK is algebraically closed. There is a bijection:

ind(Db(mod Λ))
1−1←→ St ⊔ (Ba×K∗ × N∗)

associating a graded homotopy string or band to the object defined in Definition 1.2.4.

1.3 Reminder on A∞-categories
We recall the definition of an A∞-category and its category of twisted complexes, and present a

notion of A∞-localizations and homotopy transfer. This exposition is based on [Sei08,HKK17,AP24].
Definition 1.3.1 AZ-graded category withoutmultiplicationsA is given by a class of objectsOb(A), and
by a Z-graded K-vector space A(X,Y ) for each pair of objects X,Y in Ob(A), called morphism space.
The set of homogeneous morphisms are denoted Ak(X,Y ) for k ∈ Z, and the degree of an element a of
this set is denoted |a| = k. The reduced degree of a is ∥a∥ = |a| − 1.

An A∞-category is the data of a Z-graded category without multiplications A, together with linear
maps:

µn : A(Xn−1, Xn)⊗ . . .⊗A(X0, X1)→ A(X0, Xn)

of degree 2 − n, for each integer n ≥ 1 and collection X0, . . . , Xn of objects of A. Moreover, these maps
should satisfy the A∞-relations:∑

0≤k, 1≤j
k+j≤n

(−1)∥ak∥+...+∥a1∥µn−j+1(an, . . . , ak+j+1, µ
j(aj+k, . . . , ak+1), ak, . . . , a1) = 0

for all homogeneous morphisms a1, . . . , an.
The µn are called the higher multiplications of A, and we say that the Z-graded category without mul-

tiplications A is endowed with the A∞-structure µn. When several A∞-category are under consideration,
we write µnA to specify the underlying Z-graded category without multiplications.

A morphism eY ∈ A0(Y, Y ) is a unit if:
- For allX,Z in A and homogeneous morphisms a ∈ A(X,Y ) and b ∈ A(Y, Z),

µ2(a, eY ) = a and µ2(eY , b) = (−1)|b|b,

- For n ̸= 2, µn(. . . , eY , . . .) = 0.

The A∞-category A is said to be strictly unital if each object admits a unit.
Units are necessarily unique. Note that the A∞-relation for n = 1 says that µ1 is a differential on

eachA(X,Y ). LetH∗A(X,Y ) be the cohomology ofA(X,Y ), seen as a complex with differential µ1.
Definition 1.3.2 The cohomological category of a strictly unitalA∞-categoryA is the Z-graded category
H∗A whose objects are given by Ob(H∗A) = Ob(A) and whose morphism spaces are the cohomology
spacesH∗A(X,Y ). The composition is given by:

[a2][a1] := (−1)|a1|µ2(a2, a1).

LetH0A be the category obtained by keeping only the cohomology spaces in degree zero.
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Note that the associativity of the composition is ensured by theA∞-relation for n = 3, since µ1 is zero
in homology.
Definition 1.3.3 An A∞-functor F between two A∞-categories A and B is the data of a map F from
Ob(A) to Ob(B), and of linear maps:

Fn : A(Xn−1, Xn)⊗ . . .⊗A(X0, X1)→ B(F(X0),F(Xn))

of degree 1− n, for each integer n ≥ 1 and collection of objectsX0, . . . , Xn ofA. These maps must satisfy
the following relations:∑

1≤r

∑
1≤s1,...,sr

s1+...+sr=n

µrB(Fsr(an, . . . , an−sr+1), . . . ,Fs1(as1 , . . . , a1))

=
∑

0≤k, 1≤j
k+j≤n

(−1)∥ak∥+...+∥a1∥Fn−j+1(an, . . . , ak+j+1, µ
j
A(ak+j , . . . , ak+1), ak, . . . , a1),

for all homogeneous morphisms a1, . . . , an. The composition of two A∞-functors F : A → B, G : B → C
is given by:

(G ◦ F)n(an, . . . , a1) =
∑
1≤r

∑
1≤s1,...,sr

s1+...+sr=n

Gr(Fsr(an, . . . , an−sr+1), . . . ,Fs1(as1 , . . . , a1)).

If A and B are strictly unital, F is said to be strictly unital if for all units eX of X in Ob(A), one has
F1(eX) = eF(X) and Fn(. . . , eX , . . .) = 0 for n ≥ 2.

An A∞-functor F satisfying Fn = 0 for n > 1 is said to be strict.
A strictly unital A∞-functor F : A → B induces a K-linear graded functor H∗F : H∗A → H∗B

defined byH∗F([a]) := [F1(a)], which restricts to a functorH0F : H0A → H0B.
Definition 1.3.4 A strictly unital functor F : A → B is a quasi-equivalence of A∞-categories if the
induced functorH∗F is an equivalence of categories.

An A∞-category A is formal if it is quasi-equivalent toH∗A (seen as an A∞-category).
Given an A∞-categoryA, one can construct its A∞-category of twisted complexes TwA. The first

step is to pass to the additive enlargement.
Definition 1.3.5 Let A be an A∞-category. The additive enlargement of A is the A∞-category addZA
whose:

- Objects are given by formal direct sums
⊕

X∈Ob(A) VX ⊗X where VX is a finite dimensional graded
vector space and where only finitely many VX are non-zero.

- Morphism spaces are given by:

addZA(VX ⊗X,VY ⊗ Y ) := HomK(VX , VY )⊗K A(X,Y ),

and its extension to direct sums by additivity.
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- Higher multiplications are given by:

µnaddZA(φn ⊗ an, . . . , φ1 ⊗ a1) = (−1)
∑

1≤i<j≤n

|φi|∥aj∥
φn ◦ . . . ◦ φ1 ⊗ µnA(an, . . . , a1). (1.2)

for all homogeneous morphisms φ1 ⊗ a1, . . . , φn ⊗ an.

Notations 1.3.6 For d ∈ Z, let K[d] be the graded vector space with only K in degree d. For X in A, let
X[d] := K[d]⊗X in addZA. By letting: ⊕

X∈Ob(A)

VX ⊗X

⊕
 ⊕

X∈Ob(A)

WX ⊗X

 :=
⊕

X∈Ob(A)

(VX ⊕WX)⊗X,

every object of addZA can be seen as a finite direct sum of objects of the formX[d]. Moreover, morphisms
in addZA(X[d], Y [c]) are of the form λsc−d⊗a, where λ ∈ K , a is inA(X,Y ), and sd ∈ Hom−d(K,K[d])

is induced by the identity. We usually write A(X[d], Y [c]) instead of addZA(X[d], Y [c]).

Definition 1.3.7 LetA be anA∞-category. The A∞-category TwA of twisted complexes overA is given
by:

- Objects are pairs (W, δ), called twisted complexes, where W is an object of addZA and δ is a
morphism in addZA1(W,W ), such that:

· W admits a decompositionW =
⊕

1≤i≤rWi for which δ is strictly upper triangular,

· The (finite by the previous assumption) sum
∑

n∈N∗
µnaddZA(δ, . . . , δ) is zero.

- Morphism spaces are given by:

TwA((W, δ), (Z, ε)) := addZA(W,Z).

- Higher multiplications are given by:

µnTwA(an, . . . , a1) =∑
0≤k1,...,kn

µn+k1+...+kn
addZA (δn, . . . , δn, an, δn−1, . . . , δn−1, an−1, . . . , a1, δ0, . . . , δ0), (1.3)

where each ai is in TwA((Wi−1, δi−1), (Wi, δi)), and each sequence (δi, . . . , δi) between ai and ai+1

is of length ki ∈ Z≥0. Once again, choosing the δi to be strictly upper triangular shows that this sum
is finite.

The morphism δ is called the differential of the twisted complex (W, δ). Sending the objects of A
to twisted complexes concentrated in degree zero defines an embedding of A into TwA.

When A is strictly unital, so is TwA with identity matrices as units. A functor F : A → B which is
strictly unital induces a strictly unital functor TwF : TwA → TwB. See [Sei08](Subsection (3m)) for
the details of this construction. Moreover, we have the following proposition:

13
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Proposition 1.3.8 [Sei08](Lemma 3.25) If F : A → B is a quasi-equivalence, then the induced functor
TwF : TwA → TwB is also a quasi-equivalence.

An A∞-functor F : A → B for which the induced functor TwF : TwA → TwB is a quasi-
equivalence is called a Morita equivalence. The construction TwA is justified by the following propo-
sition:
Proposition 1.3.9 [Sei08](Proposition 3.29) Let A be a strictly unital A∞-category. The cohomological
categoryH0TwA admits a structure of triangulated category.

The translation functor isH0S where S : TwA → TwA is the strict A∞-functor given by:(∑
i
Xi[di], δ

)
7→

(∑
i
Xi[di + 1], S(δ)

)
,

where S applied on morphisms is given by S(φ ⊗ a) = (−1)|φ|φ ⊗ a and its extension by additivity.
The distinguished triangles are the ones isomorphic to a diagram:

W0
[c]−→W1

[i]−→ Cone(c)
[p]−→ S(W0),

where
Cone(c) =

(
S(W0)⊕W1,

(
S(δW0) 0
−S(c) δW1

))
,

and i =
(

0
eW1

)
, p =

(
S(eW0) 0

), with eWk
a representative of the identity ofWk in homology. The

definition of S gives an isomorphism:
TwA0(S(W0), S(W1)) ≃ TwA1(S(W0),W1),

ensuring that S(c) as the good domain and codomain.
The category H0TwA will be denoted by Atr. For a strictly unital functor F : A → B, let F tr be

the induced functor between Atr and Btr.
Proposition 1.3.10 [Sei08](Lemma 3.30) Let F : A → B be a strictly unital functor. The induced functor
F tr is triangulated.

Thus a quasi-equivalence F : A → B induces an triangulated equivalence F tr between Atr

and Btr. Moreover, by [Sei08](Lemma 3.28 and 3.33), the inclusion TwA → Tw(TwA) is a quasi-
equivalence. Any full subcategory B of TwA that contains A induces an equivalence Atr ≃ Btr.

1.3.1 Localization and homotopy transfer
Given a strictly unital A∞-category A and a full-subcategory B, the A∞-localization D(A|B) was

introduced in [LO06]. We present here the definition given in [HKK17] (Subsection 3.5), for the special
case where B is a full subcategory of A with one object.
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1.3. Reminder on A∞-categories

Definition 1.3.11 Let A be an A∞-category and B a full subcategory of A with one object B.
The localization of A at B is the A∞-category D := D(A|B) given by:

- Objects in D are the same as those of A,

- Morphism spaces are given by a decomposition as vector spacesD(X,Y ) =
⊕

n∈N∗
D⟨n⟩(X,Y ), where

D⟨1⟩(X,Y ) = A(X,Y ) and

D⟨n⟩(X,Y ) = A(B, Y )⊗K[1]⊗ (A(B,B)⊗K[1])⊗n−2 ⊗A(X,B)

for n ≥ 2. The elements of D⟨n⟩(X,Y ) are linear combinations of terms of the form an · . . . · a1,
where a1 ∈ A(X,B), an ∈ A(B, Y ), and the other ai are in D(B,B).
The degrees in D are given by:

|an · . . . · a1| = |an|+ . . .+ |a1| − (n− 1).

Thus, ∥an · . . . · a1∥ = ∥an∥+ . . .+ ∥a1∥.

- For r ≥ 1 and 0 = n0 < n1 < · · · < nr, higher multiplications are given by:

µrD(anr · . . . · anr−1+1, . . . , an1 · . . . · a1) =∑
j≥0

1≤k≤n1
nr≥k+j≥nr−1+1

(−1)∥ak−1·...·a1∥anr · . . . · ak+j+1 · µj+1
A (ak+j , . . . , ak) · ak−1 · . . . · a1 (1.4)

Note that B becomes a zero object in H∗D since µ1D(eB · eB) = eB . Moreover when A is strictly
unital, so is D(A|B).

There are several notions of A∞-quotients. See the introduction of [BLM08] for a presentation
and for relevant references. We will see in the next subsection that when A is a differential graded
(DG) category, the A∞-quotient of [LO06] coincides with the quotient of DG categories introduced by
Drinfeld [Dri04].

In [Kad80], Kadeishvili showed that any DG algebra admits a quasi-equivalent A∞-structure on
its homology, and in fact the construction holds for an arbitrary A∞-category. More precisely, for
any A∞-categoryA, there is an A∞-structure µH∗A on the Z-graded category without multiplications
underlying the cohomological category H∗A, and a quasi-equivalence of A∞-categories from H∗A
endowed with µH∗A toA. We will present here a notion of transfer of A∞-structure following [Sei08]
(Subsection (1i)). See Remark 1.15 of this reference formore background and references on this notion.

Let A be an A∞-category such that each complex (A(X,Y ), µ1A) is split into a complex E(X,Y )

with zero differential and an acyclic complexD(X,Y ). Let T 1 be an endomorphism (of graded vector
space) ofA(X,Y ) of degree−1which vanishes onE(X,Y ) and is a chain homotopy from zero to the
identity ofD(X,Y ), that is:

µ̃1AT
1 + T 1µ̃1A = F1G1 − id,

where F1 is the inclusion of E(X,Y ) in A(X,Y ) and G1 the projection onto E(X,Y ) with respect to
this decomposition.

15
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Proposition 1.3.12 [Sei08](Proposition 1.12, Remark 1.13)
Let C be the Z-graded category without multiplications whose objects are Ob(C) = Ob(A), and mor-

phism spaces are C(X,Y ) = E(X,Y ) for all X,Y in Ob(A). The following recursive formulas give an
A∞-structure on C, as well as a quasi-equivalence F : C → A:

µnC(an, . . . , a1) =
∑
2≤r

∑
1≤s1,...,sr

s1+...+sr=n

T 1(µrA(Fsr(an, . . . , an−sr+1), . . . ,Fs1(as1 , . . . , a1))),

Fn(an, . . . , a1) =
∑
2≤r

∑
1≤s1,...,sr

s1+...+sr=n

G1(µrA(Fsr(an, . . . , an−sr+1), . . . ,Fs1(as1 , . . . , a1))).

WhenE(X,Y ) = H∗A(X,Y ) for allX and Y , anA∞-category C obtained in this way will be called
aminimal model for A.

1.3.2 Differential graded categories
Up to some signs, differential graded (DG) categories are a special case of A∞-categories. Our

main references are [Dri04,BK91,CC21].
Definition 1.3.13 A DG categoryA is aK-category where each morphism spaceA(X,Y ) is a complex of
K-vector spaces:

A(X,Y ) = (
⊕
k∈Z
A(X,Y )k, dA),

and such that the composition A(Y, Z)⊗A(X,Y )→ A(X,Z) is a chain map:

|g ◦ f | = |g|+ |f | and dA(g ◦ f) = dA(g) ◦ f + (−1)|g|g ◦ dA(f),

for f and g homogeneous, and where |g| = k for g ∈ A(Y,Z)k.
A DG functor F : A → B between two DG categories A and B is aK-linear functor such that:

F : A(X,Y )→ B(F(X),F(Y ))

is a chain map, that is |F(f)| = |f | and F(dA(f)) = dB(F(f)).

One passes from an A∞-category A with µn = 0 for n ≥ 3 to a DG category, and the other way
around, by setting:

dA(f) = (−1)|f |µ1A(f) andmA(g, f) := g ◦A f = (−1)|f |µ2A(g, f). (1.5)
The cohomological category of a DG category and the notion of quasi-equivalences between DG

categories are defined as before.
The category Apre−tr of (one sided) twisted complexes of a DG category A was introduced in

[BK91]. We use here the notations of [Dri04](Subsection 2.4).
16
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Its objects are defined as formal finite direct sums (⊕iXi[di], δ), where each Xi is in A and di in
Z, together with a strictly upper triangular differential δ = (δji) with δji ∈ A(Xi, Xj)[dj − di] homo-
geneous of degree 1, satisfying dnaive(δ) + δ2 = 0, where dnaive(δ) is obtained by applying the (shifted)differential on each component: dnaive(δ) = (dA[dj−di](δji)).The DG structure on the morphism spaces is given by the following rule:

dApre−tr(f) = dnaive(f) + η ◦ f − (−1)|f |f ◦ δ, (1.6)
where f = (fji), with each fji in A(Xi, Yj)[cj − di], is a homogeneous morphism from (

⊕
iXi[di], δ)to (

⊕
j Yj [cj ], η).One can check that this DG category coincides with theA∞-category TwA. For anA∞-categoryA

with µnA = 0 for all n ≥ 3, Equations 1.3 and 1.2 give the following formula for the differential applied
on a homogeneous element sc−d ⊗ a of A(X[d], Y [c]):

µ1TwA(s
c−d ⊗ a) = µ1addZA(s

c−d ⊗ a) + µ2addZA(η, s
c−d ⊗ a) + µ2addZA(s

c−d ⊗ a, δ).

Passing from an A∞-category to a DG category using Equation 1.5, the above equality becomes:
dTwA(s

c−d ⊗ a) = daddZA(s
c−d ⊗ a) +mTwA(η, s

c−d ⊗ a)− (−1)|sc−d⊗a|mTwA(s
c−d ⊗ a, δ). (1.7)

The morphim spaces in TwA and Apre−tr are identified by viewing a morphism sc−d ⊗ a of the
space A(X[d], Y [c]) as a morphism a of A(X,Y )[c− d], and the other way around. Since:

daddZA(s
c−d ⊗ a) = (−1)|sc−d⊗a|µ1addZA(s

c−d ⊗ a)
= (−1)d−c+|a|sc−d ⊗ µ1A(a) = (−1)d−csc−d ⊗ dA(a),

and dA[c−d](a) = (−1)c−ddA(a), Equation 1.6 and 1.7 coincide.
We recall the localization of DG categories introduced in [Dri04].

Definition 1.3.14 [Dri04](§3.1) Let B be a full subcategory of a DG category A.
The DG quotient of A by B is the DG category A/B given by:

- Objects in A/B are the same as those of A,

- Morphism spaces are given by a decomposition into a direct sum of vector spaces (but not of com-
plexes) A/B(X,Y ) =

⊕
n∈N∗ A/B⟨n⟩(X,Y ) where:

A/B⟨n⟩(X,Y ) =⊕
(Xi)∈Ob(B)n

A(Xn−1, Xn)⊗K[1]⊗A(Xn−2, Xn−1)⊗ . . .⊗K[1]⊗A(X0, X1),

with X0 = X , Xn = Y , and the sum is over all collections (Xi)1≤i≤n of objects of B. The elements
of A/B⟨n⟩(X,Y ) are linear combinaitions of elements of the form anεn−1an−1 . . . a2ε1a1, where εi
is the canonical generator ofK[1],

- The differential is given by dA/B(εi) = idXi together with the graded Leibniz rule. See Equation 1.8
for an illustration on a generic element.
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As mentioned before, when A is viewed as an A∞-category, Drinfeld’s localization coincides with
the localization of A∞-categories of [LO06]. In our case, one can see that for a full subcategory sup-
ported on one object, Definition 1.3.14 coincides with Definition 1.3.11.

Let A be a A∞-category with µnA = 0 for n ≥ 0, let B be a full subcategory of A with one object B,
and letD = D(A|B) be theA∞-localization. Equation 1.4 shows that µnD = 0 for n ≥ 3. LetA/B be the
quotient of A by B viewed as DG categories. The morphism spaces of D and A/B are identified by
viewing a morphism an · . . . · a1 of D(X,Y ) as a morphism anε . . . εa1 of A/B(X,Y ), where ε = −εB .On one side,

dA/B(anε . . . εa1)

=

n∑
k=1

(−1)|an...ak+1ε|anε . . . dA(ak) . . . εa1 +

n−1∑
i=1

(−1)|an...ai+1|anε . . . dA/B(ε)ai . . . a1

=
n∑

k=1

(−1)|an...ak+1ε|anε . . . dA(ak) . . . εa1 −
n−1∑
i=1

(−1)|an...ai+1|anε . . .mA(ai+1, ai) . . . a1.

(1.8)

On the other side, by letting ♢j−1 = ∥aj−1 · . . . · a1∥,
µ1D(an · . . . · a1)

=

n∑
k=1

(−1)♢k−1an · . . . · µ1A(ak) · . . . · a1 +
n−1∑
i=1

(−1)♢i−1an · . . . · µ2A(ai+1, ai) · . . . · a1.

The two constructions coincide since (−1)|an·...·a1|+♢j−1 = (−1)|anε...εaj |.
Since we are working over a field, the DG quotient satisfies the following property:

Theorem 1.3.15 [Dri04](Theorem 3.4) Let B be a full subcategory of a DG category A. There is a trian-
gulated equivalence:

(A/B)tr ≃ Atr/Btr.

where the right hand side denotes the Verdier localization for triangulated categories.

Example 1.3.16 Let Λ be a K-algebra and let C = proj-Λ be the category of projective Λ-modules, seen
as a DG category concentrated in degree zero. For a twisted complex X = (

⊕
iXi[di], δ) in Cpre−tr, the

component δji of the differential must be of degree one in C(Xi, Xj)[dj − di]. Thus it can be non zero
only if di = dj + 1. This shows that X is actually a complex of projective Λ-modules, where Xi[di] is in
homological degree di. The formula of dCpre−tr shows that morphisms in H0(Cpre−tr) are morphisms of
complexes up to homotopy, and thus Ctr coincides with the category of perfect complexesKb(proj-Λ). The
following theorem can be useful for the study of triangulated quotients of this category. See [Sei08](Lemma
3.32) for a similar statement for A∞-categories.

Theorem 1.3.17 [BK91](§4 - Theorem 1) LetA be a DG category, and let B be a full subcategory ofApre−tr

supported on objectsX1, . . . , Xn. There is a triangulated equivalence:

Btr ≃ ⟨X1, . . . , Xn⟩,

where ⟨X1, . . . , Xn⟩ is the smallest strictly full triangulated subcategory of Atr that contains theXi.
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LetX1, . . . , Xn be a collection of objects ofKb(proj-Λ). Taking A to be the full subcategory of Cpre−tr

supported on Ob(C) and on the Xi, and B the full subcategory of A supported on the Xi, one gets the
following equivalences:

Kb(proj-Λ)/⟨X1, . . . , Xn⟩ ≃ Atr/Btr ≃ (A/B)tr.

1.4 Topological Fukaya categories, after [HKK17]

1.4.1 From Fukaya categories of graded marked surfaces to gentle al-
gebras

1.4.1.1 Graded marked surfaces with arc systems

We recall the definition andbasic properties of the topological Fukaya category of a gradedmarked
surface as introduced in [HKK17]. This exposition is based on Sections 2.1 and 3 of this article.
Definition 1.4.1 A graded surface (S, η) is the data of a smooth oriented surface S and a section η of the
projectivized tangent bundle P(TS), called a grading.

Amorphism of graded surfaces from (S1, η1) to (S2, η2) is the data of an orientation preserving local
diffeomorphism f : S1 → S2 together with the homotopy class of an homotopy f̃ from f∗η2 to η1. The
composition of two morphisms of graded surfaces is:

(f, f̃) ◦ (g, g̃) = (f ◦ g, g̃(g∗f̃)),

where g̃(g∗f̃) is the concatenation.
A graded curve (I, γ, γ̃) in a graded surface (S, η) is the data of an immersion γ : I → S of a one

dimensional manifold I , together with an homotopy γ̃ inΓ(I, γ∗P(TS)) from the grading γ∗η to the tangent
space γ̇.

Given two (possibly equal) graded curves (I1, γ1, γ̃1) and (I2, γ2, γ̃2) intersecting transversely at a point
γ1(t1) = γ2(t2) =: p with γ̇1(t1) ̸= γ̇2(t2), their intersection index at p is defined to be the following
homotopy class in π1(P(TpS)) ≃ Z:

ip(γ1, γ2) := γ̃1(t1) · κ · γ̃2(t2)−1,

where for i = 1 and 2, γ̃i(ti) is the homotopy class of a path from η(p) to γ̇i(ti) induced by the grading γi,
and where κ is defined by the counterclockwise rotation in TpS from γ̇1(t1) to γ̇2(t2) by an angle strictly
smaller than π.

The counterclockwise rotation is the one given by the orientation of S. Note that there is an
equality ip(γ1, γ2)+ ip(γ2, γ1) = γ̃1(t1) ·κ · κ̄ · γ̃1(t1)−1 = 1, where κ̄ is induced by the counterclockwise
rotation strictly smaller than π from γ̇2(t2) to γ̇1(t1).The shift of a graded curve (I, γ, γ̃) is the graded curve (I, γ[1], γ̃[1]) where γ[1] = γ and the ho-
motopy γ̃[1] is obtained by pre-composing at each p ∈ S the homotopy γ̃, restricted to P(TpS), by the
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generator τ of π1(P(TpS)) induced by the counterclockwise rotation by an angle of π. The intersectionindex for shifted curves is given by the following equation:
ip(γ1[m], γ2[n]) = τm · γ̃1(t1) · κ · γ̃2(t2)−1 · τ−n = ip(γ1, γ2) +m− n. (1.9)

Shifting a graded curve amounts to post-composing by the shift automorphism (idS , [1]) of (S, η),which is defined in the same way.
One can resolve a crossing with intersection index one in the following way. Let γ, ρ be two graded

curves intersecting transversely at γ(x) = ρ(y) = p with intersection index ip(γ, ρ) = 1. We place
ourselves in a disk D around p. Suppose that the domain I of γ is an oriented segment from a to b
decomposing as I = I1 ∪ I2, with I1 from a to x and I2 from x to b. Orient the domain J of ρ such
that it is a segment from c to d with induced cyclic ordering (a, c, b, d), and decompose it similarly as
J1 ∪ J2. Let γi (resp. ρi) be the restriction of γ to Ii (resp. of ρ to Ji). Since γ̃(x) · κ = τ · ρ̃(y), one can
define an immersion δ whose image is homotopic to γ1 · ρ2, together with a grading δ̃ induced by γ̃
on I1 and ρ̃[1] on J2, and by inserting a linear homotopy from γ̃(x) to γ̃(x) · κ. The same construction
gives a grading on ρ1 · γ2.
Definition 1.4.2 A marked surface (S,M) is a smooth oriented surface S with boundary, together with
a set M ⊂ ∂S which is a disjoint union of closed segments or circles, called marked components, and
such that each compact connected component of ∂S contains finitely many, and at least one, connected
component ofM .

An arc on a marked surface (S,M) is a locally embedded closed interval in S which intersects trans-
versely M at its endpoints, and which is not isotopic to an interval in M by an isotopy of arc, that is by
an isotopy keeping its endpoints inM . An arc which is isotopic to the closure of a connected component of
∂S\M is called a boundary arc.

An arc system on (S,M) is a collection of pairwise disjoint non-isotopic arcs. An arc system that in-
cludes all boundary arcs and cuts S into polygons is called a full arc system.

A formal arc system is an arc system that cuts S into polygons, each containing at least one connected
component of ∂S\M in its boundary. A full formal arc system is a formal arc system that cuts S into
polygons, each containing exactly one connected component of ∂S\M in its boundary.

Amorphism ofmarked surfaces f : (S1,M1)→ (S2,M2) is an orientation preserving immersion that
satisfies the inclusion f(M1) ⊂M2 and that sends boundary arcs of S1 to disjoint non-isotopic arcs in S2.

If S is compact each connected component of ∂S is either a circle entirely inM or a sequence of
segments alternatingly belonging toM and its complement. We will not consider a disk with ∂S =M

as a marked surface.
Unless S is a disk with twomarked components, note that a full arc system cannot be formal, and

thus a full formal arc system is not a full arc system.
The definition of a morphism of marked surfaces f from (S1,M1) to (S2,M2) is such that any fullarc system A2 on S2 that includes all the images of the boundary arcs of S1 under f can be lifted toa full arc system A1 on S1. However, the composition of two morphisms of marked surfaces is not a

morphism of marked surfaces in general, since boundary arcs may be sent to isotopic arcs. Another
direct consequence of the definition is that the image of an unmarked component can not be included
in a marked component.
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Remark 1.4.3 A marked surface can also refer to a couple (S,M) whereM is a set of distinguished points
in the boundary or interior of S. See for instance [OPS25]. More precisely, one definesM as:

· M =M◦ ⊔M• ⊔ P ◦ ⊔ P • is a finite set of points on S. The elements ofM◦, called ◦-points, and of
M•, called •-points, are points on the boundary ∂S. Elements ofM =M◦ ⊔M• are calledmarked
points. Each connected component of the boundary is required to contain at least one marked point
of each color, and ◦-points and •-points must alternate on each connected component. The elements
of P = P ◦ ⊔ P • are called respectively ◦ and •-punctures, and lie on the interior of S.

In this definition, ◦-points are in bijection with the segments ofM as in Definition 1.4.2, and •-points are
in bijectionwith unmarked boundary segments. A fullymarked component as in Definition 1.4.2 corresponds
to a ◦-puncture. Unmarked boundary components, which we will consider in Remark 1.4.8, correspond to
•-punctures. Thus with this convention, S can have empty boundary as long as P is not empty.

An arc on (S,M) is called a ◦-arc. One defines the dual notion of •-arc by requiring that the endpoints
are in P •. A full formal arc system is called an admissible dissection and is usually denoted ∆. One can
define the dual notion of an admissible •-dissection. Each admissible dissection ∆ induces a unique dual
admissible •-dissection∆∗ such that each ℓ∗ ∈ ∆∗ intersects exactly one arc ℓ of∆.

A graded admissible dissection (∆, G) on a marked surface (S,M) is the extra data of an integer g(α)
for each minimal angle α of the dissection∆.

The tuple (S,M,∆, G) is called a graded marked surface. We will see in Remark 1.4.7 and Subsub-
section 1.4.2.1 how one can pass from this definition to the one given by 1.4.1 and 1.4.2, and the other way
around. We will use both conventions depending on the context.

1.4.1.2 The topological Fukaya category of a graded marked surface

We now give the definition of the minimal A∞-category of an arc system following Subsection 3.3

of [HKK17]. This category was introduced by Bocklandt in the case where all boundary components
are fullymarked [Boc16]. In an appendix of this article, Abouzaid showed that it computes the partially
wrapped Fukaya category of the surface as defined by Abouzaid-Seidel in [AS10]. According to [LP20],
the proof extends to the general case.
Definition 1.4.4 Let (S,M, η) be a graded marked surface together with a system of graded arcs A. The
minimal A∞-category of A, denoted by FA(S), is defined by:

- The set of objects is the set of arcs A,

- A basis for the morphism space FA(S)(ρ, γ), from a graded arc ρ to a graded arc γ, is given by:

(a) One identity morphism eρ when γ = ρ,
(b) Non-constant paths in M which follow the reverse orientation of the boundary, and go from

an endpoint of ρ and to an endpoint of γ. These paths are called boundary paths and are
considered up to reparametrization. The degree of a boundary path a from an intersection p
to an intersection q is defined by:

|a| = ip(ρ, a)− iq(γ, a),

where a is given an arbitrary grading.
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- Higher multiplications are given by:

(a) µ1 = 0,

(b) The composition of morphisms is given, up to a sign, by concatenation. For boundary paths a
from ρ to γ and b from γ to δ, µ2(b, a) = (−1)|a|ba if a and b are composable and µ2(b, a) = 0

otherwise,

(c) The non-zero µn for n ≥ 3 are induced by disk sequences. Let (S0,M0) be a closed disk with
a number n ≥ 3 of marked components, and let a1, . . . , an be the distinct boundary paths
between consecutive boundary arcs, taken in clockwise order. A disk sequence in (S,M) is the
image of the ai under a morphism (S0,M0)→ (S,M) which sends boundary arcs of (S0,M0)

to arcs in A. For a disk sequence (an, . . . , a1),

µn(an, . . . , a1b) = (−1)|b|b and µn(can, . . . , a1) = c,

for each basis morphism b and c such that a1b ̸= 0 and can ̸= 0.

For a boundary path a, its degree |a| as a morphism of FA(S) is independent of the choice of agrading for a, as it can be seen using the Equation 1.9 for shifted intersection indices:
|a[1]| = ip(ρ, a[1])− iq(γ, a[1]) = ip(ρ, a)− 1− iq(γ, a) + 1.

For a disk sequence (an, . . . , a1), ∑i |ai| = n − 2 and µn has the desired degree. The fact that
there is no ambiguity in applying µn for n ≥ 3 comes from the following argument. Let (an, . . . , a1) bea disk sequence and let ρi be the arc on which ai stops. Then ρnan . . . ρ1a1 is a null-homotopic loop.

- Let (bn, . . . , b1) be a sequence of composable morphisms, and let b1 = ba = b′a′ be two decom-
positions such that (bn, . . . , b2, b) and (bn, . . . , b2, b

′) are both disk sequences. Since ρnbn . . . ρ1band ρnbn . . . ρ1b′ are null-homotopic loops, both a and a′ are homotopic to ρnbn . . . ρ1b1 by ho-motopies fixing their endpoints. Thus a and a′ are equal as morphism.
- Let (bn, . . . , b1)be a sequence of composablemorphisms, and let b1 = ba and bn = cb′ be twode-
compositions such that (bn, . . . , b2, b) and (b′, bn−1, . . . , b1) are both disk sequences. As before,let ρi be the arc on which bi stops, and let ρ0 be the arc on which b1 starts. Then ρnbn . . . b2ρ1band b′ρn−1bn−1 . . . b1ρ0 are null-homotopic loops, and:

aρ0 ≃ ρncb′ρn−1bn−1 . . . b2ρ1baρ0 ≃ ρnc.

Thus ρ0 is isotopic to ρn. It forces the endpoint and starting point of a to coincide, and similarly
for c. But boundary paths arising from a disk sequence cannot loop several times around a
boundary component, otherwise following the boundary arcs and paths around the immersed
disk would give a non-contractible curve. This shows that both a and c are identity morphisms.

The same argument shows that the dual statement holds, and ensures that a decomposition in-
volving a disk sequence is unique.
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1.4. Topological Fukaya categories, after [HKK17]

It is proved in Proposition 3.1 of [HKK17] that the higher multiplications µn defined in this way
satisfy the A∞-relations. The minimality of this A∞-category refers to the fact that µ1 is zero.

Let (S1,M1, η1) and (S2,M2, η2) be graded marked surfaces, with systems of graded arcs Ai on
Si. A morphism of graded marked surfaces f from S1 to S2 that sends graded arcs in A1 to graded
arcs in A2 induces a strict A∞-functor f∗ from FA1(S1) to FA2(S2). The only relations that need to besatisfied come from disk sequences. They hold since an immersed marked disk in S2, with boundarypaths in the image of f , lifts to an immersed marked disk in S1 with boundary arcs in A1.

The following proposition shows that for full arc systems, theA∞-categoryFA(S)does not dependon the choice of A.
Proposition 1.4.5 [HKK17](Proposition 3.2) Let (S,M, η) be a graded marked surface, and let A and
B be two full systems of graded arcs on S. The minimal A∞-categories FA(S) and FB(S) are Morita
equivalent.

The proof is based on the following observation. It shows that the higher multiplications ofFA(S)were chosen to reflect the topology of the underlying surface. Let S be a graded marked surface and
A a system of graded arcs on S. Let (an, . . . , a1) be a disk sequence in FA(S), and let ρi be the arc onwhich ai stops. Consider the following composition of morphisms of twisted complexes:

ρ1

ρ2[|a1|] ρ3[|a1|+ ∥a2∥] . . . ρn[|a1|+ . . . ∥an−1∥]

ρ1

a1

a2 a3 an−1

an

For ai : ρi[e]→ ρi+1[d], |ai|TwFA(S) = |sd−e ⊗ ai|TwFA(S) = |ai|+ e− d. Equation 1.3 and 1.2 give:
µ2TwFA(S)(an, a1) = µ2addZFA(S)(an, a1) + µnaddZFA(S)(an, . . . , a1)

= µnaddZFA(S)(s
|an| ⊗ an, s∥an−1∥ ⊗ an−1, . . . , s

∥a2∥ ⊗ a2, s|a1| ⊗ a1)

= (−1)♢s0 ⊗ µnFA(S)(an, . . . , a1) = (−1)♢eρ1 ,

where ♢ =
n∑

j=3
∥aj∥(

j−1∑
i=2
∥ai∥) + (

n∑
j=2
∥aj∥)|a1| =

n∑
j=3
∥aj∥(

j−1∑
i=2
∥ai∥)− (|a1|+ 1)|a1|.

Thus if B is obtained from A by adding a graded arc ρ1 that bounds an immersed marked disk
giving rise to such a disk sequence, ρ1 is isomorphic to a twisted complex supported on arcs in A.
The inclusion functor i∗ : FA(S) → FB(S) is therefore a quasi-equivalence. Moreover, shifting the
grading of an arc gives a Morita equivalence.

It is recalled in the proof that for any two full systems of graded arcs, one can pass from one
to the other by a finite sequence of these operations and their inverses. In fact, any two such se-
quences will give isomorphic equivalences after passing to homology. This is because one has a func-
tor A 7→ FA(S) from the category whose objects are full arc systems up to isotopy on (S,M) and
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whose morphisms are inclusions, to the category of strictly unital A∞-categories and Morita equiva-
lences. Then one uses a theorem of Harer which says that the classifying space of full arc systems is
contractible [Har85,Har86]. In this sense the equivalences are canonical, and this allows one to de-
fine the topological Fukaya category of a graded marked surface S, denoted F(S), as any of the Morita
equivalent categories TwFA(S), for a full arc system A on S. The triangulated topological Fukaya
categoryH0F(S) will be denotedW(S).

Note that passing from a full arc system B to a full formal arc system A, by removing boundary
arcs, gives Morita equivalent A∞-categories. In general, one can find a full formal arc system by first
finding a full arc system that cuts S into a single polygon. This is how the following lemma is proved:
Proposition 1.4.6 [HKK17](Lemma 3.3) Every compact connected graded marked surface which has at
least one boundary arc admits a full formal arc system.

Remark 1.4.7 A graded quiver Q together with a homogeneous ideal of relations I in KQ gives rise
to a Z-graded category P(Q, I) whose objects are vertices and whose morphism spaces are given by
P(Q, I)(u, v) = ev(KQ/I)eu.

For a full formal arc system A on S, the minimal A∞-category FA(S) is a Z-graded category of this
form, for a quiverQ obtained in the following way. The vertices ofQ are given by the arcs in A, and the set
of arrows is the set of boundary paths which start and end at arcs of A, but does not cross any other arcs.
The ideal I is generated by quadratic relations coming from composable arrows which do not correspond to
composable paths. By construction, the quiver with relations (Q, I) is gentle in the sense of Definition 1.2.1.

Thus the image of A under a quasi-equivalence F : TwFA(S) → TwFB(S) gives a formal generator
of TwFB(S), whose cohomological endomorphismA∞-algebra is isomorphic to the graded gentle algebra
KQ/I . Here, the term generating is to be taken in the sense that the inclusion F (A) ↪→ TwFB(S) induces
a quasi-equivalence from Tw(F (A)) to Tw(TwFB(S)). See section (3j) of [Sei08] for a definition of a
generator of a triangulated A∞-category.

Remark 1.4.8 A gentle quiver with relations (Q, I) induced by a full formal arc system A cannot contain
a cycle of arrows a1, . . . , an with quadratic relations at each vertex. Otherwise this cycle would correspond
to a polygon cut out by A which does not contain a connected component of ∂S\M .

Gentle algebras with such a cycle nonetheless appear as endomorphism algebra of formal generators,
when considering marked surfaces with unmarked boundary components. Given a graded marked surface
with unmarked boundary components (S,M), one can define its topological Fukaya category as a sub-
category of F(S,M ′), whereM ′ is obtained fromM by adding a marked component on each unmarked
boundary component. See [HKK17](Lemma 5.1) for details.

1.4.2 From gentle algebras to Fukaya categories
Remark 1.4.7 illustrated how gentle algebras arise naturally when studying the topological Fukaya

category of a graded marked surface. This connection between gentle algebras and surfaces with
triangulations, or dissections, was first made in [Lab09, ABCP10], where the authors were inspired
by the theory of cluster algebras from triangulated surfaces [FG09, FST08]. In works such as [OPS25,
PPP19,LP20,BCS21,BCS23], a gradedmarked surface with admissible dissection was associated to any
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1.4. Topological Fukaya categories, after [HKK17]

graded gentle algebra. Some aspects of the representation theory of the algebrawere then translated
in terms of curve combinatorics on the surface. These dictionaries are referred to as geometric models
for the gentle algebra.
1.4.2.1 Marked surfaces with admissible graded dissections from gentle bound quiv-

ers

Let Λ = KQ/I be a graded gentle algebra. We recall the construction of [LP20,OPS25], associat-
ing to Λ a marked surface with graded admissible dissection (S,∆). To simplify this exposition, we
suppose that Q is acyclic. The cyclic case is similar to the acyclic one, the difference being that each
oriented cycle of Q (taken up to rotation) will give rise to a ◦-puncture on S.

A non trivial path p = αn−1 . . . α2α1 ∈ KQ is called permitted if the αi’s are distinct and for
i = 1, . . . , n − 2, one has αi+1αi /∈ I . It is a permitted thread if it is maximal, in the sense that for all
β ∈ Q1 neither βp not pβ is a permitted path. A trivial path ev associated to v ∈ Q0 is a permitted
thread if one of the following conditions hold:

- v is the target of exactly one arrow and the source of none,
- v is the source of exactly one arrow and the target of none,
- v is the target of exactly one arrow γ and the source of exactly one arrow β, satisfying βγ /∈ I .
Note that the introduction of the trivial permitted threads ensures that each vertex v ∈ Q0 belongsto exactly two permitted threads. Technically in order to include the case Q = A1, one should add

twice the permitted thread ev , where v is the only vertex.The first step is to define a graph R whose vertices are in bijection with the permitted threads of
(Q, I), and whose edges are in bijection with the vertices of Q, each vertex of Q connecting the two
permitted threads he belongs to. The set of edges incident to a vertex p of R is equipped with a total
order by following the order in which the corresponding vertices ofQ appear in the permitted thread
p. By definition, this extra data turn R into what is called amarked ribbon graph.

Now R encodes all the data needed to build (S,∆). To each vertex v ∈ R of valency d, let Pv bean oriented 2d-polygon, whose sides are numbered 1, . . . , 2d by following the boundary according to
the orientation. Let (ed−1, . . . , e0) be the totally ordered set of edges incident to v, and label each oddside 2k+1 of Pv by ek. Each edge e of R, joining vertices v and w, is the label of a side sv of Pv and swof Pw. The surface S is obtained by identifying for all edges e ofR the sides sv and sw. For each vertex
v of R, a ◦-point is placed on the side numbered 2d of the polygon Pv. The dissection ∆ is obtained
by joining in each polygon Pv , the ◦-point to the center of each odd side 2k + 1, by non-intersecting
lines. Each of these lines will contribute to half of a ◦-arc of ∆. The •-points are placed in such a way
that they alternate with the ◦-points on the boundary, and each boundary component containing no
◦-point is replaced by a •-punctures. Each cycle (taken up to rotation) αn . . . α2α1 ∈ KQ with the αi’sdistinct and αi+1αi ∈ I for i ∈ Z/nZ, gives rise to such a •-puncture.

An alternative way to obtain the same surface with admissible dissection is given in [PPP19] (Defi-
nition 4.6), by associating a lozenge to each arrow of a blossoming quiverQ❀, and giving instructions
on how to glue them.
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This construction and the one of Remark 1.4.7 are inverses of each other, and give the following
theorem which was proven in different forms in [BCS21,OPS25, LP20, PPP19], and stated explicitly as
Theorem 4.10 in [PPP19].
Theorem 1.4.9 There is a bijection between the set of isomorphism classes of gentle bound quivers and
the set of homeomorphism classes of marked surfaces with admissible dissection.

By construction, the arrows ofQ are in bijection with the minimal angles of∆, and thus a grading
on Q induces a grading on ∆. We now explain how one can use this grading to construct a line field
η on S.

The line field will be transverse to each ◦-arc of∆. Thus it suffice to describe its restriction to the
polygons obtained by cutting S along∆. It is more convenient to work here with the convention that
themarkings on ∂S are given bymarked segments rather thanmarked points. Once again to simplify
the exposition, we also suppose that S does not have •-punctures. In this way, cutting S along ∆

gives a collection of polygons, each of which has an even number of sides which are alternatively
boundary arcs of S and ◦-arcs. Moreover, among the sides which are boundary arcs of S, exactly one
is unmarked.

Now we will use the fact that a line field on a polygon is determined by the winding numbers of its
sides. A precise definition of the winding number of a graded curve on a graded surface is given for
example in [APS23](Definition 3.5). See also [Chi72] for a detailed exposition on line fields induced by
vector fields. Intuitively, the winding number of a graded curve γ computes the number of U-turns
the line given by the line field η makes relatively to the one given by the grading of γ. The winding
number of a boundary arc coincides with its degree given in Definition 1.4.4.

LetP be one of the polygons obtained by cutting S along∆. Let 2m be the number of its sides, and
let a1, . . . , am be the sides corresponding to boundary arcs of S, taken in cyclic order, with am being
the only unmarked boundary arcs. By [LP20](Theorem 1.8 and Equation 2.1), any choice of integers θi
for i = 1, . . . ,m, satisfying m∑

i=1
θi = m − 2 will determine a line field ηP on P such that θi coincides

with the winding number of ai. Using the condition m∑
i=1

θi = m − 2, θm is determined by the θi for
i = 1, . . . ,m− 1. We choose the θi for i = 1, . . . ,m− 1 to be the integers given by the grading on ∆.
The line field η on S is then taken to be the one whose restriction on each P coincides with ηP .

This construction leads to the following equivalence.
Theorem 1.4.10 [LP20](Theorem 3.11) Let Λ be a homologically smooth graded gentle algebra, and let
(S,M,∆, G) be the associated marked surface with graded admissible dissection. There is a line field
η(∆, G) on S giving an equivalence:

per(Λ) ≃ W(S,M, η(∆, G)).

1.4.2.2 A geometric model for the bounded derived category of a gentle algebra

New directions for the study of derived equivalence for graded gentle algebras were based on this
connection with gradedmarked surfaces, and have eventually led to the establishment of a complete
derived invariant [LP20,APS23, JSW25].
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Another aspect of this connection is reflected by the fact that indecomposable objects in the de-
rived category of a graded gentle algebraΛ, have a natural geometric interpretation. In [HKK17] (Theo-
rem4.3), the authors showed that isomorphism classes of indecomposable objects in the triangulated
topological Fukaya category of a graded marked surface S are in bijection with isotopy classes of ad-
missible curves on S, equipped with indecomposable local systems. Based on a different method
and working without the homologically smooth hypothesis, [OPS25](Corollary C.2) gives a classifica-
tion of the indecomposable of Dfd(Λ) in terms of (twisted, possibility unbounded) complexes called
strings and bands. Here Dfd(Λ) denotes the full subcategory of the derived category of Λ, seen as
differential graded algebra with zero differential, given by the differential graded modules with finite
dimensional total cohomology. Then [OPS25] (Theorem 2.13) gives an explicit bijection between string
and band complexes and graded arcs on the corresponding graded marked surface (together with
an indecomposableK[X]-module in the case of a band complex).

We now give a non-exhaustive list of objects and algebraic constructions in the derived category
of Λ, which admit a geometric counterpart on the corresponding graded marked surface.

- In [OPS25](Theorem 3.3), morphisms between indecomposable objects are realized as oriented
graded intersections between the corresponding graded curves,

- In [OPS25](Theorem 4.1), the mapping cone of a morphism is realized as the resolution of the
corresponding oriented graded intersections,

- Auslander-Reiten triangles can be obtained by rotating the endpoints of a graded curve along
the boundary of the surface [OPS25](Theorem 5.1 and Corollary 5.4),

- According to [APS23](Theorem 5.2), the indecomposable summands of a silting objects must
give rise to an admissible dissection of the marked surface,

- In [CS23](Theorem 3.4), the mutation of a silting object is realized as the flipping of a diagonal
in a quadrilateral.

1.4.3 Localizations of the topological Fukaya category at a collection of
arcs

The localization of the topological Fukaya category at a boundary arc was done in [HKK17] using
theA∞-localization of Definition 1.3.11. In [CJS23], the localization at a collection of arcs was expressed
in term of recollements, a notion first introduced in [BBD].
1.4.3.1 Recollements for DG quotients

Recollements of triangulated categories are closely related to Verdier and Bousfield localization
of triangulated categories. See [Kra10] for a detailed exposition.
Definition 1.4.11 [BBD] A recollement of triangulated categories is a diagram of triangulated functors:

Q T Sq∗

q!

q∗

i∗

i!

i∗
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where:

- (q∗, q∗, q
!) and (i∗, i∗, i

!) are adjoint triples,

- q∗, i∗ and i! are fully faithfull,

- q∗ ◦ i∗, i∗ ◦ q∗ and q! ◦ i! are zero,

- For allX in T there are triangles:

i∗i∗X → X → q∗q
∗X → i∗i∗X[1],

q∗q
!X → X → i!i∗X → q∗q

!X[1].

We recall here some results on derived categories of DG categories, following [AL17,CC21,Gye24].
The main reference on this topic is [Kel94].

Let A be a DG category. The opposite DG category of A is the DG category Aop which has the
same objects as A andHomAop(a, b) = HomA(b, a) for a, b ∈ A. The composition is given by:

β ◦Aop α = (−1)|α||β|α ◦A β.

The following differential gives to the categoryMod-K of complexes ofK-modules a structure of
DG category:

d(f) = dY ◦ f − (−1)lf ◦ dX ,

for a homogeneous morphism f ∈ Homl
K(X,Y ) =

⊕
j−i=l

HomK(Xi, Y j) between complexes (X, dX)

and (Y, dY ).A right DG moduleM over A is a DG functorM : Aop →Mod-K. For a ∈ A, we writeMa for thecomplex ofK-modulesM(a). We treat rightAop-modules as leftAmodules by writing the fibers aMinstead ofMa. For B a DG category, anA-B bimodule is a rightAop⊗Bmodule, whereAop⊗B is the
tensor DG category (see for instance Subsubsection 2.1.2 of [AL17] for a definition). Let A-Mod-B be
the DG category of A-B bimodules.

The diagonal A-A bimodule, denoted A, is defined by aAb = HomA(b, a) for a and b in A. Theaction on morphisms f and g in A is given by:
A(f ⊗ g) = (−1)|g||−|f ◦ (−) ◦ g.

Let C be another DG category. TheHom functors
HomB(−,−) : A-Mod-B ⊗ C-Mod-B → C-Mod-A,
HomB(−,−) : B-Mod-A⊗ B-Mod-C → A-Mod-C

are defined by:
cHomB(M,N)a = HomB(aM, cN),

aHomB(M,N)c = HomB(Ma, Nc).

The tensor functor
(−)⊗B (−) : A-Mod-B ⊗ B-Mod-A → A-Mod-C
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is defined by:
aM ⊗B Nc = Coker(φ : aM ⊗K B ⊗K Nc → aM ⊗K Nc),

where aM ⊗K Nc =
⊕
b∈B

aMb ⊗K bNc is the tensor product of complexes of K-modules, and where
aM ⊗K B ⊗K Nc =

⊕
b,b′∈B

aMb ⊗K bBb′ ⊗K b′Nc. The morphism φ is given by:
φ(x⊗ β ⊗ y) =M(a, β)(x)⊗ y − x⊗N(β, c)(y).

Given two DG functors f : A → A′, g : B → B′ and an A′ ⊗ B′ bimoduleM , one gets an A ⊗ B
bimodule fMg by restriction of the scalars along f and g:

a(fMg)b = f(a)Mg(b).

Definition 1.4.12 Let f : A → B be a DG functor. It induces the following DG functors between the
modules categories:

- The extension of scalars
f∗ :Mod-A →Mod-B

is the functor defined by (−)⊗A fB,

- The restriction of scalars
f∗ :Mod-B →Mod-A

is the functor defined by (−)⊗B Bf . It sends a B moduleM to the restrictionMf ,

- The twisted extension of scalars
f ! :Mod-A →Mod-B

is the functor defined byHomA(Bf ,−).

The category Z0(Mod-A) admits an exact structure whose conflations are sequences of mor-
phisms that induce split short exact sequences at the level of fibers. It is a Frobenius exact category
whose stable category identifies withH0(Mod-A), which thus inherits the structure of a triangulated
category. See [Kel94](Section 2) for details.

The derived category D(A) of A is constructed by inverting quasi-isomorphisms in H0(Mod-A),
that is, morphisms that induce quasi-isomorphisms at the level of fibers. It is done by taking the
Verdier quotient H0(Mod-A)/Ac(A), where Ac(A) is the full subcategory of acyclic modules, that is,
modules whose fibers are acyclic complexes.

The perfect derived category per(A) of A is the subcategory of compact objects of D(A), that is,
of objects M for which HomD(A)(M,−) commutes with infinite direct sums. The DG category A is
said to be homologically smooth if A is a perfect A-A bimodule. It is proper if the total cohomology of
each of its morphism spaces is finitely generated andD(A) is compactly generated.

An A module P is DG-projective if it satisfies the following universal property: for all surjective
quasi-isomorphism X → Y and morphism P → Y , both in Z0(Mod-A), there exists a morphism
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P → X also in Z0(Mod-A) that makes the diagram commutes. One can show that DG-projective
modules are the ones that are projective as graded A-modules and that satisfy

HomH0(Mod-A)(P,N) = 0

for all acyclic module N . The notion of DG-injective module is defined dually.
EachA-module is quasi-isomorphic to a DG-projective (resp. injectif) module and this yield a trian-

gle equivalence betweenD(A) and the homotopy category of DG-projective (resp. injective)modules.
Derived funtors are defined as usual by passing through these equivalences.

One can use the Tensor-Hom adjunction to check that (f∗, f∗) and (f∗, f
!) form pairs of adjoint

functors. The restriction f∗ sends acyclic modules to acyclic modules. As a consequence, f∗ preserves
DG-projective modules and f ! preserves DG-injective modules. This induces the derived functors:

Lf∗ : D(A)→ D(B), f∗ : D(B)→ D(A) and Rf ! : D(A)→ D(B).

We still denote Lf∗ by f∗ and Rf ! by f !.
Theorem 1.4.13 [Gye24](Th. 3.1), [CC21](Th 5.1.3). Let B be a strictly full subcategory of a DG category
A. Let i : B → A be the inclusion and q : A → A/B be the funtor induced by taking the Drinfeld quotient.
There is a recollement:

D(A/B) D(A) D(B)q∗

q!

q∗

i∗

i!

i∗

where the functors are the one defined in 1.4.12. It induces a triangle equivalence up to direct summands,
that is when taking the idempotent closure,

per(A)/per(B)→ per(A/B).

1.4.3.2 Localization at a collection of arcs

In [CS23], the authors studied silting reductions for perfect derived categories of gentle algebras.
They described the orbit category of the reduction, under the shift functor, by cutting the surface
along arcs. This was generalized in [CJS23] where the geometric interpretation has been shown to
hold without the need to pass to the orbit category. These results were used for example in [JSW25]
to study further the silting theory and derived equivalences for graded gentle algebras.

The following gentle algebras will appear as generators of the quotient.
Definition 1.4.14 [CJS23](Definition 2.1) Let A = KQ/⟨I⟩ be a graded gentle algebra and let e be sum
e1 + . . . + em of vertex indempotents. Let J ⊆ I be the set quadratic monomial relations that go through
a vertex in {1, . . . ,m}. Let J1 = Q1 and Js = {αs . . . α1 | αi+1αi ∈ J for 1 ≤ i < n} for s ≥ 2.

The algebra Ae = KQe/⟨Ie⟩ is defined as follows:

(1) The vertices of Qe is Q0\{1, . . . ,m},
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(2) The arrows of Qe are of the form [αs . . . α1] : s(α1) → t(αs) for αs . . . α1 ∈ Js such that s(α1) and
t(αs) are not in {1, . . . ,m},

(3) |[αs . . . α1]| =
n∑

i=1
|αi| − (s− 1),

(4) Ie = {[βt . . . β1][αs . . . α1] | β1αs ∈ I}.

See ?? for an example. The following theorem was proven for a larger class of algebras called
graded quadratic monomial algebras.
Theorem 1.4.15 [CJS23](Theorem 2.10 and 4.1) Let A = KQ/I be a graded gentle algebra and let e be
a sum of vertex idempotents. There is a recollement:

D(Ae) D(A) D(eAe)
q∗

q!

q∗

i∗

i!

i∗

If two of the three algebras A, eAe and Ae are homologically smooth and proper, then so is the third,
and it induces a recollement of triangulated topological Fukaya categories:

W(Se) W(S) W(eSe)

where Se, S and eSe are the graded marked surfaces associated to Ae, A and eAe.

The proof relies on the computation of a partial cofibrant DG algebra resolution for A. When the
three algebras are homologically smooth and proper, it is shown in [CJS23] that the first recollement
restricts to a recollement of the bounded derived categories. When A is both smooth and proper, its
bounded dervied category coincides with its perfect derived category. One then uses the equivalence
of Theorem 1.4.10 to state it in terms of triangulated topological Fukaya categories.

One can easily see in its geometric model if a gentle algebra is smooth or proper. A graded gentle
algebra is homologically smooth if an only its associated surface has no unmarked boundary compo-
nent. It is proper if and only if it has no fully marked boundary components [LP20](Lemma 3.3).

The gradedmarked surfaces of the theoremcanbedescribed in the followingway. Let (S,M,∆, G)

be the marked surface with graded admissible dissection associated to A, and let L be the collection
of graded arcs in∆ that correspond to the idempotent e.

The gradedmarked surface (Se,Me,∆e, Ge) is obtained by successively cutting (S,M,∆, G) along
the arcs of L. Given an arc ℓ ∈ L, the marked surface (Sℓ,Mℓ) is obtained by cutting S along ℓ, and
considering each new boundary segment induced by ℓ as partMℓ. The arc collection∆\ℓ induces an
admissible dissection ∆ℓ on (Sℓ,Mℓ). The ungraded gentle algebra associated to (Sℓ,Mℓ) coincideswith Aℓ (viewed as an ungraded algebra). Finally, the grading of Aℓ induces a grading Gℓ on∆ℓ.The graded marked surface eSe is constructed using the ribbon graph induced by L, and the
grading is induced by G. Alternatively, it is obtained by cutting S along ∆∗\L∗, where ∆∗ is the dual
dissection.
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When cutting a surface, we ignore the components corresponding to spheres (without boundary)
that have a unique ◦-puncture and a unique •-puncture, as well as disks that have a unique ◦-point
and a unique •-point on there boundary.

1.5 Main results
Throughout this section, we assume that the base field is of characteristic zero.

1.5.1 Main results of Chapter 2
In Chapter 2, we study the localization of the derived category D(Λ) of a graded gentle algebra Λ,

by a spherical band object. We show that this localization is equivalent to the derived category of an
algebra Λ(α,β) (Theorem 2.1.3). This motivates us to define a class of algebras given by quivers with
relations, that we call pinched gentle algebras (Definition 2.1.6).

In Definition 2.4.8 and Remark 2.4.9, we introduce the notion of a marked surface with conical
singularities, as the topological space obtained by the contraction of a collection of disjoint simple
closed curves on a smooth marked surface. We also define the notion of a graded simple admissible
dissection on a marked surface with conical singularities and show the following:
Proposition 1.5.1 (Proposition 2.4.10) Graded pinched gentle quivers are in one to one correspondence
with marked surfaces with conical singularities endowed with a graded simple admissible dissection.

In Definition 2.1.9, we define a processus to obtained a new pinched gentle algebra Λ(α,β) from a
pinched gentle algebra Λ containing a subquiver of a certain type, called an acyclic graded Kronecker
and denoted (α, β). Moreover, each acyclic graded Kronecker gives rise to an object in per(Λ), called
a band object supported on (α, β). The main result is the following:
Theorem 1.5.2 (Theorems 2.1.11 and 2.1.10) LetΛ be a graded pinched gentle algebra with an acyclic graded
Kronecker (α, β). There is a recollement:

D(Λ(α,β)) D(Λ) D(K[x]/(x2)) ,

where x is of degree 1. It induces a triangle equivalence:

per(Λ)/thick(B) ≃ per(Λ(α,β)),

where B is a band object supported on (α, β).

LetΛ be a graded pinched gentle algebra, and letSΛ be the associatedmarked surfacewith conical
singularities endowed with a graded simple admissible dissection. One can apply Theorem 1.5.2 to
describe the localization of per(Λ) at a simple closed curve γ of winding number zero on SΛ (not
passing through a singularity), in the following way.

By applying Theorem 1.5.2 a finite amount of time, one can show that per(Λ) can be realized as a
quotient of the perfect derived category of a gentle algebra Λ̂. Derived equivalences for Λ̂, which are
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given by [HKK17](Proposition 3.2), allow us to show Proposition 2.4.3 which states that Λ is derived
equivalent to a graded pinched gentle algebraΛ′ for which γ corresponds to a band object supported
on an acyclic graded Kronecker (α, β). One can then apply Theorem 1.5.2.

The strategy to prove Theorem 1.5.2 is as follows. We first realize D(Λ) as the derived category
D(A) of a DG category A containing a well chosen strictly full subcategory B, before applying Theo-
rem 1.4.13. In Proposition 2.5.5, we show that the DG quotient A/B is formal and we give an explicit
description of its cohomological category. For this, we use a spectral sequence for the morphism
spaces of a DG quotient, whose first page is described in a general way in Proposition 2.3.4. It is
worth noting that the computation of the other pages, carried out in Proposition 2.5.10, are made
possible by the fact that the object B is spherical, and thus enjoys a simple homology. Finally, we
show in Lemma 2.6.2 thatH∗(A/B) is Morita equivalent to the pinched gentle algebra Λ(α,β).
1.5.2 Main results of Chapter 3

Chapter 3 essentially generalizes the results obtained in Chapter 2, by enlarging the class of pinch-
ed gentle algebras and realizing them as generators for localizations of partially wrapped Fukaya
categories of marked surfaces by spherical objects.

The main strategy here differs from the one used in Chapter 2 by the fact that we work this time
with an A∞-enhancement of the triangulated quotient. However, even though the proofs are differ-
ent, the computation of the homology of a formal generator are the similar (compare the definition
of Ψ in the proof of Proposition 2.5.10, and the one of T in Notation 3.5.6).

We first define the class of pinched gentle algebras in Definition 3.3.2, generalizing Definition 2.1.6,
and the notion of an admissible dissection on amarked surface with conical singularities, generalizing
the simple admissible dissections of Definition 2.4.8.

We then associate in Subsection 3.3.3 a pinched quiver with relations (Q, I) to each graded ad-
missible dissection A of a marked surface with conical singularities S, and we define the category
FA(S) to be the path category P(Q, I)whose objects are the vertices inQ0 andmorphism spaces are
P(Q, I)(i, k) = ek(KQ/⟨I⟩)ei (Definition 3.3.6).Now suppose that S is a marked surface with one conical singularity obtained by contracting a
simple closed curve γ of winding number zero, on a smooth graded marked surface Ŝ. Let A be an
admissible dissection on S. By Subsection 3.3.4, it lifts naturally to an admissible dissection Â of Ŝ.
Our main theorem is:
Theorem 1.5.3 (Theorem 3.5.3) There is a Morita equivalence:

FA(S)→ D(F(Ŝ)|B).

Here D(F(Ŝ)|B) denotes the A∞-quotient (see Definition 1.3.11) of the topological Fukaya cate-
gory F(Ŝ) of Ŝ by the full subcategory B supported on objects which are isomorphic to elements in
thick(B) after passing to the zero homology, where B is a spherical band object associated to γ (see
Subsection 3.3.5).

As an immediate consequence, one can use [HKK17](Proposition 3.2) which asserts that theMorita
equivalence class of FÂ(Ŝ) is independent of Â, to see that the same holds for FA(S) (for choices of
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graded admissible dissections on S inducing the same grading on Ŝ). Moreover, computations not
included in this thesis suggest that Theorem 1.5.3 can be used to classify the indecomposable objects
of FA(S)

tr by using graded curves on S, in analogy with [HKK17](Theorem 4.3). Inspired by [HKK17],
we call F(S) := TwFA(S) the topological Fukaya category of S.One can iterate Theorem 1.5.3 to obtain a statement involvingmarked surfaceswith several conical
singularities.

The proof of Theorem 1.5.3 goes as follows. In Lemma 3.5.2, we show that the admissible dis-
section A (seen as a subset of Â) generates D(F(Ŝ)|B). We use this to define a full subcategory A
of F(Ŝ) wich will induced a generator of D(F(Ŝ)|B) by taking an A∞-quotient D(A|B). In order to
simplify the description of D(A|B) we compute in Proposition 3.4.8 a minimal model for A, denoted
H∗A, which induces a new generatorD := D(H∗A|B) ofD(F(Ŝ)|B). It is shown in Proposition 3.5.10
that D is formal. As was the case in Chapter 2, the computation of H∗D is made possible by the fact
that B is a spherical object and hence enjoys a simple homology (see the proof of Proposition 3.5.7).
Finally we show in Theorem 3.5.11 that the cohomological category of D can be described as the path
category of the pinched quiver associated to A, ie. as FA(S). A diagram summarizing the situation is
presented in Subsection 3.1.1.

We give two bases for pinched gentle algebras along the way. One in Remark 3.5.14, and one in
Proposition 3.5.15 obtained using Bergman’s Diamond Lemma.

In the last Section 3.6, we use the (triangulated) topological Fukaya category of a pinched marked
surface to give an example of a non-Krull-Schmidt triangulated category containing two silting objects
having a different number of indecomposable summands. This illustrates how [AI12](Corollary 2.28)
can fail when one drops the Krull-Schmidt assumption.

34



Chapter 2

Recollements for graded gentle algebras
from spherical band objects

2.1 Introduction
In this chapter, we prove that for a gentle algebra Λ, the localization of the derived categoryD(Λ)

by a spherical band object is equivalent to the derived category of an algebraΛ(α,β) which we describeexplicitly by quiver and relations (see Definition 2.1.6). We call Λ(α,β) a pinched gentle algebra. It sits ina recollement (see Theorem 2.1.3):
D(Λ(α,β)) D(Λ) D(K[x]/(x2)) .

This localization process can be iterated (see Theorems 2.1.11 and 2.1.10). This is reminiscent of the
recollements obtained in [CJS23] for localizations with respect to arcs.

On the geometric side, we show in section 2.4.2 that the isomorphism classes of graded pinched
gentle algebras are in bijection with marked surfaces with conical singularities and admissible graded
dissections (see Definition 2.4.8 and Proposition 2.4.10). This is analogous to the correspondence
established for gentle algebras in [OPS25,BCS21,PPP19].

Finally, results on derived equivalences of graded gentle algebras given in [HKK17, LP20] allow us
to give a class of derived equivalences between graded pinched gentle algebras (Proposition 2.4.15). A
more in depth analysis of the role of the gradedmarked surfaces with conical singularities as a model
for the bounded derived category of graded pinched algebras will be made in a future work.

The chapter is structured as follows. In the rest of this section we introduce some definitions and
state the main theorems, first for gentle algebras (subsection 2.1.1), then for pinched gentle algebras
(subsection 2.1.2). In section 2.2 we recall some constructions in DG categories, such as Drinfeld’s
DG quotient [Dri04] which will be used in the proof of the main theorem, and we introduce some
notations. Some basic definitions and results on spectral sequences are recalled in section 2.3, and
applied to describe the first page of a spectral sequence onmorphism spaces in DG quotients. In sec-
tion 2.4 we first show how one can use the surface model of a gentle algebra in order to choose a set
of generators of the derived category which will simplify calculations involving a spherical band ob-
ject. Then we introduce the notion of graded marked surfaces with conical singularities and establish
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Chapter 2. Recollements for graded gentle algebras from spherical band objects

the correspondence with graded pinched gentle algebras. The section 2.5 is devoted to the proof of a
technical lemma, namely the formality of the quotient algebra. Finally the proof of the main theorem
is made in section 2.6.

2.1.1 Definitions and main results
We first introduce some definitions and state our main result in the more restricted context of

graded gentle algebras.
Conventions: A quiver Q is a quadruple Q = (Q0, Q1, σ, τ) with finite sets of vertices Q0 andarrows Q1, and with σ, τ : Q1 → Q0 the source and target functions. We consider right modules with

the convention of composition (a path βα in a path algebra has source σ(α) and target τ(β)), and
we use the cohomological convention for complexes. For each a ∈ Q0, let ea be the path of length
zero at a and Pa = eaΛ be the associated indecomposable projective Λ-module. In the rest of the
paperK will denote a field of characteristic zero. This hypothesis is used for example in the proof of
Proposition 2.5.10, to define a contracting homotopy Ψ.
Definition 2.1.1 Let Λ = (KQ/⟨I⟩, | . |) be a Z-graded algebra.

• Λ is said to be gentle if:

- Every vertex of Q has at most two incoming and two outgoing arrows,

- I is a set of paths of length two satisfying: for all α ∈ Q1, there is at most one arrow β such
that 0 ̸= αβ ∈ I ; at most one arrow γ such that 0 ̸= γα ∈ I ; at most one arrow β′ such that
0 ̸= αβ′ /∈ I ; at most one arrow γ′ such that 0 ̸= γ′α /∈ I .

Suppose now that Λ is gentle.

• A graded Kronecker of Λ is a pair of arrows (α, β) such that α and β have the same source and the
same target, the same degree, and such that they are not loops. It is said to be acyclic if α and β do
not belong to an oriented cycle of (Q, I).

• let ω = α+ µβ for some graded Kronecker (α, β) of Λ and some µ ∈ K∗. The localization of Λ at ω
is the graded algebra Λ[ω−1] = (KQ̃/⟨Ĩ⟩, |̃ . |) defined by:

- adding to Q an arrow δ from 2 to 1 of degree −|α|:

1 2

α

β

δ

- adding the relations δω − e1, ωδ − e2.
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• Let (α, β) be a graded Kronecker of Λ. Let 1 := σ(α) = σ(β), 2 := τ(α) = τ(β), and α+, α−, β+, β−

be either zero or if they exist, be the (possibly equal) arrows ofQ satisfying α+β, βα−, β+α, αβ− ∈ I
(see Example 2.1.2 left).

The pinching of Λ at (α, β) is the graded algebra Λ(α,β) := (KQ′/⟨I ′⟩, | . |′) defined by:

- removing α and β;

- merging 1 and 2 into a new vertex called 1;

- adding a loop γ of degree 0 at vertex 1;

- setting |α+|′ = |α+|+ |α| and |β+|′ = |β+|+ |β|, and leaving unchanged the degree of all the
other arrows;

- keeping all relations in I that don’t involve α and β, and adding the relations
{α+β−, β+α−, β+(γ + e1), (γ + e1)β

−, α+(γ − e1), (γ − e1)α−}.

• A band object supported by (α, β) is an element of the perfect derived category per(Λ) isomorphic

to a shift of a twisted complex (see Notations 2.2.1) of the form (P2[|α|]
⊕
P1[1], ∂ =

(
0 α+ µβ
0 0

)
),

for some µ ∈ K∗. We call µ the parameter of the band object.

Example 2.1.2 The quiver and relations of a gentle algebra Λ1 with a graded Kronecker (α, β), and of the
associated pinching Λ1(α,β):

0̃ 3̃ 3̃ 0̃

1 2 1

0 3 0 3

β−

α−

β+

α+

α−

β−β+

α+

α

β

Λ1 with graded Kronecker (α,β) Λ1(α,β)

⟨α+β−, β+α−,

β+(γ+e1), (γ+e1)β−,

α+(γ−e1), (γ−e1)α−⟩

γ

Recall that graded gentle algebras are in one-to-one correspondence with graded marked sur-
faces with admissible dissection, and that under this correspondence, graded curves are associated
to objects of the bounded derived category (see subsection 2.4.1 and [BCS21,OPS25,PPP19] for more
details). Our first main result is the following.
Theorem 2.1.3 LetΛ′ be a graded gentle algebra associated to the gradedmarked surface with admissible
dissection (S,M,∆, G). Let γ be a simple closed curve onS with winding number zero that does not enclose
a subsurface containing only punctures, and let Bγ be an associated band object at the base of a tube.

(1) There exists a graded gentle algebra Λ and an equivalence Ψ : per(Λ′) → per(Λ) such that Ψ(Bγ)

is a band object supported by an acyclic graded Kronecker (α, β) of Λ, with parameter µ.
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(2) There is a recollement:

D(Λ(α,β)) D(Λ) D(K[x]/(x2)) ,

where x is of degree 1.

(3) There is an equivalence:

per(Λ′)/thick(Bγ) ≃ per(Λ(α,β)).

where the left hand side is the Verdier quotient.

Remark 2.1.4 Theorem 2.1.3 (1) is a reformulation of Corollary 2.4.6, and (2) (resp. (3)) is a direct conse-
quence of Theorem 2.1.11 (resp. Theorem 2.1.10).

Example 2.1.5 The algebras Λ1 and Λ1(α,β) of Example 2.1.2 give an example of algebras occurring in the
recollement of Theorem 2.1.3 (2). An illustration of Theorem 2.1.3 (1) is given by examples 2.4.4 and 2.4.7 by
letting Λ′ = Λ0 and Λ = Λ1.

2.1.2 Graded pinched gentle algebras
The pinching of a graded gentle algebra at a graded Kronecker leads us to the introduction of the

class of graded pinched gentle algebras.
Definition 2.1.6 A gradedK-algebra Λ = (KQ/⟨I⟩, | . |) is said to be a graded pinched gentle algebra if
there is a decomposition Q1 = Qg

1

⊔
Qp

1 and I = Ig
⊔
Ip such that

• (Qg := (Q0, Q
g
1, σ, τ), ⟨Ig⟩) is a gentle bound quiver. The corresponding gentle algebraKQg/⟨Ig⟩ is

denoted Λg ,

• Qp
1 is a set of degree zero loops supported on different vertices.

• For v ∈ Q0, the arrows α−
v , α

+
v , β

−
v , β

+
v ∈ Q

g
1 satisfying τ(α−

v ) = σ(α+
v ) = v = σ(β+v ) = τ(β−v ) and

β+v α
−
v , α

+
v β

−
v ∈ Ig (with the possibility of being zero, and with possible compatible identifications

between {α−
v , β

−
v } and {α+

v , β
+
v }) can be chosen such that:

Ip = {β+v (γv + ev), (γv + ev)β
−
v , α

+
v (γv − ev), (γv − ev)α−

v | v ∈ Q0, γv ∈ Qp
1 such that σ(γv) = v}.

Remark 2.1.7 The “pinched" or “vanishing" relations of Ip are such that ∀i ̸= j ∈ Q0, ejΛei ≃ ejΛ
gei.

In the special case where α−
v and α+

v (or equivalently β−v and β+v ) are both zero, the pinched relations at v
can be seen as gentle by letting γ′v = γv + ev.
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Example 2.1.8 The algebra Λ1(α,β) of Example 2.1.2 is a pinched gentle algebra whose associated gentle
algebra (Λ1(α,β))

g is:

3̃ 0̃

1

0 3

α−

β−β+

α+

(Λ1(α,β))
g

The notion of graded Kronecker and pinching extend naturally to the context of graded pinched
gentle algebras.
Definition 2.1.9 Let Λ = (KQ/⟨I⟩, | . |) be a graded pinched gentle algebra.

• A graded Kronecker (α, β) of Λ is a graded Kronecker of the associated gentle algebra Λg such that
there is no loop γ ∈ Qp

1 based at the source or target of α. It is said to be acyclic if α and β do not
belong to an oriented cycle of (Qg, Ig).

• For (α, β) a graded Kronecker of Λ, the pinching of Λ at (α, β) is the graded pinched gentle algebra
Λ(α,β) obtained by performing the same local transformation of (Q, I) as in Definition 2.1.1.

• The notion of a band object supported by a graded Kronecker is as in Definition 2.1.1.

We now state the main results of this paper. Since every graded gentle algebra can be seen as a
graded pinched gentle algebra, Theorem 2.1.3 (2) is a particular instance of Theorem 2.1.11, and Theo-
rem 2.1.3 (3) a particular instance of Theorem 2.1.10. Stating the results in this generality also allows
us to localize at a collection of disjoint simple closed curves by iterating the process.
Theorem 2.1.10 Let Λ be a graded pinched gentle algebra and B a band object of per(Λ) supported by
an acyclic graded Kronecker (α, β), with parameter µ. There is an equivalence:

per(Λ)/thick(B) ≃ per(Λ(α,β)),

where the left hand side is the Verdier quotient.

Theorem 2.1.11 Let Λ be a graded pinched gentle algebra with an acyclic graded Kronecker (α, β). There
exists a recollement:

D(Λ(α,β)) D(Λ) D(K[x]/(x2)) ,

where x is of degree 1.

The proofs of Theorem 2.1.10 and Theorem 2.1.11 are made in section 2.6.
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2.2 Recollections on DG categories
We introduce notations and recall some properties of DG categories. Our mains references are

[CC21], [BK91] and [Dri04].
Notations 2.2.1 Let A be a DG category over a base fieldK.
• We denote byH∗(A) its graded homotopy category and byH0(A) its zeroth homotopy category.
• We recall that the category Apre−tr of one-sided twisted complexes over A is defined in [BK91] as

follow:

- Objects in Apre−tr are formal expressions (
n⊕

i=1
Ci[ri], ∂) where n ≥ 0, Ci ∈ A, ri ∈ Z, ∂ = (∂ij),

∂ij ∈ A(Cj , Ci)[ri − rj ] is homogeneous of degree 1, ∂ij = 0 for i ≥ j and dnaive∂ + ∂2 = 0, where
dnaive∂ := (dA(∂ij)).

- f = (fij) ∈ Apre−tr((
n⊕

j=1
Cj [rj ], ∂), (

m⊕
i=1

C ′
i[r

′
i], ∂

′)) verify fij ∈ A(Cj , C
′
i)[r

′
i − rj ] and the composi-

tion is the matrix multiplication.

- The differential is defined by df := dnaivef + ∂′f − (−1)lf∂ if degfij = l.

The DG categoryA can be seen as a full DG subcategory ofApre−tr. For f : X → Y a closed morphism

of degree 0 of A, let Cone(f) be the object (Y
⊕
X[1],

(
0 f
0 0

)
) ∈ Apre−tr.

LetC = (
n⊕

j=1
Cj [rj ], ∂), C

′ = (
m⊕
i=1

C ′
i[r

′
i], ∂

′) ∈ Apre−tr. A homogeneous basis {bklh }1≤h≤nkl ofA(Cl, C
′
k)

for each l ∈ {1, ..., n} and k ∈ {1, ...,m} induces a basis {[bklh ] | 1 ≤ k ≤ m, and 1 ≤ l ≤ n, and
1 ≤ h ≤ nkl} of Apre−tr(C,C ′), where [bklh ]ij = bklh if i = k and j = l, and zero otherwise. The degrees in
Apre−tr are then |[bklh ]|pre−tr = |bklh |+ rl − r′k.

We will extend this bracket notation to linear combinations and sometimes drop them when there is no
ambiguity and the context is clear.
• The triangulated categoryAtr associated toA is by definitionH0(Apre−tr). The distinguished triangles

are isomorphic to diagrams X → Y → Cone(f)→ X[1] with f : X → Y a degree 0 closed morphism of
A. Any inclusions A ↪→ C ↪→ Apre−tr induce a triangulated equivalence Atr ≃ Ctr.

Example 2.2.2 LetΛ := (KQ/⟨I⟩, | . |, d) be aDGalgebra given by aDGquiver with relations. We viewΛ as
a DG category P(Λ) with objects P(Λ)0 = Q0 and morphism spaces P(Λ)(i, j) = ejΛei, with the induced
grading and differential. Using [CC21](Rem 6.2.5 (2)), one can see that the split closure of the triangulated
category P(Λ)tr is equivalent to the perfect derived category per(Λ).

Drinfeld introduced and studied in [Dri04] a notion of DG quotient.
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Definition 2.2.3 [Dri04](§3.1) LetA be a DG category and B a full subcategory. The quotient DG category
A/B has the same objects as A. It has a new morphism ϵU : U → U of degree −1 for all object U of B,
and all of its compositions with existing morphisms. Formally, one has an isomorphism of vector spaces
(but not of complexes),

HomA/B(X,Y )←
⊕
n∈N

Hom
⟨n⟩
A/B(X,Y )

where Hom
⟨n⟩
A/B(X,Y ) is the direct sum, over all families (Ui)1≤i≤n of objects in B, of tensor products

HomA(Un, Un+1)⊗K[1]⊗HomA(Un−1, Un)⊗ ...⊗K[1]⊗HomA(U0, U1) where Un+1 = Y, U0 = X and
K[1] is the complex with onlyK in degree -1.

If ϵ is the canonical generator of K[1], the application sends the product fn ⊗ ϵ ⊗ ... ⊗ ϵ ⊗ f0 to the
composition fnϵUnfn−1...ϵU1f0. The differential is given by the Leibniz rule and d(ϵU ) = idU for all U in B.
In particular Hom⟨0⟩

A/B(X,Y ) = HomA(X,Y ).

This DG quotient is an enhancement of the triangulated quotient:
Theorem 2.2.4 [Dri04](Th 3.4) There is a triangulated equivalence:

(A/B)tr ≃ Atr/Btr.

2.3 Spectral sequences and Drinfeld quotients
In this section, B will denote a full subcategory of a DG category A. We will present how the Hom

spaces of A/B naturally inherit a filtration which gives rise to a spectral sequence that can be used
to compute the Hom spaces ofH∗A/B. Our main reference in this section is McCleary’s book A user’s
guide to spectral sequences [McC00].

Using the notation of Definition 2.2.3, for all objectsX,Y in A, the natural filtration
0 = F−1C ⊂ ... ⊂ F p−1C ⊂ F pC ⊂ ... ⊂ C := HomA/B(X,Y )

given by F pC ≃
p⊕

n=0
Hom

⟨n⟩
A/B(X,Y ) is:

- Compatible with the differential: the differential d of C restricts to a map d : F pC → F pC for
each p ∈ Z,

- Exhaustive: C =
⋃

s F
sC ,

- Bounded below: for each n, there is a value s(n) with F s(n)Cn = {0}.
These data allow us to construct a spectral sequence:

Theorem 2.3.1 [McC00](Th - 2.6) The filtration F of C determines a spectral sequence {E∗,∗
r , dr} starting

on page 1 with dr of bidegree (−r, r + 1) and

Ep,q
1 ≃ Hp+q(F pC/F p−1C)
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Chapter 2. Recollements for graded gentle algebras from spherical band objects

This spectral sequence is build recursively starting at r = 0. Let Ep,q
0 = F pCp+q/F p−1Cp+q and

dp,q0 : Ep,q
0 → Ep,q+1

0 be the differential induced by the quotient. Suppose thatEp,q
r and the differential

dp,qr : Ep,q
r → Ep−r,q+r+1

r are given. By definition of a spectral sequence, there is an isomorphism
Ep,q

r+1 ≃ Ker(dp,qr )/Im(dp+r,q−r−1
r ). One can then verify that the differential d induces a differential

dp,qr+1 : E
p,q
r+1 → E

p−(r+1),q+(r+1)+1
r+1 .

The filtration F also induces a filtration of the homologyH(C, d) in the following way:
F pH(C, d) = Im

(
H(ι) : H(F pC, d)→ H(C, d)

)
where ι is the inclusion. Recall the following definition:
Definition 2.3.2 [McC00](Def 2.4) A spectral sequence {E∗,∗

r , dr} is said to converge to a gradedR-module
H∗ if there is a filtration F onH∗ such that

Ep,q
∞ ≃ Ep,q(H∗, F ),

where Ep,q
∞ is the limit term of the spectral sequence, and Ep,q(H∗, F ) the bigraded module given by

Ep,q(H∗, F ) = F pHp+q/F p−1Hp+q.

The following theorem applies:
Theorem 2.3.3 [McC00](Th 3.2) The spectral sequence of Theorem 2.3.1 converges toH(C, d), that is,

Ep,q
∞ ≃ F pHp+q(C, d)/F p−1Hp+q(C, d).

Since we are working over a field, all short exact sequences split and the convergence implies that
for all p and q,

Hp+q(HomA/B(X,Y )) ≃
⊕
k∈Z

Ep+k,q−k
∞ . (2.1)

Note that ∀p < 0, ∀q ∈ Z, Ep,q
0 ≃ 0. The following proposition will allow us to compute easily the

first terms Ep,q
1 .

Proposition 2.3.4 LetB be a full subcategory of a DG categoryA over a fieldK , and letX,Y be two objects
of A. Let {E∗,∗

r , dr} be the spectral sequence associated to the natural filtration of C = HomA/B(X,Y ).
Then

Ep,q
1 ≃

⊕
(Ui)∈B

⊕
k1+...+kp+1

= 2p+q

Hkp+1(HomA(Up, Y ))⊗K[1]⊗Hkp(HomA(Up−1, Up))⊗ ...

...⊗K[1]⊗Hk1(HomA(X,U1)).

Proof: By definition, Ep,q
1 = Hp+q(F pC/F p−1C). Moreover F pC/F p−1C is isomorphic to⊕

(Ui)∈B

HomA(Up, Y )⊗K[1]⊗HomA(Up−1, Up)⊗ ...⊗K[1]⊗HomA(X,U1)
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as a graded vector space. We will show that F pC/F p−1C is actually isomorphic to it as a complex,
endowed with the differential coming from the tensor product. Recall that for complexes (Cr, dr), ...,
(C1, d1), their tensor product Cr ⊗ ...⊗C1 has for differential d⊗, sending an homogeneous element
xr ⊗ ...⊗ x1 to

d⊗(xr ⊗ ...⊗ x1) =
r∑

k=1

(−1)
r∑

l=k+1
deg(xl)

xr ⊗ ...⊗ dk(xk)⊗ ...⊗ x1.

On one hand for fp ⊗ ϵp ⊗ fp−1 ⊗ ...⊗ ϵ1 ⊗ f0 a homogeneous element in
(
⊕

(Ui)∈B

HomA(Up, Y )⊗K[1]⊗HomA(Up−1, Up)⊗ ...⊗K[1]⊗HomA(X,U1), d
⊗),

one has
d⊗(fp ⊗ ϵp ⊗ fp−1 ⊗ ...⊗ ϵ1 ⊗ f0)

=

p∑
k=0

(−1)
p∑

l=k+1
deg(fl)−(p−k)

fp ⊗ ϵp ⊗ ...⊗ d(fk)⊗ ...⊗ ϵ1 ⊗ f0

+

p∑
k=1

(−1)
p∑

l=k
deg(fl)−(p−k)

fp ⊗ ϵp ⊗ ...⊗ d(ϵk)⊗ ...⊗ ϵ1 ⊗ f0

=

p∑
k=0

(−1)
p∑

l=k+1

deg(fl)−(p−k)

fp ⊗ ϵp ⊗ ...⊗ d(fk)⊗ ...⊗ ϵ1 ⊗ f0

since K[1] is endowed with the zero differential. On the other hand, for a homogeneous element
fpϵpfp−1...ϵ1f0 of F pC/F p−1C ,

d(fpϵpfp−1...ϵ1f0) =

p∑
k=0

(−1)
p∑

l=k+1

deg(fl)−(p−k)

fpϵp...d(fk)...ϵ1f0

+

p∑
k=1

(−1)
p∑

l=k
deg(fl)−(p−k)

fpϵp...fkfk−1...ϵ1f0

=

p∑
k=0

(−1)
p∑

l=k+1

deg(fl)−(p−k)

fpϵp...d(fk)...ϵ1f0

since the fpϵp...fkfk−1...ϵ1f0 are in F p−1C. This shows that the differential induced by the quotient
coincides with the one coming from the tensor product, inducing an isomorphism of complex.

For the moment we have shown an isomorphism of complexes
Ep,q

1 ≃ Hp+q(
⊕

(Ui)∈B

HomA(Up, Y )⊗K[1]⊗HomA(Up−1, Up)⊗ ...

...⊗K[1]⊗HomA(X,U1), d
⊗).
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We conclude using the Künneth formula for complexes [Wei94](Th 3.6.3). Given two complexes
P and Q, there exist for all n a short exact sequence

0→
⊕

i+j=n

H i(P )⊗Hj(Q)→ Hn(P ⊗Q)→
⊕

i+j=n−1

TorK1 (H i(P ), Hj(Q))→ 0.

Since we are working with vector spaces, the torsion groups vanish and there is an isomorphism⊕
i+j=n

H i(P )⊗Hj(Q) ≃ Hn(P ⊗Q). This gives

Ep,q
1 ≃

⊕
(Ui)∈B

⊕
h1+...+h2p+1

=p+q

Hh2p+1(HomA(Up, Y ))⊗Hh2p(K[1])⊗Hh2p−1(HomA(Up−1, Up))⊗ ...

...⊗Hh2(K[1])⊗Hh1(HomA(X,U1)).

Finally sinceH i(K[1]) is non zero if and only if i = −1, this gives the desired formula.
□

2.4 Admissible dissections and graded pinched gentle alge-
bras

2.4.1 Adapted admissible dissections
In order to simplify computations in per(Λ), it will be useful to choose an adapted set of genera-

tors. Recall that graded gentle algebras are in one-to-one correspondence with marked surfaces with
graded admissible dissection, that is, a quadruple (S,M,∆, G)where S is a compact oriented surface
with boundary,M a finite set of ◦ and •marked points and punctures,∆ an admissible ◦-dissection,
and G a grading of the minimal oriented intersections. See for example [HKK17,OPS25,APS23, LP20]
for the statement of this result, and for more details and examples. Throughout this section, we will
use the terminology of [CJS23](section 1.5). Contrary to the convention adopted in [APS23], we will
draw marked surfaces with admissible dissection in such a way that the orientation of the arrows of
the corresponding quiver will be given by rotating clockwise around a ◦-point.

By a theorem of [LP20] this correspondence gives rise, in the homologically smooth case (that
is, in the case without •-punctures), to an equivalence between the derived category of the graded
gentle algebra and the partially wrapped Fukaya categoryW(S,M, η(∆, G)) of the associatedmarked
surface with graded admissible dissection:
Theorem 2.4.1 [LP20](Theorem 3.11) For a homologically smooth graded gentle algebra Λ with associated
marked surface with graded admissible dissection (S,M,∆, G), there is a line field η(∆, G) on S such that
there is an equivalence

per(Λ) ≃ W(S,M, η(∆, G))

Remark 2.4.2 In case Λ is not homologically smooth, following [OZ22](Definition 3.24, Remark 3.26) we
can still embed per(Λ) into a partially wrapped Fukaya categoryW(Ss,Ms, η(∆s, Gs)) as follows. If Λ is
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associated to (S,M,∆, G), let Ss be themarked surface obtained by replacing each •-puncture by a bound-
ary component containing one •-point and one ◦-point, and letMs be the new set of marked points and
punctures. The collection ∆ induces an arc system on Ss that can be completed into a full arc system ∆s

by choosing a new ◦-arc for each new boundary component. Finally a choice of gradingGs that specializes
to G on∆ induces an equivalence between per(Λ) and the full subcategory ofW(Ss,Ms, η(∆s, Gs)) gen-
erated by ∆. Equivalences forW(Ss,Ms, η(∆s, Gs)) induce equivalences for per(Λ) (see [OZ22], Lemma
3.28).

For γ : S1 → S an immersed curve, we denote by wη(∆,G)(γ) its winding number with respect to
η(∆, G) (see [LP20] Definition 1.1.3).

Following [OPS25](Assumption 2.7), we assume that any finite collection of curves is in minimal
position, that is, the number of intersections of each pair of (not necessarily distinct) curves in this
set is minimal in their respective homotopy class. According to [Thu08], it follows from [FHS82] and
[Neu01] that, up to homotopy, this assumption is always satisfied. Given two curves γ, γ′, denote by
|γ ∩ γ′| this minimal number of intersections.

For γ : S1 → S a simple closed curve, let Dγ : S → S be the associated Dehn twist along γ (see
for instance [FM12] for a definition). For δ a ◦-arc on (S,M) intersecting a simple closed curve γ, each
(possibly equal) end point of δ give rise to an oriented intersection between δ and Dγ(δ), denoted
α(δ) and β(δ). Recall that an oriented intersection between to consecutive ◦-arcs at a ◦-point is called
aminimal oriented intersection.
Proposition 2.4.3 Let (S,M,∆, G) be a graded marked surface and let γ1, ..., γr be a collection of pair-
wise non-intersecting simple closed curves on S with zero winding number. Suppose moreover that these
curves do not enclose a subsurface containing only punctures.

There exists a graded admissible ◦-dissection (∆′, G′) on (S,M) such that η(∆′, G′) ≃ η(∆, G), and
for all i ∈ {1, ..., r} there exists δi ∈ ∆′ such that:

• The endpoints of δi are not ◦-punctures,

• |δi ∩ γi| = 1,

• Dγi(δi) ∈ ∆′,

• For all δ ∈ ∆′\{δi, Dγi(δi)}, |δ ∩ γi| = 0,

• α(δi) and β(δi) are minimal and G′(α(δi)) = G′(β(δi)).

We will call such a dissection (∆′, G′) an admissible dissection adapted to the collection {γ1, ..., γr}.
Example 2.4.4 Consider the graded gentle algebra Λ0 given by:

5 4

0 3

1 2

a

b

c

df

e
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Chapter 2. Recollements for graded gentle algebras from spherical band objects

and |a| = |d| = |f | = 0, |c| = 1 and |b| = |e| = −1. The associated graded marked surface S is
depicted on the left of the following figure:

Figure 2.4.1: A marked surface with a non-adapted admissible dissection (left) andwith an adapted admissible dissection (right).
The figure on the right is an example of adapted admissible dissection (the grading being zero) to the

unique simple closed curve of S. Let S1 be this new graded marked surface.

The proof of Proposition 2.4.3 will rely on the following lemma:
Lemma 2.4.5 [LP20](Remark 1.2.5) Let S be an oriented surface with non-empty boundary ∂S decompos-
ing as the disjoint union of connected components ∂S =

r⊔
i=1

∂iS.

A line field η on S relates its genus g with the winding number of its boundary components via the
formula:

r∑
i=1

wη(∆,G)(∂iS) = 4− 2r − 4g

Proof of Proposition 2.4.3: Each simple closed curve γi has zero winding number, regardless of
the choice of orientation.

Let S′ be the surface obtained by cutting S along each γi. It is the disjoint union of connected
surfaces S′ =

s⊔
j=1

S′
j , and each γi give rise to two boundary components of S′: γ+i and γ−i . Let us

show by contradiction that each S′
j contains a boundary component of the original surface S (and

thus contains at least one ◦marked point on this boundary).
Since by hypothesis each S′

j cannot contain only punctures, each S′
j containing a puncture must

contain a boundary component of S.
Suppose now that S′

j does not contain any puncture and that all its distinct boundary compo-
nents ρj1, ..., ρjrj are in {γ+1 , ..., γ+r , γ−1 , ..., γ−r }. Let gj be its genus. By Lemma 2.4.5, after choosing the
orientation on each ρji which is compatible with the orientation of S′

j , we have
rj∑
i=1

wη(∆,G)(ρ
j
i ) = 4− 2rj − 4gj ⇔ 0 = 4− 2rj − 4gj

⇔ rj = 2 and gj = 0,
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but then ρj1 and ρj2 should be homotopic, a contradiction. Thus we can choose an arbitrary ◦marked
pointmj in each S′

j .For all j ∈ {1, ..., s}, and for all k ∈ {1, ..., rj}, let δjk be a simple arc from δjk(0) = mj to δjk(1) = ρjk(1)(after the identification with some γ±i : S1 → S), and such that ∀k ̸= k′ ∈ {1, ..., rj}, |δjk ∩ δjk′ | = 0.
For each i ∈ {1, ..., r}, this gives rise to a ◦-arc δi on S intersecting γi once (and no other γi′ ̸=i)once and transversely, in the following way: if γ+i = ρjk and γ−i = ρj

′

k′ , define δi to be the concatenation
δi = δjk.(δ

j′

k′)
−1. Moreover, define µ+i = δjk.γi.(δ

j
k)

−1 and µ−i = δj
′

k′ .γi.(δ
j′

k′)
−1. Cutting S along the µ±i ,

we obtain a surface Γ = Γ′⊔(
r⊔

i=1
Γi), where each Γi is an annulus containing γi and whose boundary

components µ±i each have one ◦marked point. The following figure depicts the situation:

Figure 2.4.2: Arc configuration in the neighbourhood of a simple closed curve.
Let Γ′ =

⊔
k∈K0

Γk be the decomposition of Γ′ into connected components. We have seen above
that for each k inK0, Γk contains at least one ◦marked point, thus [HKK17](Lemma 3.3) ensures that it
admits an admissible dissectionAk. We set∆′ := (

⊔
k∈K0

Ak)
⊔
{δ1, ..., δr, Dγ1(δ1), ..., Dγr(δr)}. In order

to see that this indeed give an admissible dissection on (S,M), we need to check that each pair of
arcs are non-intersecting, which is the case by construction, that they are pairwise distinct and that
they cut S into polygons, each of which containing exactly one •-point. We call such a polygon an
admissible polygon.

The curves in∆′⊔{γ1, ..., γr} are in minimal position by assumption. For k ̸= k′ ∈ K0, any δ ∈ Akand δ′ ∈ Ak′ are distinct since they do not share common endpoints. For all i, δi is distinct fromDγi(δi)and for i ̸= j ∈ {1, ..., r}, δi ̸≃ δj , δi ̸≃ Dγj (δj) andDγi(δi) ̸≃ Dγj (δj) since they do not have the same
minimal relative position with respect to the set {γ1, ..., γr}.

Let S0 be a subsurface cut out by∆′. If all boundary arcs of S0 are contained in some Ak, then S0is an admissible polygon since Ak is an admissible collection. Otherwise S0 is obtained by gluing an
admissible polygon of some Ak with a collection of triangles of the form (µ±i , δi, Dγi(δi)). The gluingis made along the µ∓i ’s, and since elements of {δ1, ..., δr, Dγ1(δ1), ..., Dγr(δr)} are all distinct, S0 is apolygon. Finally since each triangle (µ±i , δi, Dγi(δi)) contains no • points, S0 is admissible.

Now η(∆, G) induces a unique gradingG′ on∆′ such that η(∆′, G′) ≃ η(∆, G), and by construction
α(δi) and β(δi) are minimal for all i. The fact that G′(α(δi)) = G′(β(δi)) follows from wη(∆,G)(γi) = 0.

□
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Proposition 2.4.3 has the following consequence on the algebraic side:
Corollary 2.4.6 LetΛ = (KQ/I, | . |) be a graded gentle algebra associated to the gradedmarked surface
with admissible dissection (S,M,∆, G).

LetB1, ..., Br be a collection of band objects of per(Λ) of parameters (ni = 1, µi ∈ K∗) corresponding
to a collection γ1, ..., γr of simple closed curves on S under the equivalence per(Λ) ≃ W(S,M, η(∆, G))

or under the inclusion intoW(Ss,Ms, η(∆s, Gs)) in case Λ is not homologically smooth. Suppose that the
γi’s are pairwise non-intersecting and do not enclose a subsurface containing only punctures.

There exists a graded gentle algebra Λ′ = (KQ′/I ′, | . |′) and an equivalence Ψ : per(Λ) → per(Λ′)

such that each Ψ(Bi) is a band object supported by an acyclic graded Kronecker (αi, βi) of Λ′, and such
that ∀i ̸= j, {σ(αi), τ(αi)}

⋂
{σ(αj), τ(αj)} = ∅.

Example 2.4.7 Let Λ0 be the gentle algebra of Example 2.4.4, and B be a band object of parameter (1, µ)
of per(Λ) corresponding to the only simple closed curve of S. Then Theorem 2.4.1 shows that Λ0 is derived
equivalent to the gentle algebra associated the gradedmarked surface S1. This algebra is the gentle algebra
Λ1 of Example 2.1.2.

Under this equivalence, B is isomorphic to (a shift of) (P2
⊕
P1[1], ∂ =

(
0 α+ µβ
0 0

)
).

Proof of Corollary 2.4.6: A choice of admissible dissection (∆′, G′) as in 2.4.3 gives the desired
algebraΛ′, which is derived equivalent toΛby [HKK17](Proposition 3.2). The acyclic graded Kroneckers
come from the minimal angles {α(δi), β(δi)}, and the description of the Bi’s in per(Λ′) in term of one
sided twisted complexes is given by [HKK17](Theorem 4.3).

□

2.4.2 Graded marked surfaces with conical singularities
In this section we establish the correspondence between graded pinched gentle algebras and

marked surfaces with conical singularities and simple admissible dissections, a generalisation of grad-
ed marked surface to surfaces with conical singularities.
Definition 2.4.8

• A (topological) oriented surface with conical singularities is a compact topological space S in which
every point admits a neighbourhood homeomorphic to one of the following:

- The open unit diskD of R2,

- The half diskD ∩H , whereH is the closed upper half plane of R2,

- The wedge sumC0 = D⊔D′/ ∼ of two pointed open disks (see the left-hand side of Figure 2.4.3).

Since S is compact, it admits a finite number of boundary components, each homeomorphic to a
circle, and a finite set of pointsC , called the set of conical singularities, that correspond to the singular
point of C0. The surface S\C must be oriented. Elements of C will be represented by symbols ◦· .
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• A marked surface with conical singularities S = (S,C,M ⊔ P ) is the data of:

- A surface with conical singularities (S,C),
- A finite set P = P◦ ⊔ P• of points in the interior of S\C , called punctures and represented
respectively by symbols ◦ and •,

- A finite set M = M◦ ⊔M• of points in the boundary of S\C , called marked points and rep-
resented respectively by symbols ◦ and •. They are required to alternate on each boundary
component, and each component must contain at least one marked point.

• A ◦-arc is a non contractible curve on S with endpoints inM◦ ⊔P◦. Every curve will be considered up
to homotopy. Note that ◦-arcs are allowed to go through conical singularities.

• Let S� be the marked surface obtained from S by splitting each conical singularity into two ◦-punctu-
res (see the right-hand side of Figure 2.4.3). A simple admissible dissection ∆ on S is a set of ◦-arcs
that don’t intersect (in the interior of S) and that satisfy:

- For each c ∈ C there is exactly one arc γc in∆ that goes through c, it goes through it only once
and does not go through other singularities,

- The collection ∆� of arcs on S� induced from ∆ by splitting each γc in two, is an admissible
dissection.

• A grading G on a simple admissible dissection∆ is the data of an integer for each minimal oriented
angle of∆.

Remark 2.4.9 There are two other equivalent ways of thinking of marked surfaces with conical singulari-
ties.

1. First we can think of a marked surface with conical singularities as a marked surface where pairs of
◦-punctures have been identified. More precisely, given a marked surface (S,M ⊔ P ) and a fixed-
point free involution ι on a subset P◦

ι of P◦, the associated marked surface with conical singularities
S is obtained by taking the quotient of S under the identifications p ∼ ι(p) for all p ∈ P◦

ι. Thus the
set of conical singularities is the quotient of P◦

ι under the action of ι, and the new set of ◦-punctures
is P◦\P◦

ι. This construction is inverse to the splitting of the conical singularities S�, where ι is given
by remembering each pairing of new ◦-punctures.
Under this correspondence, simple admissible dissections of the marked surface with conical singu-
larities S are in bijection with admissible dissections on (S,M ⊔ P ) satisfying that each puncture
in P◦

ι is of valency one. Under this correspondence, the ◦-arcs γp and γι(p) admitting respectively
p and ι(p) in P◦

ι as one of their end points, give rise via concatenation to an arc going through the
corresponding conical singularity.
Note that here we must exclude the case where (S,M ⊔P ) is a sphere without boundary, with one •-
puncture and two ◦-punctures p and p′, andwith ι(p) = p′, since the ◦-arc in the admissible dissection
of (S,M ⊔ P ) would descend to a closed curve on S . This is the only case where this can happen.
Each grading G on (S,∆) corresponds to a grading G� on (S�,∆�) that associate zero to each
minimal oriented angle at ◦-punctures arising from conical singularities.
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2. Similarly each collection of non intersecting simple closed curves on amarked surface (S,M⊔P ) gives
rise to a marked surface with conical singularities by taking the topological quotient that identifies
each simple closed curve with a point.

The next proposition follows easily from the correspondence established in [HKK17,BCS21,PPP19,
LP20] for gentle algebras. A quiver with relation (Q, I) as in Definition 2.1.6 will be called a pinched
gentle quiver.
Proposition 2.4.10 Graded pinched gentle quivers are in one to one correspondencewithmarked surfaces
with conical singularities endowed with a graded simple admissible dissection.

Proof: Let (Q, I, | . |) be a graded pinched gentle quiver with set of vanishing loops Qp
1. Let γvbe a loop in Qp

1 attached at vertex v, and let α+, α−, β+, β− be the (possibly identified or equal to
zero) arrows given in Definition 2.1.6. By Remark 2.1.7, we can assume that at least one of α+, α−, and
at least one of β+, β− is non-zero. Let (Q′, I ′, | . |′) be the graded quiver with relations obtained by
resolving each loop in Qp

1 in the following way:

3̃ 0̃ 3̃ 0̃

1 1α 1β

0 3 0 3

α−

β−β+

α+

(Q,I,| . |)

α− α+

β−β+

(Q′,I′,| . |′)

γ γα

γβ

Each loop γ in Qp
1 gives rise to two degree zero loops γα and γβ attached on different vertices,

and satisfying the relations α+γα = γαα
− = 0 = β+γβ = γββ

−. Thus (Q′, I ′, | . |′) is a graded gentle
quiver and thus corresponds to a marked surface with graded admissible dissection (S,M ⊔P,∆, G).
Moreover for each γ in Qp

1, the set of couples (γα, γβ) give the data of a partial coupling on the ◦-
punctures of (S,M ⊔ P ). By Remark 2.4.9 (1), this gives rise to a unique marked surfaces with conical
singularities with graded simple admissible dissection.

Conversely, starting from a marked surfaces S with conical singularities and graded simple ad-
missible dissection, one can split its conical singularities to obtain S� as in Remark 2.4.9 (1). One gets
an associated graded gentle quiver and can do the inverse procedure of the last figure to obtain a
graded pinched gentle quiver. By definition the two constructions are inverse from each other.

□

Example 2.4.11 Consider the pinched gentle algebra Λ1(α,β) of Example 2.1.2 (it corresponds to the left
quiver with relations of the last figure). The corresponding marked surface with conical singularities, de-
picted on the left part of the following figure, is homeomorphic to the conical singularity C0. The right part
illustrates the marked surface with admissible dissection obtained by splitting the conical singularity.
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Figure 2.4.3: A marked surface with conical singularities and graded simpleadmissible dissection, and the splitting of its conical singularity.

Remark 2.4.12 Simple admissible dissections are a special case of a more general notion of admissible
dissection onmarked surfaces with conical singularities, introduced in Definition 3.3.1. It includes dissections
admitting several arcs going through a conical singularity.

The localization described in Theorem 2.1.11 corresponds at the level of surfaces with conical sin-
gularities to the contraction of the simple closed curve. More precisely, we have the following propo-
sition:
Proposition 2.4.13 Let Λ be a graded pinched gentle algebra with a graded Kronecker (α, β), let S be its
associatedmarked surface with conical singularities and let γ be the simple closed curve onS corresponding
to (α, β). (Note that by definition of a graded Kronecker, γ does not go through a conical singularity).

The marked surface with conical singularities S(α,β), associated to the pinching Λ(α,β) of Λ at (α, β), is
homeomorphic to the quotient of S that identifies all points in γ.

Proof: The marked surface with conical singularities obtained by identifying all points in γ is the
same as the one obtained by:

(i) Splitting S at γ to obtain a marked surface with conical singularities with new boundary com-
ponents γα and γβ ,(ii) contracting γα and γβ to obtain two ◦-punctures pα and pβ ,(iii) gluing pα and pβ to create a conical singularity.

Splitting the other conical singularities of themarked surface with conical singularities S ′ obtained
at step (ii) yields exactly the one used in the proof of Proposition 2.4.10 to define S(α,β).

□

Remark 2.4.14 Up to derived equivalence we can suppose that (α, β) is in degree zero. In this case, the
pinching of S at γ sends the graded simple admissible dissection associated to Λ to the graded simple
admissible dissection associated to Λ(α,β) (with the identification of the arcs corresponding to σ(α) and
τ(α)).
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We now state a useful result on derived equivalences for graded pinched gentle algebras. For
a closed curve γ on a marked surface with conical singularities with simple admissible dissection
(S,∆, G) that does not go through a singularity, we define its winding number to be wη(∆�,G�)(γ).
Proposition 2.4.15 Let Λ be a graded pinched gentle algebra corresponding to a marked surface with
conical singularities with graded simple admissible dissection (S,∆, G). Let γ be a simple closed curve on
S with zero winding number that does not go through a singularity nor encloses a subsurface containing
only punctures or singularities.

There exists a graded simple admissible dissection (∆′, G′) on S that is adapted to γ (see Proposi-
tion 2.4.3), and such that per(Λ) ≃ per(Λ′) where Λ′ is the graded pinched gentle algebra associated to
(S,∆′, G′).

We can then use this new description of the perfect derived category to apply Theorem 2.1.10 and
take the pinching ofΛ′ at the graded Kronecker (α, β) corresponding to γ. By Proposition 2.4.13,Λ′

(α,β)gives a graded simple admissible dissection on themarked surface with conical singularities obtained
by contracting γ in S.

Proof: Let Γ be the graded gentle algebra obtained by replacing each vanishing loop δi in Qp
1 bya zero graded Kronecker (αi, βi) in such a way that Γ satisfies Γ(αi,βi)i = Λ. By Theorem 2.1.10, each

choice of band objects Bi supported on (αi, βi) gives an equivalence per(Λ) ≃ per(Γ)/thick(Bi)i.Let (S(Γ),∆(Γ), G(Γ)) be the marked surface with admissible dissection associated to Γ, and for
all i let γi be the simple closed curve corresponding to (αi, βi). The curve γ is lifted to a curve on
S with zero winding number, and it does not intersect the γi’s. Moreover this collection of closed
curves does not enclose a subsurface containing only punctures, so we can apply Proposition 2.4.3.
Let (∆(Γ)′, G(Γ)′) be the resulting graded admissible dissection, letΓ′ be the associated graded gentle
algebra, and let (α′

i, β
′
i)i, (α, β) be the new graded Kroneckers.

Setting Λ′ = Γ′
(α′

i,β
′
i)i

we get per(Λ′) ≃ per(Γ′)/thick(Bi)i ≃ per(Γ)/thick(Bi)i ≃ per(Λ). By
Remark 2.4.14, the graded simple admissible dissection associated to Λ′ corresponds to the image of
(∆(Γ)′, G(Γ)′) under the pinching at each γi, and thus is adapted to γ.

□

2.5 Formality of the quotient
In this section we place ourselves in the following setting:

Setting 2.5.1 Let Λ = (KQ/⟨I⟩, | . |) be a graded pinched gentle algebra (see Definition 2.1.6). Let B be a
band object of P(Λ)pre−tr (see Example 2.2.2), of parameter µ ∈ K∗ and supported by an acyclic graded
Kronecker (α, β) of Λ (see Definition 2.1.9). We set ω := α+ µβ and 1 := σ(α), 2 := τ(α).

Let A be the full subcategory of P(Λ)pre−tr supported on P(Λ)0 and B. The full subcategory B of A
supported on B satisfies the following property:

Theorem 2.5.2 [BK91](§4 - Th 1) Let ⟨B⟩ be the smallest strictly full triangulated subcategory of the trian-
gulated category Atr ≃ per(Λ), which contains B. There is an equivlance:

Btr ≃ ⟨B⟩.
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2.5. Formality of the quotient

We will show that (A/B)◦, the full subcategory of A/B supported on P(Λ)0, is formal.
2.5.1 A quasi-equivalence

Lemma 2.5.3 There is a DG equivalence

(A/B)◦ ≃ P(KQ̂/⟨I⟩, |̂ . |, d̂)

where:

- (KQ̂/⟨I⟩, |̂ . |) is obtained by adding to Q an arrow γ from 1 to 2 of degree |α| − 2, loops ϵ1 and ϵ2
at 1 and 2 of degree −1, and an arrow δ from 2 to 1 of degree −|α|:

1 2ϵ1
α

β

γ

ϵ2

δ

- d̂ is defined by setting d̂(ϵ1) = δω− e1, d̂(ϵ2) = (−1)q(e2−ωδ), d̂(γ) = (−1)q+1(ωϵ1 + ϵ2ω), and by
sending every other arrows to zero.

Proof: Recall that ϵ is the newgenerator added toEndA(B)when taking the quotient. Let i, j ∈ Q0.Using the bracket of Notation 2.2.1, let
[e1) := [e1] ∈ HomA(P1, B), [e2) := [e2] ∈ HomA(P2, B),

(e1] := [e1] ∈ HomA(B,P1) and (e2] := [e2] ∈ HomA(B,P2).

Everymorphism ρ =

(
ρ2
ρ1

)
∈ HomA(Pi, B) factors as ρ = (e2]ρ2+(e1]ρ1 and dually for amorphism

ρ′ ∈ HomA(B,Pj). The equivalence is then given by sending HomΛ(Pi, Pj) to itself via Λ ↪→ KQ̂/⟨I⟩
for all i, j, and (e1]ϵ[e1) to ϵ1, (e2]ϵ[e2) to ϵ2, (e1]ϵ[e2) to δ and (e2]ϵ[e1) to γ.

□

Definition 2.5.4 Recall that the localizationΛ[ω−1] ofΛ at ω has been introduced in Definition 2.1.1. Using
notations of Lemma 2.5.3, we define the morphism of DG algebras ϕ : (KQ̂/⟨I⟩, |̂ . |, d̂) → Λ[ω−1] in the
following way:

Let ϕ : Q0 ⊔ Q̂1 → KQ̃ be given by ϕ|Q0⊔Q1⊔{δ} = id, ϕ(ϵ1) = ϕ(ϵ2) = ϕ(γ) = 0. It extends to an
epimorphism of graded algebra ϕ : KQ̂→ KQ̃, and to an epimorhism ϕ : (KQ̂/⟨I⟩, |̂ . |, d̂)→ Λ[ω−1] of
DG algebra since ϕ(I) ⊂ Ĩ and ϕ(d̂(ϵ1)), ϕ(d̂(ϵ2)), ϕ(d̂(γ)) ∈ ⟨Ĩ⟩.

The next subsection will be devoted to the proof of the following proposition.
Proposition 2.5.5 The functor P(ϕ) : (A/B)◦ → P(Λ[ω−1]) induced by the morphism ϕ of Defini-
tion 2.5.4 is a quasi-equivalence.
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2.5.2 Computation of H∗(A/B)◦
Lemma 2.5.6 H∗EndA(B) ≃ K[x]/(x2), where x is of degree 1

Proof: For a graded pinched gentle algebra Λ = (KQ/⟨I⟩, | . |) and i ̸= j ∈ Q0, a basis of
ejΛei ≃ ejΛgei is given by paths in (Qg, Ig). Let us give a basis of e1Λe2 in case it is non-empty.

First there can be no path from 2 to 1 of the form ρ′αρ or ρ′βρ. Indeed, if ρ′αρ ∈ e1Λe2 then the
acyclicity of (α, β) ensures that ρα ∈ Ig and αρ′ ∈ Ig , but then ρβ /∈ Ig and βρ′ /∈ Ig , and thus ρ′αρβ
is an oriented cycle, a contradiction.

Now let ρ be a non-zero path in e1Λe2 not passing through α or β. We can suppose without loss
of generality that ρα /∈ Ig. The acyclicity of (α, β) implies that αρ ∈ Ig and thus βρ /∈ Ig.

There can be no other path in e1Λe2 different from ρ. Indeed suppose that ρ′ is such a path. Then
ρ′β ∈ Ig , otherwise ρ′βρ ∈ e1Λe2 is a contradiction. Since in a gentle bound quiver, every path γ
belongs to a unique maximal path γ̂, we have ρ̂ = α̂ = ρ̂′. But then we can suppose that ρ = ρ′′ρ′, and
thus ρ = ρ′′′αρ′ or ρ = ρ′′′βρ′, a contradiction.

In conclusion, if e1Λe2 ̸= ∅ then e1Λe2 = ⟨ρ⟩ where ρ is a path which we can suppose verify
ρα, βρ /∈ I . For the rest this proof, let ρ = 0 if e1Λe2 is zero.

We can deduce:
e1Λe1 = ⟨e1, ρα⟩, e2Λe1 = ⟨α, β, βρα⟩, e1Λe2 = ⟨ρ⟩, e2Λe2 = ⟨e2, βρ⟩, (2.2)

which gives the basis EndA(B) = ⟨[e1], [e2], [α], [β], [ρ], [ρα], [βρ], [βρα]⟩, with
|[e1]| = |[e2]| = 0, |[α]| = |[β]| = 1, |[ρ]| = |ρ|+ q − 1.
Dropping without ambiguity the bracket notation, the differential is given by:

d(e1) = ω = −d(e2), d(ρ) = ωρ− (−1)|[ρ]|ρω = µβρ− (−1)|[ρ]|ρα,
d(α) = d(β) = 0, d(βρ) = (−1)|[ρ]|βρα, d(ρα) = µβρα, d(βρα) = 0,

which gives the decomposition as complexes
EndA(B) ≃ ⟨[e1], [e2], [α], [β]⟩

⊕
⟨[ρ], [ρα], [βρ], [βρα]⟩ =: E0

⊕
E1.

Now E1 is acyclic since Ker d|E1
= ⟨ρα− (−1)|[ρ]|µβρ⟩

⊕
⟨βρα⟩ = Im d|E1

, and
H∗EndA(B) ≃ H∗E0 ≃ ⟨id = e1 + e2⟩0

⊕
⟨α, β | ω⟩1. (2.3)

□
A direct computation shows that:

Lemma 2.5.7 Using the notations of (2.2),

• H∗HomA(P1, B) ≃ ⟨α, β|ω⟩,

• H∗HomA(P2, B) ≃ ⟨e2⟩,

54



2.5. Formality of the quotient

• H∗HomA(B,P1) ≃ ⟨e1⟩,

• H∗HomA(B,P2) ≃ ⟨α, β|ω⟩.

Lemma 2.5.8 For all i ∈ Q0\{1, 2},H∗HomA(Pi, B) ≃ 0 ≃ H∗HomA(B,Pi).

Proof: Let e1Λei ≃ e1Λgei = ⟨ρ1, ..., ρr⟩ and e2Λei ≃ e2Λgei = ⟨γ1, ..., γs⟩ be two bases where each
ρk, γl is a path in (Qg, Ig). We use the same notation to designate the induced basis of HomA(Pi, B).

Recall that B is of the form (P2[|α|]
⊕
P1[1], ∂ =

(
0 α+ µβ
0 0

)
) for some µ ∈ K∗, and thus for f

in HomA(Pi, B) the differential is given by df = (α+ µβ)f (see Notations 2.2.1).
Since i ̸= 1, one can choose an ordering of the ρl ’s and r′ ∈ {0, ..., r} such that ∀l ∈ {1, ..., r′},

βρl ∈ I and ∀l ∈ {r′ + 1, ..., r}, αρl ∈ I . So for (λl), (µh) ∈ Kr+s,
d(

r∑
l=1

λlρl +
s∑

h=1

µhγh) = 0 ⇔ (α+ µβ)(
r′∑
l=1

λlρl +
r∑

r′+1

λlρl) + (α+ µβ)(

s∑
h=1

µhγh) = 0

⇔
r′∑
l=1

λlαρl +
r∑

r′+1

λlµβρl = 0

⇔ ∀l ∈ {1, ..., r}, λl = 0,

where the last equivalence comes from the fact that in a gentle algebra distinct paths correspond to
distinct elements, and thus the αρl ’s and the βρl ’s are pairwise distinct. We deduce that the kernel is
Ker d = ⟨γ1, ..., γs⟩.

Now since i ̸= 2, one can choose an ordering of the γh’s and s′ ∈ {0, ..., s} such that
∀h ∈ {1, ..., s′},∃lh ∈ {1, ..., r}, γh = αρlh , and
∀h ∈ {s′ + 1, ..., s},∃lh ∈ {1, ..., r}, γh = βρlh .

Thus for all (µh) ∈ Ks,
s∑

h=1

µhγh =
s′∑

h=1

µhαρlh +
s∑

h=s′+1

µh
µ
µβρlh = d(

s′∑
h=1

µhρlh +
s∑

h=s′+1

µh
µ
ρlh).

We can deduce Ker d ≃ Im d andH∗HomA(Pi, B) = 0. The other case is dual.
□

Corollary 2.5.9 If i or j does not belong to {1, 2}, thenH∗HomA/B(Pi, Pj) ≃ HomΛ(Pi, Pj).

Proof: Let (i, j) be such a pair. By Equation 2.1, HkHomA/B(Pi, Pj) ≃
⊕
l∈Z

Ek−l,l
∞ . Let q ∈ Z. Since

H∗HomA(Pi, B) ≃ 0 or H∗HomA(B,Pj) ≃ 0 by Lemma 2.5.8, Proposition 2.3.4 shows that ∀p > 0,
Ep,q

1 ≃ 0. Thus ∀p ̸= 0, Ep,q
∞ ≃ 0. Moreover since for all r > 1 the codomain of d0,qr and the domain of

dr,q−r−1
r are zero, we have E0,q

∞ ≃ E0,q
1 ≃ HomΛ(Pi, Pj)

q.
□
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Proposition 2.5.10 Let (i, j) ∈ {(1, 1), (1, 2), (2, 1), (2, 2)} and let E∗,∗ be the spectral sequence on the
space HomA/B(Pi, Pj). Let

H∗HomA(Pi, B) =: ⟨t⟩, H∗HomA(B,Pj) =: ⟨z⟩ andH∗EndA(B) =: ⟨idB⟩
⊕
⟨y⟩

be the basis given in Lemma 2.5.7 and in (2.3), and let a := |z|+ |t| − 1.

• ∀q ∈ Z, E0,q
∞ ≃ HomΛ(Pi, Pj)

q ,

• ∀p > 0, Ep,a−p
∞ ≃ ⟨zϵ(yϵ)p−1t⟩,

• ∀p ̸= 0,∀q ̸= a− p, Ep,q
∞ ≃ 0.

Proof: We have the following relations: zy = yt = y2 = zt = 0. Let p > 0. For q ∈ Z, since by
Proposition 2.3.4
Ep,q

1 ≃
⊕

k1+...+kp+1
= 2p+q

Hkp+1(HomA(B,Pj))⊗K[1]⊗Hkp(EndA(B))⊗ ...⊗K[1]⊗Hk1(HomA(Pi, B)),

we have
Ep,q

1 ̸= 0⇔ ∃(ki) ∈ {0, 1}p−1, |z|+
∑
i

ki + |t| = 2p+ q

⇔ 0 ≤ 2p+ q − |z| − |t| ≤ p− 1

⇔ a+ 1− 2p ≤ q ≤ a− p.

For such p and q, a basis of Ep,q
1 is given by

Ep,q
1 = ⟨{zϵn0Πr

l=1(yϵ
nl)t | r ≥ 0, ∀l ∈ {0, ..., r}. nl ≥ 1,

r∑
l=0

nl = p and |z|+ r − p+ |t| = p+ q}⟩,

where ϵ is a generator ofK[1]. Moreover,
dp,q1 (zϵn0Πr

l=1(yϵ
nl)t) =

r∑
i=0

(−1)|z(Πi
l=1ϵ

nl−1y)|z(Πi
l=1ϵ

nl−1y)d(ϵni)(Πr
l=i+1yϵ

nl)t

=
r∑

i=0
ni ̸=1 odd

(−1)|z(Πi
l=1ϵ

nl−1y)|z(Πi
l=1ϵ

nl−1y)ϵni−1(Πr
l=i+1yϵ

nl)t,

since ∀n ≥ 1. d(ϵn) =
n∑

i=1
(−1)|ϵi−1|ϵn−1 = 0 if n even and ϵn−1 otherwise. We first compute the second

page of the spectral sequence.
For q ∈ Z, d0,q1 = 0 and E1,q

1 ̸= 0⇔ q = a− 1. Since d1,a−1
1 (zϵt) = (−1)|z|zt = 0, E0,q

2 ≃ E0,q
1 .

For all p > 0, dp,a−p
1 (zϵ(yϵ)p−1t) = 0, and for all ρ = zϵn0Πr

l=1(yϵ
nl)t ∈ Ep+1,a−p−2

1 , one has
dp+1,a−p−2
1 (ρ) = 0 since nl = 1 or 2. Thus Ep,a−p

2 ≃ Ep,a−p
1 .
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We regroup the remaining cases by complexes. For each b > 0, letC•
b be definedby ∀i ≥ a, Ci

b = 0,
∀i < a, Ci

b = E
b+(a−i),a−b−2(a−i)
1 and ∀i < a, diC = d

b+(a−i),a−b−2(a−i)
1 . In this way, ∀p > 0 and

∀q ∈ {a+1−2p, ..., a−p−1}, Ep,q
1 is equal to Cp+q

2p+q−a. Let us show that each C•
b is acyclic by definingmorphisms Ψ : C•

b → C•
b [−1] satisfying dC•

b
◦Ψ+Ψ ◦ dC•

b
= idC•

b
. For i < a and ρ = zϵn0Πr

l=1(yϵ
nl)t a

basis element of Ci
b, let

X = {l ∈ {0, ..., r}| nl is odd and different from 1} and Y = {l ∈ {0, ..., r}| nl is even}.

Let λ = 1
|X|+|Y | and define Ψ on paths by

Ψ(ρ) = λ
∑
i∈Y

(−1)|z(Πi
l=1ϵ

nl−1y)|z(Πi
l=1ϵ

nl−1y)ϵni+1(Πr
l=i+1yϵ

nl)t.

Then ρ appears with coefficient λ|Y | in d◦Ψ(ρ) and with coefficient λ|X| inΨ(ρ)◦d. For any other
path ρ′ ̸= ρ appearing with coefficient µ in d ◦ Ψ(ρ), it appears with coefficient −µ in Ψ ◦ d(ρ) and
vice-versa. Thus d ◦Ψ+Ψ ◦ d = ρ holds.

Finally the values of E∞ correspond to the second page since ∀p, q ∈ Z, ∀r ≥ 2, dp,qr = 0.
□

Proof of Proposition 2.5.5: Since P(Λ[ω−1]) has zero differential, it suffices to show that the mor-
phismH∗P(ϕ) : H∗Hom(A/B)◦(Pi, Pj)→ HomP(Λ[ω−1])(Pi, Pj) is an isomorphism for all i, j.

If i or j is different from 1 or 2, the relations in Λ[ω−1] are such that ejΛ[ω−1]ei ≃ ejΛei. Thus
H∗P(ϕ) is an isomorphism by Corollary 2.5.9.

For (i, j) ∈ {(1, 1), (1, 2), (2, 1), (2, 2)}, Equation 2.1 and Proposition 2.5.10 give the isomorphism:
H∗HomA/B(Pi, Pj) ≃ HomΛ(Pi, Pj)

⊕
⟨zϵ(yϵ)nt | n ≥ 0⟩.

Let us consider the case (i, j) = (1, 1). On one hand, the relations in Λ[ω−1] allow to choose the
following basis: HomP(Λ[ω−1])(P1, P1) = HomΛ(P1, P1)

⊕
⟨δ(αδ)nα | n ≥ 0⟩. On the other hand, if we

choose the following representatives: t = α, y = α, z = e1, the equivalence of Lemma 2.5.3 gives the
rewriting zϵ(yϵ)nt = e1ϵ(e2αe1ϵ)

ne2α = δ(αδ)nα, andH∗P(ϕ) is an isomorphism.
Similarly for the other cases we found:

H∗HomA/B(P2, P2) = HomΛ(P2, P2)
⊕
⟨αδ(αδ)n| n ≥ 0⟩,

H∗HomA/B(P1, P2) = HomΛ(P1, P2)
⊕
⟨αδ(αδ)nα| n ≥ 0⟩,

H∗HomA/B(P2, P1) = HomΛ(P2, P1)
⊕
⟨δ(αδ)n| n ≥ 0⟩,

which are isomorphic underH∗P(ϕ) to the corresponding spaces in P(Λ[ω−1]).
□

2.6 Proof of the main results
We now prove Theorem 2.1.10 and 2.1.11. For this we will need two lemmas.
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Lemma 2.6.1 Let Λ be the quotient of a path algebraKQ by a finitely generated ideal I = ⟨ρ1, ..., ρr⟩. Let
Q0 ⊆ Q0 be a subset of vertices and e =

∑
i∈Q0

ei the associated idempotent.

There is an isomorphism [[−]] : eKQe → KQ, where Q is the quiver whose set of vertices is Q0, and
whose arrows from i to j are symbols [αr...α1], where αr...α1 is a path from i to j in Q which passes
through no other vertices of Q0.

It induces an isomorphism eΛe ≃ KQ/I , where I = ⟨[[δρiγ]] | ∀i ∈ {1, ..., r} and δ ∈ T, γ ∈ S⟩, with:

- T = {αr...α1 | r ≥ 1, ∀i.αi ∈ Q1 and τ(αr) ∈ Q0 and ∀i.σ(αi) ∈ Q0\Q0}
⊔
{ei | i ∈ Q0}, and

dually

- S = {αr...α1 | r ≥ 1, ∀i.αi ∈ Q1 and σ(α1) ∈ Q0 and ∀i.τ(αi) ∈ Q0\Q0}
⊔
{ei | i ∈ Q0}.

Note that Q can have an infinite set of arrows, and that I is not necessarily admissible.
Lemma 2.6.2 Let Λ = (KQ/⟨I⟩, | . |) be a graded pinched gentle algebra, (α, β) be a graded Kronecker
in Q as in Definition 2.1.9, and ω = α+ µβ for some µ ∈ K∗. There are equivalences:

D(Λ[ω−1]) ≃ D(Λ(α,β)) and per(Λ[ω−1]) ≃ per(Λ(α,β)).

Proof: Since P1 and P2 become isomorphic in Λ[ω−1] =: KQ̃/⟨Ĩ⟩, D(Λ[ω−1]) ≃ D(eΛ[ω−1]e)

and per(Λ[ω−1]) ≃ per(eΛ[ω−1]e) where e =
∑

l∈Q0\{2}
el. One can compute eΛ[ω−1]e =: KQ/I using

Lemma 2.6.1. First we have:
Q1 = {[ρ] | ρ ∈ Q̃1 and σ̃(ρ) ̸= 2 ̸= τ̃(ρ)}

⊔
{[β+β], [α+α], [δα], [δβ]}

and Lemma 2.6.1 gives the following description of I :
I =⟨[[δρiγ]] |ρi ∈ Ĩ = Ig ⊔ Ip ⊔ {δω − e1, ωδ − e2} and δ ∈ T, γ ∈ S⟩
=⟨{[βs...β1][αr...α1] | [βs...β1], [αr...α1] ∈ Q1 and β1αr ∈ Ig}
⊔{[βs...β1]([γv] + ev) | [βs...β1] ∈ Q1 and β1(γv + ev) ∈ Ip}
⊔{([γv] + ev)[βs...β1] | [βs...β1] ∈ Q1 and (γv + ev)βs ∈ Ip}
⊔{[αr...α1]([γv]− ev) | [αr...α1] ∈ Q1 and α1(γv − ev) ∈ Ip}
⊔{([γv]− ev)[αr...α1] | [αr...α1] ∈ Q1 and (γv − ev)αs ∈ Ip}
⊔{[[δω − e1]] = [δα] + µ[δβ]− e1,
[[α+(ωδ − e2)α]] = [α+α][δα]− [α+α], [[α+(ωδ − e2)β]] = [α+α][δβ],

[[β+(ωδ − e2)α]] = µ[β+β][δα], [[β+(ωδ − e2)β]] = µ[β+β][δβ]− [β+β]}⟩.

Let γ := [δα]− µ[δβ]. We have
2[δα] = e1 + [δα]− µ[δβ] = e1 + γ and 2µ[δβ] = e1 − ([δα]− µ[δβ]) = e1 − γ.

Renaming [β+β] =: β+, [α+α] =: α+, dropping the bracket notation and rewriting the relations
with γ′s gives the desired description.
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□
Proof of Theorem 2.1.10: By Theorems 2.2.4, 2.5.2 and Example 2.2.2,

per(Λ)/⟨B⟩ ≃ Atr/Btr ≃ (A/B)tr,

and by Proposition 2.5.5,
(A/B)tr ≃ (A/B)tr◦ ≃ P(Λ[ω−1])tr ≃ per(Λ[ω−1])

We conclude by using per(Λ)/⟨B⟩ ≃ per(Λ)/thick(B) and Lemma 2.6.2.
□

Proof of Theorem 2.1.11: Let A and B be as in the Setting 2.5.1. Theorem 3.1 of [Gye24] gives the
recollement:

D(A/B) D(A) D(B)

First D(A) ≃ D(P(Λ)) ≃ D(Λ). Then one can show that EndP(Λ)pre−tr(B) is a formal DG algebra,
and thus D(B) ≃ D(EndP(Λ)pre−tr(B)) ≃ D(H∗EndP(Λ)pre−tr(B)) ≃ D(K[x]/(x2)), by Lemma 2.5.6.
MoreoverD(A/B) ≃ D((A/B)◦) ≃ D(Λ[ω−1]), where the last equivalence is givenby Proposition 2.5.5.
We conclude by using Lemma 2.6.2.

□
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Chapter 3

Formal Generators for A∞-quotients of
topological Fukaya categories

3.1 Introduction

3.1.1 A∞-quotient and simple closed curve contraction

In [Jef22], the author considers families f : X → C of symplectic manifolds with a singular fiber
over 0, and defines the wrapped Fukaya category of the singular fiber to be a certain localization of
the Fukaya category of a nearby fiber. Our work can be seen as an algebraic analogous construction
in which we seek an explicit description of the localization.

Let Ŝ be a smooth graded marked surface and π : Ŝ → S be the contraction of a simple closed
curve γ on Ŝ of winding number zero. Let F(Ŝ) be the topological Fukaya category of Ŝ as defined
in [HKK17], and let B be the object in this category corresponding to γ. We study the A∞-category
F(S) := D(F(Ŝ)|B), where B is the full subcategory of F(Ŝ) on objects which become isomorphic to
some elements in thick(B) when passing to the zero homology, and where D(F(Ŝ)|B) denotes the
A∞-quotient category introduced in [LO06]. The goal of this chapter is to give a simpler definition for
F(S)which remainsMorita equivalent toD(F(Ŝ)|B). The construction is summarized in the following
diagram:

H∗A D(H∗A|B) FA(S) = H∗D

A D(A|B)

F(Ŝ) D(F(Ŝ)|B) F(S) = Tw FA(S)

Ŝ S

≀ ≀

≀

∼

≀

∼
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3.2. Notations for A∞-categories

Let A be an admissible dissection on S as defined in Definition 3.3.1. By subsection 3.3.4, it lifts
to a collection of non-intersecting arcs on Ŝ, which we also denote by A. It is then completed into a
full formal arc system Â on Ŝ. As shown in [HKK17], TwFÂ(Ŝ) is Morita equivalent to F(Ŝ). Thus the
objectB can be expressed as a twisted complex supported on the objects of Â (see Subsection 3.3.5).

Let A be the full subcategory of TwFÂ(Ŝ) supported on A ⊔ {B}, where A is seen as a subset of
Â. It is shown in Lemma 3.5.2 (and the proof of Theorem 3.5.3) that D(A|B) generates D(F(Ŝ)|B).
Moreover, taking aminimal modelH∗A of the DG categoryA (Proposition 3.4.8) gives a Morita equiv-
alence D(H∗A|B) → D(F(Ŝ)|B). In fact, since B becomes isomorphic to zero in homology, we can
restrict ourselves to the full subcategory D of D(H∗A|B) supported on A, to obtain a Morita equiva-
lence D → D(H∗A|B) → D(F(Ŝ)|B). We show in Proposition 3.5.10 that D is a formal A∞-category
and give in Theorem 3.5.11 a description of the homology category H∗D as the path category of a
quiver with relations. This motivates the definition FA(S) := H∗D, which then satisfies the following
theorem.
Theorem 3.1.1 (Theorem 3.5.3) Following notations of Setting 3.4.1, there is a Morita equivalence:

FA(S)→ D(F(Ŝ)|B).

By definition, the topological Fukaya category of S is taken as F(S) := TwFA(S).

3.2 Notations for A∞-categories
We first introduce the relevant comcepts and notations on A∞-categories that will be useful for

the rest of this chapter. We mainly follow [AP24], [HKK17], and [Sei08]. We fix a field K , that we
suppose of characteristic zero. This hypothesis is used for example in Notation 3.5.6.
3.2.0.1 A∞-categories

Recall that an A∞-category A is strictly unital if each object X admits a unit, that is, a morphim e

in A0(X,X) such that:
- µ2(a, e) = a and µ2(e, a) = (−1)|a|a for any post-composable / pre-composable homogeneous
morphism a,

- µn(. . . , e, . . .) = 0 for n ̸= 2.
We refer to [Sei08](I.4) for the idempotent completionA♮ of anA∞-category. It is an enhancement

of the idempotent completion for regular categories in the sense thatH0(A♮) is equivalent toH0(A)♮
[Sei08](4c).

A strictly unital functor F : A → B is a quasi-equivalence of A∞-categories if the induced func-
tor H∗F is an equivalence of categories. In this case, the induced functor TwF between the A∞-
categories of twisted complexes TwA and TwB, is also a quasi-equivalence. See for instance [Sei08]
(Lemma 3.25).
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Chapter 3. Formal Generators for A∞-quotients of topological Fukaya categories

More generally, an A∞-functor F for which the induced functor Tw(F )♮ is a quasi-equivalence
is called a Morita equivalence. The category Atr := H0TwA admits canonically a structure of tri-
angulated category, and for a strictly unital functor F : A → B, the induced functor F tr is trian-
gulated [Sei08](Lemma 3.30). Moreover, the idempotent completion (Atr)♮ also admits a canonical
triangulated structure [BS01]. Seing morphisms in H∗A as morphisms in degree zero between shifts
of objects, we see that applyingH∗ to Tw(F )♮ induces an equivalence if and only if applyingH0 does,
ie. F is a Morita equivalence if and only if (F tr)♮ is an equivalence.
3.2.0.2 Twisted complexes

Given an A∞-category A, we define the additive enlargement addZA and the A∞-category of
twisted complexes TwA as in [Sei08](Section 3). Recall that the involved higher multiplications are
given by the following formulas:

µnaddZA(ϕn ⊗ an, ..., ϕ1 ⊗ a1) = (−1)
∑

i<j |ϕi|∥aj∥ϕn...ϕ1 ⊗ µnA(an, ..., a1),

µnTwA(an, ..., a1) =
∑

µaddZA(δn, ..., δn, an, δn−1, ...., δ1, a1, δ0, ..., δ0).
(3.1)

ForX in A and k ∈ Z, we introduce the notationX[k] := K[k]⊗X ∈ addZA. A morphism fromX[k]

to Y [l] is of the form sl−k ⊗ a, where sl−k denotes the identity morphism betweenK[k] andK[l]. We
have |sk| = −k. When there is no ambiguity, we will drop the s and write sl−k ⊗ a simply as a.

By definition, the differential δ of a twisted complex is a linear combination of elements of the
form sl ⊗ d of degree one. Thus |d| = l+ 1. If µnA = 0 for all n ≥ 3, then µnTwA also vanishes for n ≥ 3.
In this case we have:
µ1TwA(s

l−k ⊗ a) = µ1addZA(s
l−k ⊗ a) + µ2addZA(δ

′, sl−k ⊗ a) + µ2addZA(s
l−k ⊗ a, δ)

= sl−k ⊗ µ1A(a) + µ2addZA(δ
′, sl−k ⊗ a) + µ2addZA(s

l−k ⊗ a, δ)

= sl−k ⊗ µ1A(a) +
∑
i

µ2addZA(s
ki−l ⊗ d′i, sl−k ⊗ a) +

∑
j

µ2addZA(s
l−k ⊗ a, sk−lj ⊗ dj)

= sl−k ⊗ µ1A(a) +
∑
i

(−1)(k−l)∥d′i∥ski−k ⊗ µ2A(d′i, a) +
∑
j

(−1)(lj−k)∥a∥sl−lj ⊗ µ2A(a, dj),

(3.2)

where the ski−l ⊗ di are the components of δ starting at the codomain of sl−k ⊗ a, and symmetricaly
for the sk−lj ⊗ dj .

More generally, and without vanishing assumption, one has for a chain of morphisms passing
throughX0[k0], X1[k1], ... toXn[kn]:

µnaddZA(s
kn−kn−1 ⊗ an, ..., sk1−k0 ⊗ a1) = (−1)

∑
i<j(ki−1−ki)∥aj∥skn−k0 ⊗ µnA(an, ..., a1)

= (−1)
∑

1<j(k0−kj−1)∥aj∥skn−k0 ⊗ µnA(an, ..., a1).
(3.3)

3.3 Marked surfaces with conical singularities

The definition of the topological Fukaya category (F(Ŝ), µ̂) of a smooth gradedmarked surfaces Ŝ
is given in [HKK17]. Bases of themorphism spaces are given by boundary paths, and themultiplication
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3.3. Marked surfaces with conical singularities

µ̂2 is given by the concatenation of paths: µ̂2(b, a) = (−1)|a|ba, where |a| the degree of a induced by
the grading. By convention, the concatenation of two paths with non compatible endpoints/starting
points is zero.

3.3.1 Admissible dissections onmarked surfaces with conical singular-
ities

Let (Ŝ,M, η) be a smooth graded marked surface and let {γl} be a collection of pairwise disjointnon-isotopic simple closed curves on Ŝ, of winding number zero. Let S be the topological space
obtained by contracting each γl to a point, and let π : Ŝ → S be the corresponding quotient map. Let
C be the set of singular points of S. The tuple (S,M,C) is amarked surface with conical singularities.

Recall that an arc on (S,M,C) is a locally embedded closed interval in S which intersects trans-
versely M at its endpoints, and which is not isotopic to an interval in M by an isotopy keeping its
endpoints inM . This condition will always be assumed when referring to an isotopy of arc. A decom-
position of an arc γ induced byC is a collection of arcs (γi)1≤i≤r called components, such that γ is the
concatenation γr . . . γ1, and each γi has its endpoints inM ⊔ C , and does not intersect C otherwise.
A collection of arcs A on (S,M,C) is said to be in minimal position if the number of intersections be-
tween elements ofA is minimal, as well as the number of intersections between elements ofA and of
C. An arc system on (S,M,C) is a collection of arcs in minimal position, such that their decomposition
induced by C have non-isotopic components, and such that they do not intersect in S\C.

Let A be an arc system on S such that each element of A intersects C at most once. For c ∈ C , let
Ac be the set of arcs of A passing through c, and let As = A\ ⊔c∈C Ac. The orientation of S induces
a cyclic order on Ac on each side of the singularity c, encoded in two cyclic permutations σ+, σ−. Thearcs in Ac are said to be cyclically compatible if σ− = σ−1

+ . Figure 3.3.1 gives an example of cyclically
compatible arcs at a singularity, with cyclic permutation (123).
Definition 3.3.1 An arc systemA on amarked surface with conical singularities is an admissible dissection
if the following conditions hold:

- Each element of A intersects C at most once,

- For each c ∈ C , the arcs in Ac are cyclically compatible,

- The arcs of A cut S into polygons, each containing exactly one unmarked boundary segment.

A grading G on a admissible dissection A is the data of an integer g(α) for each minimal angle α between
arcs of A sharing an endpoint inM .

When cutting along an arc of Ac, we consider that it splits the singularity c. The points of C can
therefore be vertices of the obtained polygons. When choosing a grading, an interger is assigned only
at minimal angle form by arcs sharing an endpoint inM , and not at minimal angles that arcs might
form by intersect at a singularity c ∈ C.
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Chapter 3. Formal Generators for A∞-quotients of topological Fukaya categories

11

2
2

3
3

Figure 3.3.1: A marked surface with conical singularities and admissible dissection.
3.3.2 Pinched gentle algebras

In this subsection we introduce a class of graded algebras which will appear as Ext-algebra of
formal generators for A∞-quotients of topological Fukaya categories.

Given a vertex k of a quiver, let S(k) be the star of k, that is, the set of arrows for which k is
a source or target. If k is a vertex of a gentle quiver (Q, I), there are arrows α−, α+, β−, β+ ∈ Q1satisfying τ(α−) = σ(α+) = k and τ(β−) = σ(β+) = k, and β+α−, α+β− ∈ I , provided that we allow
some identifications between {α−, β−} and {α+, β+}, and that some of these arrows might be zero.
See the left-hand side of Figure 3.3.2 for an illustration of the generic case. An ordering of the star
S(k) in (Q, I) is a choice of sets S1(k) and S2(k) given either by (S1(k), S2(k)) = ({α−, α+}, {β−, β+})
or (S1(k), S2(k)) = ({β−, β+}, {α−, α+}).
Definition 3.3.2 A graded pinched gentle algebra is a graded K-algebra Λ isomorphic to a quotient
(KQ/⟨I⟩, | . |) with Q1 = Qg

1 ⊔A1 ⊔ . . . ⊔Ar and I = Ig ⊔ I1 ⊔ . . . ⊔ Ir, satisfying:

- (Qg := (Q0, Q
g
1), I

g) is a gentle bound quiver, which might be disconnected,

- The arrows of Ai have degree zero and form a subquiver of the form:

1

2

n

k

k-1

k+1

kαk+1 k+1αk

kαk-1

k-1αk

γk-1

γk

γk+1

- The vertex supports Ci of the set of arrows Ai are disjoint,

- The relations in Ii are of the form

β+(γk + ek), (γk + ek)β
−, α+(γk − ek), (γk − ek)α−,

k+1αkα
−, k−1αkα

−, α+
kαk+1, α

+
kαk−1,

k+1αkβ
−, k−1αkβ

−, β+kαk+1, β
+
kαk−1,

64



3.3. Marked surfaces with conical singularities

for all vertex k ∈ Ci, where {α−, α+} and {β−, β+} come from the choice of an ordering of S(k) in
(Qg, Ig). The other relations are:

kαiγi = γkkαi

iαkkαi = γ2i − ei

kα
+
i (γi − ei)

l− = kα
−
i (γi + ei)

l+

for all i ̸= k ∈ {1, . . . , n}, where kα
+
i = kαk−1 . . . i+1αi and kα

−
i = kαk+1 . . . i−1αi (with each term

l±1αl apearing at most once), and l+ is the length of kα
+
i minus one, l− the length of kα

−
i minus one.

We introduce the notation Qp
1 = A1 ⊔ . . . ⊔Ar and Ip = I1 ⊔ . . . ⊔ Ir. The underlying gentle algebraof Λ is Λg := KQg/⟨Ig⟩.

Example 3.3.3

(1) The right-hand side of Figure 3.3.2 shows a pinched gentle algebra with r = 1 and |C1| = 1. In this
case, A1 contains a single loop.

a b

k

d c

α− α+

β+ β−

a b

k

d c

α− α+

γk

β+ β−

Figure 3.3.2: A pinched gentle algebra with special loop γk (right), and its underlyinggentle algebra (left).

(2) The left-hand side of Figure 3.3.3 shows the case Q0 = {1, 2}, Qg
1 = ∅, r = 1 and |C1| = 2, and the

right-hand side shows the case Q0 = {1, 2, 3}, Qg
1 = ∅, r = 1 and |C1| = 3.

(3) The case where Q0 = {0, 1, 2}, Qg
1 is the oriented 3-cycle, r = 1 and C1 = {1, 2} is represented in

the lower right-hand corner of Figure 3.3.5.

Remark 3.3.4

1. By convention, when Cj contains a single vertex k, Aj contains only the loop γk. Moreover, when Cj

contains two elements, the arrows k+1αk and k−1αk coincides for each k ∈ Cj .

2. A subclass of these algebras already appeared under the same name in [Bod25], namely when all Cj

contain a single vertex. The above definition is thus a generalization.
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Chapter 3. Formal Generators for A∞-quotients of topological Fukaya categories

1 2
2α1

γ1

1α2

γ2

1 3

2
2α1 3α2

1α2 2α3

3α1

1α3

γ2

γ3γ1

Figure 3.3.3: Pinched cycles of size 2 and 3.

3. One can use the last three relations of the definition to deduce the following ones:

iα
+
i = (γi − ei)(γi + ei)

n−1

iα
−
i = (γi + ei)(γi − ei)n−1

4. Let Λ′ be the pinched gentle algebra obtained from Λ by reversing the order of a cycle Cj , identified
with {1, . . . , n} and its natural order, and by changing the choice of ordering of the stars S(k) for
k ∈ C. Let k±1αk, γk be the arrows of Aj ⊂ Qp

1 in Λ, and let k±1α
′
k, γ

′
k the corresponding one in Λ′.

Then the map which sends k±1αk, γk to−k±1α
′
k,−γ′k and is the identity otherwise is an isomorphism

between Λ and Λ′.

5. The relations in Ip are such that for all vertices k and l in Q0 that do not belong to a same cycle Cj ,
one has an isomorphism of vector spaces elΛek ≃ elΛgek.

6. If a cycle Cl contains a single element k, and the corresponding arrows α− and α+ (resp. β− and
β+) are both zero, then one can replace γk by γk + ek (resp. γk − ek) to obtain gentle relations, and
thus decrease the number of cycles Cj by one.

An explicit K-basis for pinched gentle algebras is given in Subsection 3.5.3, as well as in Re-
mark 3.5.14.
3.3.3 The quiver with relations of an admissible dissection

We now associated to a marked surface with conical singularities (S,M,C) endowed with an ad-
missible dissection A a pinched gentle bounded quiver (Q, I). As usual, we suppose that A is in
minimal position on S.

The set of vertices Q0 coincides with the set of arcs A. The gentle bound quiver (Qg, Ig) is con-
structed as in the smooth case. Namely, the set of arrowsQg

1 is the set of boundary paths which startand end at arcs of A, but does not cross any other arcs. The ideal Ig is generated by the quadratic
relations that come from composable arrows which do not correspond to composable paths.

The set of vertices C1, . . . , Cr ⊆ Q0 are given by the sets Ac of arcs of A passing through c, for
each singular point c ∈ C. One chooses an order onCj corresponding to c ∈ C , as well as an orderingof its stars, in the following way. Split the singularity c in two and choose one side. The order on Cj
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3.3. Marked surfaces with conical singularities

is the one obtained by turning around c following the orientation of the surface. The ordering of the
stars S(k), for vertices k in C , are such that all S1(k) lie on the side of the singularity that we chose.
Example 3.3.5

(1) Figure 3.3.4 depicts the marked surface of Figure 3.3.1 with its conical singularity split. The pinched
gentle quiver is drawn on the singular surface, with a loop γk at each vertex k omitted. The complete
quiver is depicted in the right-hand side of Figure 3.3.3. In this example the left side of the singularity
was choosen and the orientation of the surface is drawn clockwise. By Remark 3.3.4.(4), the choice of
a different side of the singularity gives an isomorphic pinched gentle algebra.

1α2 3α1

1

2 3
2α3

2α1 1α3

3α2

1

2 3

Figure 3.3.4: A pinched cylinder with split conical singularity, endowed with anadmissible dissection and its associated quiver.

(2) The top of Figure 3.3.5 shows amarked surface with conical singularity obtained by the contraction of
a simple closed curve on a torus with one boundary component (see Figure 3.3.7). The same marked
surface is represented with its conical singularity split in the lower left-hand corner. They both are
endowed with the same admissible dissection and the corresponding quiver is drawn in the lower
right-hand corner.

Definition 3.3.6 Let (S,M,C) be a marked surface with conical singularities, and let A be an admissible
dissection on S. The Z-graded category of A is defined by FA(S) = P(Q, I), where (Q, I) is the pinched
gentle bounded quiver associated to A as in the previous paragraph, and P(Q, I) is the path category of
(Q, I), whose objects are Q0 and morphism spaces are P(Q, I)(i, k) = ekΛei where Λ = KQ/⟨I⟩.

Remark 3.3.7 One can also generalize the construction of [OPS25] for gentle algebras, in order to asso-
ciate to a graded pinched gentle quiver a marked surface with conical singularities endowed with a graded
admissible dissection.
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0
2

1 2

1

0

1

2

2

1

1

0

2
2α1

1α2

γ1 γ2

c1

c0 c2

Figure 3.3.5: A pinched torus (top) depicted with split conical singularity (bottom left)and its associated quiver (bottom right).

3.3.4 Lifting of admissible dissections

Let S be a marked surface with conical singularities obtained by a contraction π : Ŝ → S of a
collection of simple closed curves on a smooth marked surface Ŝ. We lift each admissible dissection
A on S to an admissible dissection Â (of marked surface without conical singularities) on Ŝ. See
Figure 3.3.6 for an illustration.

First, note that the restriction π : Ŝ\{γl} → S\C is a homeomorphism. This enables us to lift each
arc of As to an arc on Ŝ. For c ∈ C , we label the elements of Ac with {1, . . . , n} in such a way that itis compatible with the cyclic ordering. Up to homotopy, there is Z choices of lift for an element of Ac.Since the elements ofAc are cyclically compatible, the choice of a lift for the arc 1 imposes a unique lift
for the arcs {2, . . . , n} in order to obtain a collection of non-intersecting arcs on Ŝ. Doing this for each
c ∈ C , we obtain a collection of arcs on Ŝ, which we also callA. We also still use the decomposition of
A intoAs and the setsAc when refering to the lifted arcs. By construction, elements ofA are pairwise
disjoint non-isotopic arcs, and they cut Ŝ into polygons. The only polygon containing more than one
unmarked boundary segment are the one cut by two consecutive arcs of Ac, for each c ∈ C. We can
add arcs to A in the following way in order to obtain an admissible dissection Â.

Let c ∈ C be a singularity corresponding to a simple closed curve γ. Let i, i+1 be two consecutive
arcs in Ac (the label being taken modulo n), and let γi be a portion of γ that has an endpoint p in
i and an endpoint q in i + 1, and that does not intersect the arcs of Ac otherwise. Let i = δ′δ be
a decomposition of i such that δ and δ′ go from an extremity of i to p, let i + 1 = ρ′ρ be a similar
decomposition for i+ 1, and choose them in such a way that following the reverse orientation of the
boundary induces a morphism ai from i to the concatenation η = ρ′γiδ, and a morphism bi+1 from
i+ 1 to η. We label η by i′. Adding all these arcs to A gives an admissible dissection Â of Ŝ.
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3.3. Marked surfaces with conical singularities

If G is a grading on A, then define Ĝ by G(ai) = G(bi) = 0 for all c ∈ C and i ∈ Ac, and by
ĝ(α) = g(α) for all minimal angle α between arcs of A. By construction, each simple closed curve γlhas winding number zero. LetF := FA(Ŝ) be theminimalA∞-category of Â. Since Â is an admissible
dissection, its only non-trivial multiplication is µ̂2. For all i, the degree of ai and bi is zero.
Example 3.3.8

(1) Figure 3.3.6 shows a lifting of the dissection of a pinched cylinder containing three arcs passing
through the singularity, as depicted in Figure 3.3.4.

1

1′

2 2′

3

3′

a1

b2

Figure 3.3.6: A smooth marked surface with a lifted admissible dissection.

(2) The top of Figure 3.3.7 shows a smooth marked surface with a simple closed curve (blue) whose
contraction gives themarked surfacewith conical singularity of Figure 3.3.5. The samemarked surface
is represented as a square with opposite sides identified, in the lower left-hand corner. They both are
endowed with the admissible dissection obtained by lifting the one of Figure 3.3.5. The corresponding
quiver is drawn in the lower right-hand corner.

3.3.5 From conical singularities to band objects

Let c be in C and let γ be the corresponding simple closed curve on Ŝ. Choosing an arbitrary
grading for γ, as well as parameters (m,λ) ∈ N∗ ×K , allows us to construct a twisted complex (B, δ)
of TwF . For (m,λ) = (1, 1), and for the appropriate grading, section (4.1) of [HKK17] shows that B
can be expressed as

B =

n⊕
i=1

i[1]⊕
n⊕

i=1

i′.

The non-zero terms of the differential δ = (δi,j)i,j are δi′,i = ai and δ(i−1)′,i = bi. As always, theindices i are taken modulo n.
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0
2

1 1′

2′

1′

1

2′

1′

2′

0

2

1 2′2 1′

a1

a2

b2

c0 c′2

c′1

b1

0

Figure 3.3.7: A lifted admissible dissection on a torus (top) depicted as a square withopposite sides identified (bottom left) and its associated quiver (bottom right).
Example 3.3.9 The twisted complex corresponding to the blue simple closed curve of Figure 3.3.6, with
parameters (m,λ) = (1, 1), is given by:

1[1] 2[1] 3[1] 1′ 2′ 3′

a1

b1

b2

a2

b3

a3

3.4 Minimalmodel for a generator of the topological Fukaya
category

3.4.1 Setting
In this subsection we give a basis and describe the differential of the DG category A introduced

in the following setting.
Setting 3.4.1

- Let Ŝ be a smooth marked surface and γ a simple closed curve on Ŝ of winding number zero,
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3.4. Minimal model for a generator of the topological Fukaya category

- Let S be the marked surface with one conical singularity c obtained by the contraction π : Ŝ → S of
γ in Ŝ,

- Let FA(S) be the Z-graded category of A defined in Definition 3.3.6,

- Let A be an admissible dissection on S (Definition 3.3.1). The set Ac of arcs of A passing through c is
identified with the ordered set {1, . . . , n}, compatibly with the cyclic ordering of the arcs at c,

- Let Â be the admissible dissection of Ŝ obtained by liftingA (see Subsection 3.3.4). Elements ofA are
labelled in the same way both on S and Ŝ. The set Â is the disjoint union of

- A = Ac ⊔As, where As is the set of arcs of A that do not intersect c,

- A′
c = {1′, . . . , n′}, the set of arcs that are added toA in order to obtain an admissible dissection

on Ŝ,

- LetF := FÂ(Ŝ) be theminimalA∞-category of the arc collection Â. Its only non-trivialmultiplication
is µ̂2. For all i, there are morphisms ai ∈ F(i, i′) and bi ∈ F(i, (i− 1)′) of degree zero,

- Let B be the twisted complex
⊕n

i=1 i[1] ⊕
⊕n

i=1 i
′ of F(S) = TwF , whose non zero terms of the

differential are δi′,i = ai and δ(i−1)′,i = bi. The A∞-multiplications of TwF are denoted by µ̃,

- Let B be the full subcategory of F(S) supported on objects which are isomorphic to elements in
thick(B) after passing to the zero homology,

- Let A be the full subcategory of TwF supported on A and B.

Even though the categoryA does not generate TwF , we will see in Lemma 3.5.2 that it induces a
generator D(A|B) of the A∞-quotient D(F(Ŝ)|B).
3.4.1.1 The canonical basis of A

As mentioned before, for i, j ∈ A, a basis ofA(i, j) = F(i, j) is given by the boundary paths from
i to j.

Note that by construction of the lifted dissection Â, for i ∈ Ac and j ∈ A, each non trivial boundarypath ρ from j to i′ factors as ρ = aiρ
′ or ρ = bi+1ρ

′. Similarly, each non trivial boundary path ρ from i

to j factors as ρ = ρ′ai or ρ = ρ′bi.Let j ∈ A. The definition of the morphism spaces between twisted complexes allows for the
following identifications:

- A(j, B) =
n⊕

i=1

F(j, i)[−1]⊕
n⊕

i=1

F(j, i′),

- A(B,B) =

n⊕
k=1

n⊕
l=1

(F(k, l)⊕F(k, l′)[1]⊕F(k′, l)[−1]⊕F(k′, l′)),

- A(B, j) = n⊕
i=1

F(i, j)[1]⊕
n⊕

i=1

F(i′, j).

(3.4)
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The situation is summarized in the following diagram:
j

n⊕
i=1

i[1]
n⊕

i=1
i′

n⊕
i=1

i[1]
n⊕

i=1
i′

j

δ

δ

The fact that a boundary path ρ from i to j represents a morphism between i and j, or i and B,
etc., will be deduced from the context. Recall that | | denotes the grading ofF . The degrees inA are :

- In A(j, B): ρ ∈ F(j, i) has degree |ρ|A = |ρ| − 1, and ρ ∈ F(j, i′) has degree |ρ|A = |ρ|,
- In A(B, j): ρ ∈ F(i, j) has degree |ρ|A = |ρ|+ 1, and ρ ∈ F(i′, j) has degree |ρ|A = |ρ|.
- In A(B,B):

ρ ∈ F(k, l) has degree |ρ|A = |ρ|, ρ ∈ F(k, l′) has degree |ρ|A = |ρ|+ 1,
ρ ∈ F(k′, l) has degree |ρ|A = |ρ| − 1, and ρ ∈ F(k′, l′) has degree |ρ|A = |ρ|,

3.4.1.2 Differential of the DG category A

Since F has no non-trivial µ̂n for n ≥ 3, the same holds for A. We now give a complete list of the
non-vanishing µ̃1 using Equation 3.2.

The calculation is illustrated in the following examples. Let ρ be a path in F(j, i), seen as an
element of A(j, B). It is of the form s1 ⊗ ρ when we forget the simplified notation. We have:

µ̃1(s1 ⊗ ρ) = µ2addZF (s
−1 ⊗ (ai + bi), s

1 ⊗ ρ)

= (−1)|s1|∥ai∥s0 ⊗ µ̂2(ai, ρ) + (−1)|s1|∥bi∥s0 ⊗ µ̂2(bi, ρ)
= −s0 ⊗ ((−1)|ρ|aiρ+ (−1)|ρ|biρ).

Dropping the s gives µ̃1(ρ) = (−1)∥ρ∥(aiρ+ biρ). For ρ ∈ F(k, l) seen as an element of A(B,B):
µ̃1(ρ) = µ̃1(s0 ⊗ ρ) = µ2addZF (s

−1 ⊗ (al + bl), s
0 ⊗ ρ)

= (−1)|s0|∥al+bl∥s−1 ⊗ µ̂2(al + bl, ρ) = (−1)|ρ|(alρ+ blρ).

The other cases are computed similarly.
- In A(j, B): for ρ ∈ F(j, i), µ̃1(ρ) = (−1)∥ρ∥(aiρ+ biρ),
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- In A(B, j): for ρ ∈ F(i′, j), µ̃1(ρ) = (−1)∥ρ∥(ρai + ρbi+1).
- In A(B,B):

- for ρ ∈ F(k, l), µ̃1(ρ) = (−1)|ρ|(alρ+ blρ),
- for ρ ∈ F(k′, l), µ̃1(ρ) = (−1)∥ρ∥(ρak + ρbk+1 + alρ+ blρ),
- for ρ ∈ F(k′, l′), µ̃1(ρ) = (−1)∥ρ∥(ρak + ρbk+1).

3.4.2 Transfer of A∞-structures
The following proposition is a special case of Proposition 1.12 of [Sei08] (see Remark 1.13 that fol-

lows). It is a generalisation of Theorem 1 of [Kad80].
LetB be anA∞-categorywith highermultiplications µ̃nB. Suppose that for each pair (x, y)of objectsof B, a decomposition B(x, y) = H∗B(x, y) ⊕ C∗(x, y) is given, where H∗B(x, y) is the homology of

B(x, y) seen as a complex with differential µ̃1B and C∗(x, y) is an acyclic complement.
Let f1 : H∗B(x, y)→ B(x, y) be the inclusion and g1 : B(x, y)→ H∗B(x, y) be the projection with

respect to this decomposition. Let T 1 be an endomorphism (of graded vector space) of B(x, y) of
degree −1 that vanishes onH∗B(x, y) and is a contracting homotopy for C∗(x, y), that is, it satisfies:

µ̃1BT
1 + T 1µ̃1B = f1g1 − id. (3.5)

Proposition 3.4.2 [Sei08](Prop-1.12)
One can define aA∞-categoryAwith objectsOb(A) = Ob(B), morphism spacesH∗B(x, y), first order

structuremap µ1 = 0, as well as a quasi-isomorphism f : A → B which is the identity on objects and whose
first order map is the inclusion f1. The higher µn and fn are given by the following recursive formulas:

fn(xn, . . . , x1) =
∑
r

∑
s1,...,sr

T 1(µ̃r(fsr(xn, . . . , xn−sr+1), . . . , f
s1(xs1 , . . . , x1))),

µn(xn, . . . , x1) =
∑
r

∑
s1,...,sr

g1(µ̃r(fsr(xn, . . . , xn−sr+1), . . . , f
s1(xs1 , . . . , x1))),

(3.6)

where the sums are taken over all partitions n = s1 + . . .+ sr with r ≥ 2.

3.4.3 Setup for the homotopy transfer
We now give a decomposition of the morphism spaces of A that will allow us to apply Proposi-

tion 3.4.2. Note that a different choice of decomposition would give a different description of the
multiplication µn obtained by transfer.
Lemma 3.4.3 For all pairs (x, y) of objects in A, the following gives a decomposition of graded vector
spaces

A(x, y) = H∗(x, y)⊕ I∗(x, y)⊕ C∗(x, y),

where I∗(x, y) denotes the image of µ̃1, H∗(x, y) is a complement of I∗(x, y) in the kernel of µ̃1, and
C∗(x, y) is a complement of the kernel of µ̃1:
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- ∀i, j ∈ A,
H∗(i, j) = F(i, j), I∗(i, j) = 0, C∗(i, j) = 0,

- ∀j ∈ As,

H∗(j, B) = 0, I∗(j, B) =
⊕
i∈Ac

F(j, i′), C∗(j, B) =
⊕
i∈Ac

F(j, i)[−1],

H∗(B, j) = 0, I∗(B, j) =
⊕
i∈Ac

F(i, j)[1], C∗(B, j) =
⊕
i∈Ac

F(i′, j),

- ∀i ∈ Ac,

H∗(i, B) = ⟨ai⟩, C∗(i, B) =
⊕
j∈Ac

F(i, j)[−1], I∗(i, B) = ⟨ai + bi⟩ ⊕
( ⊕

j∈Ac

F(i, j′)
)
/⟨ai, bi⟩,

H∗(B, i) = ⟨ei⟩, I∗(B, i) =
( ⊕

j∈Ac

F(j, i)[1]
)
/⟨ei⟩, C∗(B, i) =

⊕
j∈Ac

F(j′, i),

- For B,

H∗(B,B) = ⟨eB⟩0 ⊕ ⟨b1⟩1 where eB =

n∑
i=1

(ei + ei′),

I∗(B,B) = ⟨ai + bi | 1 ≤ i ≤ n⟩ ⊕ ⟨ai + bi+1 | 1 < i ≤ n⟩⊕⊕
i,j∈Ac

⟨(ρai + ρbi+1) + (ajρ+ bjρ) | ρ ∈ F(i′, j)⟩ ⊕
( ⊕

i,j∈Ac

F(i, j′)[1]
)
/⟨ai, bi⟩,

C∗(B,B) = ⟨ei | 1 ≤ i ≤ n⟩ ⊕ ⟨ei′ | 1 < i ≤ n⟩ ⊕
⊕

i,j∈Ac

F(i′, j)[−1]⊕
( ⊕

i,j∈Ac

F(i′, j′)
)
/⟨ei′⟩,

where a quotient of the form V/⟨ρ1, . . . , ρs⟩ is identified with the subspace of V generated by all the bound-
ary paths except the ρl.

Figure 3.4.1 gives examples of configurations of arcs in Â that induce the decomposition of the
preceding lemma.

Proof: Recall the basis and notations introduced in Subsection 3.4.1.
- For i, j ∈ A, A(i, j) = F(i, j) and the differential is zero.
- For j ∈ As, A(j, B) =

n⊕
i=1
F(j, i)[−1]⊕

n⊕
i=1
F(j, i′). For ρ ∈ F(j, i′), µ̃1(ρ) = 0, and for ρ′ ∈ F(j, i),

µ̃1(ρ′) = (−1)∥ρ′∥(aiρ′ + biρ
′), where one of the two terms is zero and the other is not, depending

on the endpoint of ρ′. This gives a decomposition of A(j, B) as the sum of the kernel of µ̃1 and a
complement. Since each boundary path ρ ∈ F(j, i′) factors as ρ = aiρ

′ or ρ = bi+1ρ
′, by construction

of the lifted dissection Â, every morphism of the kernel is in the image of the differential.
- Similarly, for j ∈ As, A(B, j) =

n⊕
i=1
F(i, j)[1] ⊕

n⊕
i=1
F(i′, j) and the decomposition of a path

ρ ∈ F(i, j) as ρ = ρ′ai or ρ = ρ′bi gives the description.
- For i ∈ Ac, A(i, B) =

( n⊕
j=1
F(i, j)[−1]

)
⊕

( n⊕
j=1
F(i, j′)

) is still a decomposition between the
kernel and a complement. A non trivial path ρ in F(i, j) is sent by µ̃1 to (−1)∥ρ∥ajρ or (−1)∥ρ∥bjρ,
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i
i′

jai ρ

aiρ

(a) A(j, B), j ∈ As

i
i′

jai ρ

aiρ

(b) A(j, B), j ∈ As

i
i′

(i-1)′
ai

bi

(c) A(i, B), i ∈ Ac

j
j′

aj

i′

i

aiρ

(d) A(B,B)

Figure 3.4.1: Examples of arc configurations in the lifted dissection Â.

and the trivial path ei is sent to −(ai + bi). Thus the image is as described and the homology is
⟨ai, bi | ai + bi = 0⟩, for which we choose ai as a basis.

- Similarly for i ∈ Ac, A(B, i) = ( n⊕
j=1
F(j, i)[1]

)
⊕

( n⊕
j=1
F(j′, i)

) is a decomposition between the
kernel and a complement. A (non trivial) path ρ in F(j′, i) is sent by µ̃1 to (−1)∥ρ∥ρaj or (−1)∥ρ∥ρbj+1,thus the only boundary path which is not in the image is ei.

- We now give a decomposition for A(B,B). Recall the standard basis:
A(B,B) =

n⊕
i,j=1

F(i′, j)[−1]⊕
(
F(i, j)⊕F(i′, j′)

)
⊕F(i, j′)[1].

We first describe the kernel. The space n⊕
i,j=1
F(i, j′)[1] is included in the kernel. Elements of

n⊕
i,j=1
F(i′, j)[−1] are sent to n⊕

i,j=1
F(i, j) ⊕ F(i′, j′) by µ̃1, and elements of n⊕

i,j=1
F(i, j) ⊕ F(i′, j′) are

sent to n⊕
i,j=1
F(i, j′)[1]. Moreover, no element of n⊕

i,j=1
F(i′, j)[−1] is sent to zero.

It remains to study elements ω of n⊕
i,j=1
F(i, j)⊕F(i′, j′) which are in the kernel. Recall that

∀ρ ∈ F(i, j), µ̃1(ρ) = (−1)|ρ|(ajρ+ bjρ), and ∀ρ ∈ F(i′, j′), µ̃1(ρ) = (−1)∥ρ∥(ρai + ρbi+1).

This shows that for a decomposition ω =
n∑

i=1
(λiei+µiei′)+ω

′ where ω′ is not supported on the trivial
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paths, both n∑
i=1

(λiei + µiei′) and ω′ must be in the kernel. In ω′, each term ρai ∈ F(i, j) with ajρ non
zero must be compensated by a term ajρ ∈ F(i′, j′), and similarly for the other terms. Thus ω′ is in
n⊕

i,j=1
⟨ρai + ρbi+1 + ajρ + bjρ | ρ ∈ F(i′, j)⟩. One can see by applying µ̃1 on n∑

i=1
(λiei + λi′ei′), that one

must have λi = λj′ for i, j ∈ {1, . . . , n}. This shows that the kernelK∗(B,B) is
K∗(B,B) = ⟨eB⟩ ⊕

n⊕
i,j=1

⟨ρai + ρbi+1 + ajρ+ bjρ | ρ ∈ F(i′, j)⟩ ⊕
n⊕

i,j=1

F(i, j′)[1].

The space C∗(B,B) given in the lemma is a complement since for ρ ∈ F(i′, j), one can get ele-
ments ρai + ρbi+1 via (ρai + ρbi+1 + ajρ + bjρ) − (ajρ + bjρ). We now describe the image. First, for
ρ ∈ F(i′, j), µ̃1(ρ) = (−1)∥ρ∥(ρai + ρbi+1 + ajρ+ bjρ). For i, j ∈ {1, . . . , n}, a boundary path in F(i, j′)which is not ai or bi is in the image. Including the image of µ̃1 restricted to ⟨ei, ei′ | 1 ≤ i ≤ n⟩, one
gets for n ≥ 2,

I∗(B,B) = ⟨{ai + bi | 1 ≤ i ≤ n} ∪ {ai + bi+1 | 1 ≤ i ≤ n}⟩⊕⊕
i,j∈Ac

⟨(ρai + ρbi+1) + (ajρ+ bjρ) | ρ ∈ F(i′, j)⟩ ⊕
( ⊕

i,j∈Ac

F(i, j′)[1]
)
/⟨ai, bi⟩,

The homology is then ⟨eB⟩ ⊕ ⟨{ai, bi | 1 ≤ i ≤ n} | {ai + bi, ai + bi+1 | 1 ≤ i ≤ n}⟩, and we choose
{eB, b1} as a basis. Moreover, we can choose {ai + bi | 1 ≤ i ≤ n} ∪ {ai + bi+1 | 1 < i ≤ n} as a basis
of ⟨{ai + bi | 1 ≤ i ≤ n} ∪ {ai + bi+1 | 1 ≤ i ≤ n}⟩ since, if n ≥ 2, a1 + b2 =

n∑
i=1

(ai + bi)−
n∑

i=2
(ai + bi+1),

and for an arbitrary linear combination we have
n∑

i=1

λi(ai + bi) +
n∑

i=2

µi(ai + bi+1) = 0⇐⇒ λ1a1 +
n∑

i=2

(λi + µi)ai + λ2b2 +
n∑

i=2

(λi+1 + µi)bi+1 = 0.

Thus the λi and µi are zero. The case n = 1 is trivial.
□

For the convenience of future computations, we write down the following decomposition for the
endomorphism ring of B.
Lemma 3.4.4 The following gives a decomposition of graded vector spaces

A(B,B) = H∗(B,B)⊕ I∗(B,B)⊕ C∗(B,B),

where I∗(B,B) denotes the image of µ̃1, H∗(B,B) is a complement of I∗(B,B) in the kernel of µ̃1, and
C∗(B,B) is a complement of the kernel of µ̃1:

H∗(B,B) = ⟨eB⟩0 ⊕ ⟨b1⟩1 where eB =

n∑
i=1

(ei + ei′),

I∗(B,B) = ⟨b1 + a1, ..., b1 + an, b1 − b2, ..., b1 − bn⟩⊕⊕
i,j∈Ac

⟨(ρai + ρbi+1) + (ajρ+ bjρ) | ρ ∈ F(i′, j)⟩ ⊕
( ⊕

i,j∈Ac

F(i, j′)[1]
)
/⟨ai, bi⟩,
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C∗(B,B) = ⟨
j−1∑
i=1

(ei + ei′) + ej | 1 ≤ j ≤ n⟩⊕

⟨
n∑

i=j

(ei + ei′) | 1 < j ≤ n⟩ ⊕
⊕

i,j∈Ac

F(i′, j)[−1]⊕
( ⊕

i,j∈Ac

F(i′, j′)
)
/⟨ei′⟩,

where a quotient of the form V/⟨ρ1, . . . , ρs⟩ is identified with the subspace of V generated by all boundary
paths except the ρl.

Proof: We can choose the set {b1 + a1, ..., b1 + an, b1 − b2, ..., b1 − bn} as a basis of the space
⟨ai + bi | 1 ≤ i ≤ n⟩ ⊕ ⟨ai + bi+1 | 1 < i ≤ n⟩ since for i ≥ 2, ai + bi = (b1 + ai) − (b1 − bi) and for
1 < i < n, ai + bi+1 = (b1 − ai)− (b1 − bi+1). Moreover, the set B ∪ {eB}, where

B = {
j−1∑
i=1

(ei + ei′) + ej | 1 ≤ j ≤ n} ∪ {
n∑

i=j

(ei + ei′) | 1 < j ≤ n},

generates ⟨ei, ei′ | 1 ≤ i ≤ n⟩. First for 1 ≤ j ≤ n,
ej =

( j−1∑
i=1

(ei + ei′) + ej
)
+

n∑
i=j

(ei + ei′)− eB.

Then for 1 ≤ j < n,
ej′ =

( j∑
i=1

(ei + ei′) + ej+1

)
− ej+1 −

( j−1∑
i=1

(ei + ei′) + ej
)
,

and en′ = eB −
( n−1∑
i=1

(ei + ei′) + en
). It is a basis since it has the desired cardinality.

□

Example 3.4.5

(1) For Ŝ and Â as in Figure 3.3.6, A = {1, 2, 3} = Ac where c is the only conical singularity of S. Let
i ∈ {1, 2, 3}. The decomposition given by the preceding lemma is:

H∗(i, B) = ⟨ai⟩, C∗(i, B) = ⟨ei⟩, I∗(i, B) = ⟨ai + bi⟩,
H∗(B, i) = ⟨ei⟩, C∗(B, i) = 0, I∗(B, i) = 0,

H∗(B,B) = ⟨eB, b1⟩, I∗(B,B) = ⟨b1 + a1, b1 + a2, b1 + a3, b1 − b2, b1 − b3⟩,
C∗(B,B) = ⟨e1, e1 + e1′ + e2, e1 + e1′ + e2 + e2′ + e3⟩ ⊕ ⟨e2 + e2′ + e3 + e3′ , e3 + e3′⟩.

(2) For Ŝ and Â as in Figure 3.3.7, A = As⊔Ac withAs = {0} andAc = {1, 2}. For x, y two consecutive
arrows of the cycle (c′2b2c

′
1a1c0), we write (x . . . y) to designate the path that goes around it once,

starting at y. The decomposition is:

I∗(0, B) = ⟨(a1 . . . c′1)ka1c0, (b2 . . . c′2)kb2c′1a1c0 | k ∈ N⟩,
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C∗(0, B) = ⟨(c0 . . . a1)kc0, (c′1 . . . b2)kc′1a1c0 | k ∈ N⟩,
I∗(B, 0) = ⟨(c′2 . . . c0)kc′2b2c′1a1, (c′2 . . . c0)kc′2b2 | k ∈ N⟩,
C∗(B, 0) = ⟨(c′2 . . . c0)kc′2, (c′2 . . . c0)kc′2b2c′1 | k ∈ N⟩,

H∗(1, B) = ⟨a1⟩, C∗(1, B) = ⟨(c0 . . . a1)k, (c′1 . . . b2)kc′1a1 | k ∈ N⟩,
I∗(1, B) = ⟨a1 + b1, (a1 . . . c

′
1)

k+1a1, (b2 . . . c
′
2)

kb2c
′
1a1 | k ∈ N⟩,

H∗(B, 1) = ⟨e1⟩, C∗(B, 1) = ⟨(c0 . . . a1)kc0c′2, (c0 . . . a1)kc0c′2b2c′1 | k ∈ N⟩,
I∗(B, 1) = ⟨(c0 . . . a1)k+1, (c0 . . . a1)

kc0c
′
2b2 | k ∈ N⟩,

H∗(2, B) = ⟨a2⟩, C∗(2, B) = ⟨(c0 . . . a1)kc0c′2b2, (c′1 . . . b2)k | k ∈ N⟩,
I∗(2, B) = ⟨a2 + b2, (b2 . . . c

′
2)

k+1b2, (a1 . . . c
′
1)

ka1c0c
′
2b2 | k ∈ N⟩,

H∗(B, 2) = ⟨e2⟩, C∗(B, 2) = ⟨(c′1 . . . b2)kc′1, (c′1 . . . b2)kc′1a1c0c′2 | k ∈ N⟩,
I∗(B, 2) = ⟨(c′1 . . . b2)kc′1a1, (c′1 . . . b2)k+1 | k ∈ N⟩,

H∗(B,B) = ⟨eB, b1⟩, I∗(B,B) = ⟨b1 + a1, b1 + a2, b1 − b2⟩⊕
⟨(c0 . . . a1)kc0c′2(a1 + b2) + (a1 + b1)(c0 . . . a1)

kc0c
′
2,

(c0 . . . a1)
kc0c

′
2b2c

′
1(a1 + b2) + (a1 + b1)(c0 . . . a1)

kc0c
′
2b2c

′
1,

(c′1 . . . b2)
kc′1(a1 + b2) + (a2 + b2)(c

′
1 . . . b2)

kc′1,

(c′1 . . . b2)
kc′1a1c0c

′
2(a1 + b2) + (a2 + b2)(c

′
1 . . . b2)

kc′1a1c0c
′
2 | k ∈ N⟩⊕

⟨(a1 . . . c′1)k+1a1, (b2 . . . c
′
2)

kb2c
′
1a1, (b2 . . . c

′
2)

k+1b2, (a1 . . . c
′
1)

ka1c0c
′
2b2 | k ∈ N⟩,

C∗(B,B) = ⟨e1, e1 + e1′ + e2⟩ ⊕ ⟨e2 + e2′⟩⊕
⟨(c0 . . . a1)kc0c′2, (c0 . . . a1)kc0c′2b2c′1, (c′1 . . . b2)kc′1, (c′1 . . . b2)kc′1a1c0c′2 | k ∈ N⟩⊕
⟨(a1 . . . c′1)k+1, (b2 . . . c

′
2)

k+1, (b2 . . . c
′
2)

kb2c
′
1, (a1 . . . c

′
1)

ka1c0c
′
2 | k ∈ N⟩.

Setting 3.4.6 Let (x, y) be a pair of objects in A. We set f1 : H∗A(x, y) → A(x, y) to be the inclusion
and g1 : A(x, y) → H∗A(x, y) to be the projection with respect to the basis given in Lemma 3.4.3 and
Lemma 3.4.4 forA(B,B). We define an endomorphism T 1 (of graded vector space) ofA(x, y) of degree−1,
which is zero onH∗(x, y)⊕ C∗(x, y).

- For (x, y) = (j, B) with j ∈ As: T 1(aiρ) = (−1)|ρ|ρ and T 1(biρ) = (−1)|ρ|ρ,

- For (x, y) = (B, j) with j ∈ As: T 1(ρai) = (−1)|ρ|ρ and T 1(ρbi) = (−1)|ρ|ρ,

- For (x, y) = (i, B) with i ∈ Ac:

T 1(ai + bi) = ei and T 1(akρ) = T 1(bkρ) = (−1)|ρ|ρ for k ∈ Ac and ρ non trivial in F(i, k),

- For (x, y) = (B, i) with i ∈ Ac: T 1(ρak) = T 1(ρbk) = (−1)|ρ|ρ for k ∈ Ac,

- For the case (x, y) = (B,B):

- For 1 ≤ j ≤ n, T 1(b1 + aj) = −(
j−1∑
i=1

(ei + ei′) + ej),
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- For 1 < j ≤ n, T 1(b1 − bj) =
n∑

i=j
(ei + ei′),

- For ρ ∈ F(i′, j), T 1((ρai + ρbi+1) + (ajρ+ bjρ)) = (−1)|ρ|ρ,
- For a path ρ in F(i, i′)/⟨ai⟩, F(i, (i− 1)′)/⟨bi⟩ or F(i, j′), (or in F(1, 1′)/⟨a1, b1⟩ when n = 1),
ρ is of the form ρ = ρ′ai or ρ = ρ′bi, with ρ′ non trivial. We set

T 1(ρ′ai) = T 1(ρ′bi) = (−1)|ρ′|ρ′.

Using the formula for µ̃1 given in subsubsection 3.4.1.2, one can check that T 1 satisfies Equation 3.5.
It is immediately true for elements of H∗(x, y) since T 1 send them to zero. For elements of I∗(x, y) the
condition becomes µ̃1T 1 = −id, and for those of C∗(x, y) it becomes T 1µ̃1 = −id since T 1 also sends
them to zero.

For example in the case (x, y) = (j, B) one has:

µ̃1T 1(aiρ) = (−1)|ρ|µ̃1(ρ) = (−1)|ρ|(−1)∥ρ∥aiρ,
and T 1µ̃1(ρ) = (−1)∥ρ∥T 1(aiρ+ biρ) = (−1)∥ρ∥(−1)|ρ|ρ.

The other cases are similar except for (x, y) = (B,B) which comes from the following formulas:

- For 1 ≤ j ≤ n, µ̃1(
j−1∑
i=1

(ei + ei′) + ej) =
j−1∑
i=1

((ai + bi)− (ai + bi+1)) + (aj + bj) = b1 + aj ,

- For 1 < j ≤ n, µ̃1(
n∑

i=j
(ei + ei′)) =

n∑
i=j

((ai + bi)− (ai + bi+1)) = −(b1 − bj),

- For ρ ∈ F(i′, j),

µ̃1(ρ) = µ̃2(s⊗ ρ, s−1 ⊗ (ai + bi)) + µ̃2(s−1 ⊗ (aj + bj), s⊗ ρ)
= (−1)∥ρ∥s0 ⊗ µ̂2(ρ, ai + bi)− s0 ⊗ µ̂2(aj + bj , ρ)

= (−1)∥ρ∥(ρai + ρbi) + (−1)∥ρ∥(ajρ+ bjρ),

- µ̃1(ρ′) = µ̃2(s0 ⊗ ρ′, s−1 ⊗ (ai + bi)) = (−1)∥ρ∥s−1 ⊗ µ̂2(ρ′, ai + bi) = (−1)∥ρ′∥(ρ′ai + ρ′bi).

This will allow us to apply Proposition 3.4.2 to this setting.
Notations 3.4.7 We first rename the basis ofH∗A before describing the minimal model. For i ∈ Ac:

- Let ti := ai ∈ H0(i, B),

- Let zi := ei ∈ H1(B, i),

- let x := b1 ∈ H1(B,B).

Proposition 3.4.8 Let A be the A∞-category defined in Setting 3.4.1. The following higher multiplications
µn onH∗A give a minimal model for A.

Let j ∈ A and i, k ∈ Ac. We give a complete list of the non-vanishing µn(xn, . . . , x1) for x1, . . . , xn
passing through (X0, X1, . . . , Xn).

(n = 2)
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- On the arc collection A, µ2 restricts to µ̂2,

- (B, i, B): For zi ∈ A(B, i), ti ∈ A(i, B), µ2(ti, zi) = x.

(n = 3)

- (i, B, i, j): For ρai in F(i, j), µ3(ρai, zi, ti) = −ρai,

- (j, i, B, i): For ρ a non trivial path in F(j, i) such that aiρ is non zero, µ3(zi, ti, ρ) = (−1)∥ρ∥ρ,

- (k,B, i, B): For 1 ≤ k ≤ i− 1, µ3(ti, zi, tk) = tk,

- (B, i,B, k): For 1 ≤ k ≤ i, µ3(zk, ti, zi) = zk,

- (B, i,B,B): µ3(x, ti, zi) = x.

The elements e1, . . . , en, eB are units.

The next subsection is devoted to the proof of Proposition 3.4.8, and the main part of the text
resume in Section 3.5.
3.4.4 The homotopy transfer

We prove Proposition 3.4.8. For this we place ourselves as in Lemma 3.4.3 and Lemma 3.4.4 for
the decomposition of A(B,B), and as in Setting 3.4.6. We will apply recursively Equations 3.6 of
Proposition 3.4.2.

For each iteration we give a list of the non vanishing terms:
Σ(n) :=

∑
r

∑
s1,...,sr

µ̃r(fsr(xn, . . . , xn−sr+1), . . . , f
s1(xs1 , . . . , x1)),

for all possible sequencesx1, . . . , xn of composablemorphismsofH∗Apassing through the sequence
of objects (X0, X1, . . . , Xn). Notes that since µ̂n = 0 for n ≥ 3, µ̃n also vanishes for n ≥ 3 and Σ(n)

becomes:
Σ(n) =

∑
1≤s≤n−1

µ̃2(fn−s(xn, . . . , xs+1), f
s(xs, . . . , x1)).

We then apply g1 (resp. T 1) to compute µn (resp. fn). Recall that the rules for computing µ̃n are given
by Equations 3.1 and 3.3. When taking a morphism ρ in F we always mean a basis element, that is, a
non-zero path.
• n = 2,Σ(2) = µ̃2(f1(x2), f

1(x1)).Let j, l,m ∈ A and i, k ∈ Ac.
- (X0, X1, X2) = (j, l,m):

▷ For ρ ∈ F(j, l) and ρ′ ∈ F(l,m), µ̃2(ρ′, ρ) = µ̂2(ρ′, ρ) = (−1)|ρ|ρ′ρ.
Thus µ2(ρ′, ρ) = (−1)|ρ|g1(ρ′ρ) = (−1)|ρ|ρ′ρ and f2(ρ′, ρ) = (−1)|ρ|T 1(ρ′ρ) = 0.
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- (j, i, B):
▷ For ρ ∈ F(j, i), µ̃2(ai, ρ) = µ̃2(s0 ⊗ ai, s0 ⊗ ρ) = s0 ⊗ µ̂2(ai, ρ) = (−1)|ρ|aiρ.
→ If j = i and ρ = ei, then by applying g1, one get µ2(ai, ei) = ai, and by applying T 1,
f2(ai, ei) = 0 since ai is in the homology.
Otherwise, if ρ is non trivial and aiρ is non zero, µ2(ai, ρ) = 0 and

f2(ai, ρ) = (−1)|ρ|T 1(aiρ) = (−1)|ρ|(−1)|ρ|ρ = ρ.

- (B, i, j):
▷ For ρ ∈ F(i, j), µ̃2(ρ, ei) = µ̃2(s0 ⊗ ρ, s−1 ⊗ ei) = (−1)∥ρ∥s−1 ⊗ ρ.
→ If i = j and ρ = ei, µ2(ei, ei) = −ei and f2(ei, ei) = 0.
Otherwise ρ = ρ′ai + ρ′bi for some ρ′, and µ2(ρ, ei) = 0,

f2(ρ, ei) = (−1)∥ρ∥T 1(ρ′ai + ρ′bi) = (−1)∥ρ∥(−1)|ρ′|ρ′ = (−1)(|ρ|−1)+|ρ|ρ′ = −ρ′.

- (i, B, k):
▷ µ̃2(ek, ai) = µ̃2(s−1 ⊗ ek, s0 ⊗ ai) = 0.

- (i, B,B):
▷ µ̃2(eB, ai) = ai.
→ µ2(eB, ai) = ai, f2(eB, ai) = 0.

▷ µ̃2(b1, ai) = µ̃2(s−1 ⊗ b1, s0 ⊗ ai) = 0.
- (B,B, i):

▷ µ̃2(ei, eB) = ei.
→ µ2(ei, eB) = ei, f2(ei, eB) = 0.

▷ µ̃2(ei, b1) = 0.
- (B, i,B):

▷ µ̃2(ai, ei) = µ̃2(s0 ⊗ ai, s−1 ⊗ ei) = −s−1 ⊗ ai = b1 − (b1 + ai).
→ Applying g1 gives µ2(ai, ei) = b1, and applying T 1 gives

f2(ai, ei) = −T 1(b1 + ai) =

i−1∑
v=1

(ev + ev′) + ei.

▷ µ̃2(ai, ei) = µ̃2(s0 ⊗ ai, s−1 ⊗ ei) = −s−1 ⊗ ai = b1 − (b1 + ai).
→ Applying g1 gives µ2(ai, ei) = b1, and applying T 1 gives

f2(ai, ei) = −T 1(b1 + ai) =
i−1∑
j=1

(ej + ej′) + ei if i ̸= 1,

and f2(a1, e1) = −T 1(b1 + a1) = e1 − eB .
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- (B,B,B):
▷ µ̃2(eB, eB) = eB , µ̃2(b1, eB) = b1, µ̃2(eB, b1) = −b1, µ̃2(b1, b1) = 0.

Let’s summarize the non vanishing cases. Let j ∈ A and i ∈ Ac.
- On the arc collection A, µ2 restricts to µ̂2,
- The element eB and the ej ’s inH∗A(j, j) are units: µ2(x, e) = x and µ2(e, x) = (−1)|x|Ax,
for e one of these elements and x inH∗A respectively post and pre-composable,

- (B, i, B): For ei ∈ A(B, i), ai ∈ A(i, B), µ2(ai, ei) = b1.
The non vanishing f2 are:
- (j, i, B): For ρ ∈ F(j, i) non trivial such that aiρ is non zero, f2(ai, ρ) = ρ,
- (B, i, j): For ρ ∈ F(i, j) decomposing as ρ = ρ′ai + ρ′bi for some ρ′, f2(ρ, ei) = −ρ′,
- (B, i,B): f2(ai, ei) = i−1∑

v=1
(ev + ev′) + ei.

• n = 3, Σ(3) = µ̃2(f2(x3, x2), f
1(x1)) + µ̃2(f1(x3), f

2(x2, x1)). Let j, l ∈ A and i, k ∈ Ac.
·We first consider all the cases where f2(x3, x2) is non zero.
Let ρ ∈ F(j, i) non trivial such that aiρ is non zero. Recall that f2(ai, ρ) = ρ.
- (l, j, i, B):

▷ For γ ∈ F(l, j), µ̃2(f2(ai, ρ), γ) = µ̃2(s1 ⊗ ρ, s0 ⊗ γ) = (−1)|γ|s1 ⊗ ργ. In this case, since
f2(ρ, γ) = 0, Σ(3) = µ̃2(f2(ak, ρ), γ). Both g1 and T 1 vanish on this element.

- (B, i, k,B):
Let ρ ∈ F(i, k) decomposing as ρ = ρ′ai + ρ′bi for some ρ′, and such that akρ is non zero.

▷ First, µ̃2(f2(ak, ρ), ei) = µ̃2(s1 ⊗ ρ, s−1 ⊗ ei) = (−1)∥ρ∥s0 ⊗ ρ.
Then, µ̃2(ak, f2(ρ, ei)) = −µ̃2(s0 ⊗ ak, s0 ⊗ ρ′) = −(−1)|ρ′|s0 ⊗ akρ′, and

Σ(3) = µ̃2(f2(ak, ρ), ei) + µ̃2(ak, f
2(ρ, ei)) = (−1)∥ρ∥(ρ′ai + ρ′bi + akρ

′)

→ g1 vanishes on this element, and applying T 1 gives
f3(ak, ρ, ei) = (−1)∥ρ∥(−1)|ρ′|ρ′ = −ρ′.

Let ρ ∈ F(i, j) decomposing as ρ = ρ′ai + ρ′bi for some ρ′, and let ei ∈ A(B, i). Recall that
f2(ρ, ei) = −ρ′.Since f2(ei, x1) = 0 for all x1, Σ(3) = µ̃2(f2(ρ, ei), f

1(x1)).
82



3.4. Minimal model for a generator of the topological Fukaya category

- (k,B, i, j):
▷ µ̃2(f2(ρ, ei), ak) = −µ̃2(s0⊗ρ′, s0⊗ak) = −s0⊗ρ′ak, which is non zero only when ρ = ρ′ak.
→ T 1 vanishes on this element, and applying g1 gives µ3(ρ′ak, ek, ak) = −ρ′ak.

- (B,B, i, j):
▷ µ̃2(f2(ρ, ei), eB) = −µ̃2(s0 ⊗ ρ′, eB) = −s0 ⊗ ρ′. Both g1 and T 1 vanish on this element.
▷ µ̃2(f2(ρ, ei), b1) = −µ̃2(s0 ⊗ ρ′, s−1 ⊗ b1) = −(−1)∥ρ

′∥s−1 ⊗ ρ′b1 = (−1)|ρ|s−1 ⊗ ρ′b1, whichis non zero only when ρ = ρ′b1. Note that ρ′ is non trivial since j ∈ A.
→ g1 vanishes on this element, and applying T 1 gives

f3(ρ′b1, e1, b1) = (−1)|ρ′|T 1(ρ′b1) = ρ′.

Let ei ∈ A(B, i), ai ∈ A(i, B). Recall that f2(ai, ei) = i−1∑
v=1

(ev + ev′) + ei.
On the tuple (x1, x2, x3) = (x1, ei, ai), the term f2(ei, x1) is necessarily zero, and we only need tocompute Σ(3) = µ̃2(f2(ai, ei), f

1(x1)).
- (k,B, i, B):

▷ µ̃2(f2(ai, ei), ak) = µ̃2(s0 ⊗
i−1∑
v=1

(ev + ev′) + ei, s
0 ⊗ ak) which is equal to ak if 1 ≤ k ≤ i− 1

and zero otherwise.
→ T 1 vanishes on this element, and for 1 ≤ k ≤ i− 1, applying g1 gives

µ3(ai, ei, ak) = ak.

- (B,B, i, B):
▷ µ̃2(f2(ai, ei), eB) = µ̃2(

i−1∑
v=1

(ev + ev′) + ei, eB) =
i−1∑
v=1

(ev + ev′) + ei. Both g1 and T 1 vanish
on this element.

▷ µ̃2(f2(ai, ei), b1) = µ̃2(s0 ⊗
i−1∑
v=1

(ev + ev′) + ei, s
−1 ⊗ b1) = 0.

·We now consider the cases where f2(x2, x1) is non zero.Let ρ be a non trivial path in F(j, i), decomposing as ρ = ρ′aj or ρ = ρ′bj , and such that aiρ isnon zero for ai ∈ A(i, B). Recall that f2(ai, ρ) = ρ. Since f2(x3, ai) = 0 for all x3, the term Σ(3) is
µ̃2(f1(x3), f

2(ai, ρ)).
- (j, i, B, k) :

▷ µ̃2(ek, f
2(ai, ρ)) = µ̃2(s−1 ⊗ ek, s1 ⊗ ρ). This term is −(−1)|ρ|s0 ⊗ ρ = (−1)∥ρ∥ρ if k = i and

zero otherwise.
→ T 1 vanishes on this element and applying g1 gives µ3(ei, ai, ρ) = (−1)∥ρ∥ρ.
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- (j, i, B,B) :

▷ µ̃2(eB, f
2(ai, ρ)) = µ̃2(s0 ⊗ eB, s

1 ⊗ ρ) = (−1)∥ρ∥s1 ⊗ ρ. Both g1 and T 1 vanish on this
element.

▷ µ̃2(b1, f
2(ai, ρ)) = µ̃2(s−1 ⊗ b1, s1 ⊗ ρ) = −(−1)|ρ|s0 ⊗ b1ρ = 0.

Let ρ ∈ F(i, j) decomposing as ρ = ρ′ai + ρ′bi, and let ei ∈ H∗A(B, i). Recall that f2(ρ, ei) = −ρ′.
- (B, i, j, l) :

▷ For γ ∈ F(j, l), µ̃2(γ, f2(ρ, ei)) = −µ̃2(s0⊗ γ, s0⊗ ρ′) = (−1)∥ρ′∥s0⊗ γρ′. In this case, since
f2(γ, ρ) = 0, Σ(3) = µ̃2(γ, f2(ρ, ei)). Both g1 and T 1 vanish on this element.

- (B, i, j, B) :

▷ The case (x1, x2, x3) = (ei, ρ, aj) as already been treated before.
Let ei ∈ A(B, i), ai ∈ A(i, B). Recall that f2(ai, ei) = i−1∑

v=1
(ev + ev′) + ei. Since f2(x3, ai) = 0 for all

x3, Σ(3) = µ̃2(f1(x3), f
2(ai, ei)).

- (B, i,B, k):
▷ µ̃2(ek, f

2(ai, ei)) = µ̃2(s−1⊗ ek, s0⊗
i−1∑
v=1

(ev + ev′)+ ei) which is equal to ek if k ∈ {1, . . . , i}
and zero otherwise.
→ T 1 vanishes on this element, and for 1 ≤ k ≤ i, applying g1 gives µ3(ek, ai, ei) = ek.

- (B, i,B,B):
▷ µ̃2(eB, f

2(ai, ei)) = µ̃2(s0⊗ eB, s0⊗
i−1∑
v=1

(ev + ev′) + ei) =
i−1∑
v=1

(ev + ev′) + ei. Both g1 and T 1

vanish on this element.
▷ µ̃2(b1, f

2(ai, ei)) = µ̃2(s−1 ⊗ b1, s0 ⊗
i−1∑
v=1

(ev + ev′) + ei) = b1.
→ T 1 vanishes on this element and applying g1 gives µ3(b1, ai, ei) = b1.

We summarize here the non vanishing cases. Let j ∈ A and i, k ∈ Ac.
- (i, B, i, j): For ρ′ai in F(i, j), µ3(ρ′ai, ei, ai) = −ρ′ai,
- (j, i, B, i): For ρ a non trivial path in F(j, i) such that aiρ is non zero, µ3(ei, ai, ρ) = (−1)∥ρ∥ρ,
- (k,B, i, B): For 1 ≤ k ≤ i− 1, µ3(ai, ei, ak) = ak,
- (B, i,B, k): For 1 ≤ k ≤ i, µ3(ek, ai, ei) = ek,
- (B, i,B,B): µ3(b1, ai, ei) = b1.
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The non vanishing f3 are:
- (B, i, k,B): Let ρ in F(i, k) decomposing as ρ = ρ′ai + ρ′bi, and such that akρ is non zero for
ak ∈ A(k,B). Then f3(ak, ρ, ei) = −ρ′,

- (B,B, 1, j): For ρ′b1 ∈ F(1, j), f3(ρ′b1, e1, b1) = ρ′.
• n = 4, Σ(4) = µ̃2(f3(x4, x3, x2), f

1(x1)) + µ̃2(f2(x4, x3), f
2(x2, x1)) + µ̃2(f1(x4), f

3(x3, x2, x1)).
We will go through all the tuples (x4, x3, x2, x1) such that (f3(x4, x3, x2), f1(x1)) is non zero, then

(f2(x4, x3), f
2(x2, x1)) and finally (f1(x4), f3(x3, x2, x1)), without repeating the cases that already ap-peared. Let j, l ∈ A and i, k, h ∈ Ac.

· Here are the cases for (f3(x4, x3, x2), f1(x1)) non zero.For (x2, x3, x4) going through (B, i, k,B). Let ρ in F(i, k) decomposing as ρ = ρ′ai+ρ
′bi, and suchthat akρ is non zero for ak ∈ A(k,B). Recall that f3(ak, ρ, ei) = −ρ′.On the tuple (x1, x2, x3, x4) = (x1, ei, ρ, ak), f2(ei, x1) is necessarily zero. The term f3(ρ, ei, x1) isnon zero only when (x1, x2, x3, x4) = (b1, e1, ρ

′b1, ak) with b1 ∈ A(B,B).
- (h,B, i, k,B):

▷ µ̃2(f3(ak, ρ, ei), ah) = −µ̃2(s1 ⊗ ρ′, s0 ⊗ ah) = −s1 ⊗ ρ′ah. Both g1 and T 1 vanish on this
element.

- (B,B, i, k,B):
▷ µ̃2(f3(ak, ρ, ei), eB) = −µ̃2(ρ′, eB). Both g1 and T 1 vanish on this element.
▷ µ̃2(f3(ak, ρ, ei), b1) = −µ̃2(s1⊗ ρ′, s−1⊗ b1) = −(−1)∥ρ

′∥s0⊗ ρ′b1. It is non zero only when
i = 1 and ρ = ρ′b1. In this case µ̃2(f3(ak, ρ′b1, e1), b1) = (−1)|ρ′|s0 ⊗ ρ′b1.
Moreover, µ̃2(ak, f3(ρ′b1, e1, b1)) = µ̃2(s0 ⊗ ak, s0 ⊗ ρ′) = (−1)|ρ′|s0 ⊗ akρ′.
Thus Σ(4) = µ̃2(f3(ak, ρ

′b1, e1), b1) + µ̃2(ak, f
3(ρ′b1, e1, b1)) = (−1)|ρ′|(ρ′b1 + akρ

′).
→ g1 vanishes on this element, and applying T 1 gives

f4(ak, ρ
′b1, e1, b1) = (−1)|ρ′|T 1(ρ′b1 + akρ

′) = (−1)|ρ′|(−1)|ρ′|ρ′ = ρ′.

For (x2, x3, x4) going through (B,B, 1, j). Let ρ′b1 in F(1, j). Recall that f3(ρ′b1, e1, b1) = ρ′.
On the tuple (x1, x2, x3, x4) = (x1, b1, e1, ρ

′b1), f2(b1, x1) and f3(e1, b1, x1) are necessarily zero.
- (i, B,B, 1, j):

▷ µ̃2(f3(ρ′b1, e1, b1), ai) = µ̃2(s0 ⊗ ρ′, s0 ⊗ ai) = s0 ⊗ ρ′ai = 0.
- (B,B,B, 1, j):

▷ µ̃2(f3(ρ′b1, e1, b1), eB) = µ̃2(ρ′, eB). Both g1 and T 1 vanish on this element.
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▷ µ̃2(f3(ρ′b1, e1, b1), b1) = µ̃2(s0 ⊗ ρ′, s−1 ⊗ b1) = (−1)∥ρ′∥s−1 ⊗ ρ′b1.
→ g1 vanishes on this element and applying T 1 gives

f4(ρ′b1, e1, b1, b1) = (−1)∥ρ′∥(−1)|ρ′|ρ′ = −ρ′.

·Wenow treat the cases where (f2(x4, x3), f2(x2, x1)) is non zero. The previous calculations showthat if µ̃2(f2(x4, x3), f2(x2, x1)) is non zero, µ̃2(f3(x4, x3, x2), f1(x1))must be zero.
For (x3, x4) going through (j, i, B). Let ρ be a non trivial path in F(j, i) such that aiρ is non zero

for ai ∈ A(i, B). Recall that f2(ai, ρ) = ρ.
On the tuple (x1, x2, x3, x4) = (x1, x2, ρ, ai), f2(x2, x1) is non zero only if (x1, x2) = (ek, γ) where

ek ∈ A(B, k) and γ ∈ F(k, j) decomposes as γ = γ′ak + γ′bk. In this case f2(γ, ek) = −γ′.Since f3(ρ, γ, ek) = 0, Σ(4) = µ̃2(f2(x4, x3), f
2(x2, x1)).

- (B, k, j, i, B) :

▷ µ̃2(f2(ai, ρ), f
2(γ, ek)) = −µ̃2(s1 ⊗ ρ, s0 ⊗ γ′) = −(−1)|γ

′|s1 ⊗ ργ′. Both g1 and T 1 vanish
on this element.

For (x3, x4) going through (B, i, j). Let ρ ∈ F(i, j) decomposing as ρ = ρ′ai + ρ′bi. Recall that
f2(ρ, ei) = −ρ′.On the tuple (x1, x2, x3, x4) = (x1, x2, ei, ρ), f2(x2, x1) is non zero in the following two cases.

- (l, k, B, i, j):
▷ Let γ be non trivial in F(l, k) and such that akγ is non zero for ak ∈ A(k,B). Recall that
f2(ak, γ) = γ.
In this case, f3(ei, ak, γ) = 0 and Σ(4) = µ̃2(f2(ρ, ei), f

2(ak, γ)) = −µ̃2(s0⊗ ρ′, s1⊗ γ) = 0.
- (B, k,B, i, j):

▷ Recall that f2(ak, ek) = k−1∑
v=1

(ev + ev′) + ek. Since f3(ei, ak, ek) = 0,

Σ(4) = µ̃2(f2(ρ, ei), f
2(ak, ek)) = −µ̃2(s0 ⊗ ρ′, s0 ⊗

k−1∑
v=1

(ev + ev′) + ek).

Both g1 and T 1 vanish on this element.

For (x3, x4) going through (B, i,B). Recall that f2(ai, ei) = i−1∑
v=1

(ev + ev′) + ei.
On the tuple (x1, x2, x3, x4) = (x1, x2, ei, ai), f2(x2, x1) is non zero in the following two cases.
- (j, k,B, i, B):
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▷ Let ρ be a non trivial path in F(j, k) such that akρ is non zero for ak ∈ A(k,B). Recall that
f2(ak, ρ) = ρ. Since f3(ei, ak, ρ) = 0,

Σ(4) = µ̃2(f2(bi, ei), f
2(ak, ρ)) = µ̃2(

i−1∑
v=1

(ev + ev′) + ei, ρ).

Both g1 and T 1 vanish on this element.
- (B, k,B, i, B):

▷ Recall that f2(ak, ek) = k−1∑
v=1

(ev + ev′) + ek. Since f3(ei, ak, ek) = 0,

Σ(4) = µ̃2(f2(ai, ei), f
2(ak, ek)) = µ̃2(

i−1∑
v=1

(ev + ev′) + ei,

k−1∑
v=1

(ev + ev′) + ek)

=

min(k,i)−1∑
v=1

(ev + ev′) + emin(k,i).

Both g1 and T 1 vanish on this element.
· We now treat the cases where (f1(x4), f

3(x3, x2, x1)) is non zero. The previous calculations
show that if µ̃2(f1(x4), f3(x3, x2, x1)) is non zero, then µ̃2(f2(x4, x3), f2(x2, x1)) must be zero. The
only case when µ̃2(f1(x4), f

3(x3, x2, x1)) and µ̃2(f3(x4, x3, x2), f
1(x1)) are both non zero is when

(x1, x2, x3, x4) = (b1, e1, ρ
′b1, ak).

For (x1, x2, x3) going through (B, i, k,B). Let ρ in F(i, k) decomposing as ρ = ρ′ai+ρ
′bi, and suchthat akρ is non zero for ak ∈ A(k,B). Recall that f3(ak, ρ, ei) = −ρ′.

- (B, i, k,B, h):
▷ µ̃2(eh, f

3(ak, ρ, ei)) = −µ̃2(s−1 ⊗ eh, s1 ⊗ ρ′) = (−1)|ρ′|s0 ⊗ ehρ′. Both g1 and T 1 vanish on
this element.

- (B, i, k,B,B):
▷ µ̃2(eB, f

3(ak, ρ, ei)) = −µ̃2(eB, ρ′). Both g1 and T 1 vanish on this element.
▷ µ̃2(b1, f

3(ak, ρ, ei)) = −µ̃2(b1, ρ′). Both g1 and T 1 vanish on this element.
For (x1, x2, x3) going through (B,B, 1, j). Let ρ′b1 in F(1, j). Recall that f3(ρ′b1, e1, b1) = ρ′.
- (B,B, 1, j, l):

▷ For γ ∈ F(j, l), µ̃2(γ, f3(ρ′b1, e1, b1)) = µ̃2(γ, ρ′). Both g1 and T 1 vanish on this element.
- (B,B, 1, j, B):
Suppose that j ∈ Ac.
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▷ The case (x1, x2, x3, x4) = (b1, e1, ρ
′b1, aj) as already been treatedbefore. See (B,B, i, k,B).

Let j ∈ A and i ∈ Ac. The non vanishing f4 are:
- (B,B, 1, i, B): For ρ′b1 ∈ F(1, i) such that aiρ′ is non zero, f4(ai, ρ′b1, e1, b1) = ρ′,
- (B,B,B, 1, j): For ρ′b1 ∈ F(1, j), f4(ρ′b1, e1, b1, b1) = −ρ′.
• n ≥ 5. We will show by induction that for all n ≥ 5, µn = 0 and that the only non zero fn are

given by:
- (B, . . . , B, 1, i, B): For ρ′b1 ∈ F(1, i) such that aiρ′ is non zero,

fn(ai, ρ
′b1, e1, b1, . . . , b1) = (−1)nρ′,

- (B, . . . , B,B, 1, j): For ρ′b1 ∈ F(1, j),
fn(ρ′b1, e1, b1, b1, . . . , b1) = (−1)n+1ρ′,

for j ∈ A and i ∈ Ac. It is a direct generalization of the case n = 3 and 4.
Let n ≥ 5 be such that for all p ∈ {4, . . . , n − 1}, the only non zero fp are as above. Each term of

Σ(n) is of the form µ̃2(fn−s(xn, . . . , xs+1), f
s(xs, . . . , x1)) with either s ≥ 3 or n− s ≥ 3.

If n− 3 ≥ s ≥ 3, then n− s ≥ 3. Note that it is possible only for n ≥ 6. Our induction hypothesis
ensures that, up to a sign, fn−s(xn, . . . , xs+1) and fs(xs, . . . , x1) are of the form:

- s1 ⊗ ρ′ ∈ A(B,B) for some path ρ′ ∈ F(i′, k), or
- s0 ⊗ ρ′ ∈ A(B, j) for some path ρ′ ∈ F(1, j).
Applying µ̃2 on a couple of such elements gives zero:
- (B,B,B): µ̃2(s1 ⊗ γ′, s1 ⊗ ρ′) = 0,
- (B,B, j): µ̃2(s0 ⊗ γ′, s1 ⊗ ρ′) = 0.

Thus
Σ(n) =µ̃2(fn−1(xn, . . . , x2), f

1(x1)) + µ̃2(fn−2(xn, . . . , x3), f
2(x2, x1))

+µ̃2(f2(xn, xn−1), f
n−2(xn−2, . . . , x1)) + µ̃2(f1(xn), f

n−1(xn−1, . . . , x1)).

We compute all the possible values of Σ(n). Note that n − 1 ≥ 4 and n − 2 ≥ 3. Recall that the
non vanishing f2 are:

- (j, i, B): For ρ ∈ F(j, i) non trivial such that aiρ is non zero, f2(ai, ρ) = ρ,
- (B, i, j): For ρ ∈ F(i, j) decomposing as ρ = ρ′ai + ρ′bi for some ρ′, f2(ρ, ei) = −ρ′,
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- (B, i, B): f2(ai, ei) = i−1∑
v=1

(ev + ev′) + ei.
And the non vanishing f3 are:
- (B, i, k,B): Let ρ in F(i, k) decomposing as ρ = ρ′ai + ρ′bi, and such that akρ is non zero for
ak ∈ A(k,B). Then f3(ak, ρ, ei) = −ρ′,

- (B,B, 1, j): For ρ′b1 ∈ F(1, j), f3(ρ′b1, e1, b1) = ρ′.
Let j, l ∈ A and i, k, h ∈ Ac.
· Suppose µ̃2(fn−1(xn, . . . , x2), f

1(x1)) is non zero. We go through all the possible values of the
term fn−1(xn, . . . , x2).

For (x2, . . . , xn) going through (B, . . . , B, 1, i, B). Let ρ′b1 ∈ F(1, i) such that aiρ′ is non zero.
Recall that fn−1(ai, ρ

′b1, e1, b1, . . . , b1) = (−1)n−1ρ′.
On the tuple (x1, x2, . . . , xn), f2(x2, x1) is necessarily zero since the codomain of x1 must be B.

Similarly fn−2(xn−2, . . . , x1) is zero since the domain of xn−2 must beB. The term fn−1(xn−1, . . . , x1)is non zero if x1 = b1 ∈ A(B,B), and in this case recall that fn−1(ρ′b1, e1, b1, . . . , b1) = (−1)nρ′.
- (k,B, . . . , B, 1, i, B):

▷ (−1)n−1µ̃2(s1 ⊗ ρ′, s0 ⊗ ak) = (−1)n−1s1 ⊗ ρ′ak. Both g1 and T 1 vanish on this element.
- (B,B, . . . , B, 1, i, B):

▷ (−1)n−1µ̃2(s1 ⊗ ρ′, eB) = (−1)n−1s1 ⊗ ρ′. Both g1 and T 1 vanish on this element.
▷ First,

µ̃2(fn−1(ai, ρ
′b1, e1, b1, . . . , b1), b1) = (−1)n−1µ̃2(s1 ⊗ ρ′, s−1 ⊗ b1)

= (−1)n−1(−1)∥ρ′∥s0 ⊗ ρ′b1.

Moreover,
µ̃2(ai, f

n−1(ρ′b1, e1, b1, . . . , b1)) = (−1)nµ̃2(s0 ⊗ ai, s0ρ′) = (−1)n(−1)|ρ′|s0 ⊗ aiρ′.

Thus Σ(n) = (−1)n(−1)|ρ′|(ρ′b1 + aiρ
′).

→ g1 vanishes on this element and applying T 1 gives
fn(ai, ρ

′b1, e1, b1, . . . , b1, b1) = (−1)n(−1)|ρ′|T 1(ρ′b1 + aiρ
′) = (−1)nρ′.

For (x2, . . . , xn) going through (B, . . . , B,B, 1, j) . Let ρ′b1 ∈ F(1, j). Recall that
fn−1(ρ′b1, e1, b1, b1, . . . , b1) = (−1)nρ′.

On the tuple (x1, x2, . . . , xn), f2(x2, x1) is necessarily zero since the codomain of x1 must be B.
Similarly fn−2(xn−2, . . . , x1) and fn−1(xn−1, . . . , x1) are zero since the domain of xn−2 and xn−1 must
be B.
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- (k,B, . . . , B,B, 1, j):
▷ (−1)nµ̃2(s0 ⊗ ρ′, s0 ⊗ ak) = (−1)ns0 ⊗ ρ′ak = 0.

- (B,B, . . . , B,B, 1, j):
▷ Both g1 and T 1 vanish on (−1)nµ̃2(s0 ⊗ ρ′, eB).
▷ (−1)nµ̃2(s0 ⊗ ρ′, s−1 ⊗ b1) = (−1)n(−1)∥ρ′∥s−1 ⊗ ρ′b1.
→ g1 vanishes on this element and applying T 1 gives

fn(ρ′b1, e1, b1, b1, . . . , b1, b1) = (−1)n+1(−1)|ρ′|T 1(ρ′b1) = (−1)n+1ρ′.

· Suppose µ̃2(fn−2(xn, . . . , x3), f
2(x2, x1)) is non zero. The previous computations show that in

this case µ̃2(fn−1(xn, . . . , x2), f
1(x1))must be zero.

Looking at the possible value of (xn, . . . , x3), one can make the following observations. On the
tuple (x1, x2, . . . , xn), the morphism x2 must go from h ∈ Ac to B, thus fn−2(xn−2, . . . , x1) is zero.Similarly, since the codomain of x1 must be h ∈ Ac, fn−1(xn−1, . . . , x1) is zero.Recall that n− 2 is possibly equal to 3.

For (x3, . . . , xn) going through (B, . . . , B, i, k, B). Let ρ in F(i, k) decomposing as ρ = ρ′ai + ρ′bi,and such that akρ is non zero for ak ∈ A(k,B). Recall that
fn−2(ai, ρ, ei, b1, . . . , b1) = (−1)n−2ρ′.

- (j, h,B, . . . , B, i, k, B):
▷ For γ ∈ F(j, h) such that ahγ is non zero,

(−1)n−2µ̃2(s1 ⊗ ρ′, f2(ah, γ)) = (−1)n−2µ̃2(s1 ⊗ ρ′, s1 ⊗ γ) = 0.

- (B, h,B, . . . , B, i, k,B):
▷ (−1)n−2µ̃2(s1 ⊗ ρ′, f2(ah, eh)) = (−1)n−2µ̃2(s1 ⊗ ρ′,

h−1∑
v=1

(ev + ev′) + eh). Both g1 and T 1

vanish on this element.
For (x3, . . . , xn) going through (B, . . . , B,B, 1, j). Let ρ′b1 ∈ F(1, j). Recall that

fn−2(ρ′b1, e1, b1, b1, . . . , b1) = (−1)n−1ρ′.

- (l, i, B, . . . , B,B, 1, j):
▷ For γ ∈ F(l, i) such that aiγ is non zero,

(−1)n−1µ̃2(s0 ⊗ ρ′, f2(ai, γ)) = (−1)n−1µ̃2(s0 ⊗ ρ′, s1 ⊗ γ) = 0.

- (B, i, B, . . . , B,B, 1, j):
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▷ (−1)n−1µ̃2(s0⊗ρ′, f2(ai, ei)) = (−1)n−1µ̃2(s0⊗ρ′,
i−1∑
v=1

(ev+ev′)+ei). Both g1 and T 1 vanish
on this element.

· Suppose that µ̃2(f2(xn, xn−1), f
n−2(xn−2, . . . , x1)) is non zero. The previous computations show

that in this case µ̃2(fn−1(xn, . . . , x2), f
1(x1)) and µ̃2(fn−2(xn, . . . , x3), f

2(x2, x1))must be zero.
For (x1, . . . , xn−2) going through (B, . . . , B, i, k, B). Let ρ inF(i, k) decomposing as ρ = ρ′ai+ρ

′bi,and such that akρ is non zero for ak ∈ A(k,B). Recall that
fn−2(ai, ρ, ei, b1, . . . , b1) = (−1)n−2ρ′.

On the tuple (x1, x2, . . . , xn), fn−1(xn−1, . . . , x1) is zero since the domain of xn−1 must be B.
- (B, . . . , B, i, k, B, h, j):

▷ For γ ∈ F(h, j) decomposing as γ = γ′ah + γ′bh,
(−1)n−2µ̃2(f2(γ, eh), ρ

′) = −(−1)n−2µ̃2(s0 ⊗ γ′, s1 ⊗ ρ′) = 0.

- (B, . . . , B, i, k, B, h,B):
▷ (−1)n−2µ̃2(f2(ah, eh), s

1 ⊗ ρ′) = (−1)n−2µ̃2(
h−1∑
v=1

(ev + ev′) + eh, s
1 ⊗ ρ′). Both g1 and T 1

vanish on this element.
For (x1, . . . , xn−2) going through (B, . . . , B,B, 1, j). Let ρ′b1 ∈ F(1, j). Recall that

fn−2(ρ′b1, e1, b1, b1, . . . , b1) = (−1)n−1ρ′.

- (B, . . . , B,B, 1, j, i, B):
Note that µ̃2(f1(xn), fn−1(xn−1, . . . , x1))must be zero.

▷ For γ ∈ F(j, i) non trivial such that aiγ is non zero,
(−1)n−1µ̃2(f2(ai, γ), s

0 ⊗ ρ′) = (−1)n−1µ̃2(s1 ⊗ γ, s0 ⊗ ρ′) = (−1)n−1(−1)|ρ′|s1 ⊗ γρ′.

Both g1 and T 1 vanish on this element.
· Suppose that µ̃2(f1(xn), fn−1(xn−1, . . . , x1)) is non zero. The previous computations show that

in this case µ̃2(fn−2(xn, . . . , x3), f
2(x2, x1)) and µ̃2(f2(xn, xn−1), f

n−2(xn−2, . . . , x1))must be zero.
The only possible value of (x1, . . . , xn) such that µ̃2(fn−1(xn, . . . , x2), f

1(x1)) is non zero is givenby (ai, ρ′b1, e1, b1, . . . , b1, b1), going through (B,B, . . . , B, 1, i, B).
For (x1, . . . , xn−1) going through (B, . . . , B, 1, i, B). Let ρ′b1 ∈ F(1, i) such that aiρ′ is non zero.

Recall that fn−1(ai, ρ
′b1, e1, b1, . . . , b1) = (−1)n−1ρ′.

- (B, . . . , B, 1, i, B, k):
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▷ (−1)n−1µ̃2(s−1⊗ek, s1⊗ρ′) = (−1)n(−1)|ρ′|s0⊗ekρ′. Both g1 andT 1 vanish on this element.
- (B, . . . , B, 1, i, B,B):

▷ Both g1 and T 1 vanish on (−1)n−1µ̃2(eB, s
1 ⊗ ρ′).

▷ (−1)n−1µ̃2(s−1 ⊗ b1, s1 ⊗ ρ′) = 0.
For (x1, . . . , xn−1) going through (B, . . . , B,B, 1, j) . Let ρ′b1 ∈ F(1, j). Recall that

fn−1(ρ′b1, e1, b1, b1, . . . , b1) = (−1)nρ′.

- (B, . . . , B,B, 1, j, l):
▷ Let γ ∈ F(j, l). Both g1 and T 1 vanish on (−1)nµ̃2(s0 ⊗ γ, s0 ⊗ ρ′).

- (B,B, . . . , B, 1, i, B):
▷ The case (x1, . . . , xn) = (ai, ρ

′b1, e1, b1, . . . , b1) has already been treated before.
This concludes the induction. Relabeling the basis of H∗A as in Notations 3.4.7 gives the higher

multiplications given in the proposition.
□

3.5 A∞-quotient of the minimal model and formality
In this section we place ourselves as in Setting 3.4.1. The notion of A∞-quotient was introduced

in [LO06]. We describe here only the case of interest for us, following [HKK17](Section 3.5).
The quotient D := D(H∗A|B) of H∗A (with the A∞-structure of Proposition 3.4.8) by the object

B is a A∞-category which has the same objects as H∗A, and whose morphism spaces are given for
all i, j ∈ A by a decomposition (as vector spaces) D(i, j) ≃ ⊕

n∈N∗
D⟨n⟩(i, j), where

D⟨n⟩(i, j) = ⟨an ·an−1 · . . . ·a2 ·a1 | a1 ∈ H∗A(i, B), an ∈ H∗(B, j) and ai ∈ H∗(B,B) for 2 ≤ i ≤ n−1⟩.

Note that for n = 1, D⟨1⟩(i, j) = H∗A(i, j). The degrees in D are
|an · . . . · a1| = |an|+ . . .+ |a1|+ 1− n,

and thus
∥an · . . . · a1∥ = ∥an∥+ . . .+ ∥a1∥.

For r ≥ 1 and 0 = n0 < n1 < · · · < nr, the higher multiplications are given by
µ̄r(anr · . . . anr−1+1, . . . , an1 · . . . · a1) =∑

j≥0
1≤k≤n1

nr≥k+j≥nr−1+1

(−1)∥ak−1·...·a1∥anr · . . . · ak+j+1 · µj+1(ak+j , . . . , ak) · ak−1 · . . . · a1 (3.7)

Since µ̄1(eB · eB) = eB , the object B becomes isomorphic to zero in homology, and restricting to
the full subcategory supported on A gives a quasi-equivalent A∞-category, that we still denote D.
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Setting 3.5.1 Following notations of Setting 3.4.1, letD be the full subcategory of theA∞-quotientD(H∗A|B)

supported on the set of arcs A, whereH∗A is endowed with the A∞-structure of Proposition 3.4.8.

It is a DG category (seen as an A∞-category). Indeed, let r ≥ 3. The term µj+1 in Equation 3.7 can
be non zero only if j = 2. But then µ3(ak+2, ak+1, a1) is zero since ak+1 does not have B as domain or
codomain. Thus µ̄r = 0.
3.5.1 Quasi-equivalencewith the localization of the topological Fukaya

category
Relying on results that will be proved later in this section, we now show that FA(S) is Morita

equivalent to the A∞-quotient D(F(Ŝ)|B), with F(Ŝ) = TwFÂ(Ŝ) the topological Fukaya category ofthe smooth marked surface Ŝ before contraction of the simple closed curve. Here B denotes the full
subcategory supported on objects which are isomorphic to elements in thick(B) after passing to the
zero homology.

When H is a full subcategory of a DG category G, the A∞-quotient D(G|H) coincides with the
DG quotient introduced by Drinfeld. Since we are working over a field, the following equivalence
[Dri04](Theorem 3.4) tells us that it enhances the triangulated quotient:

(G/H)tr ≃ Gtr/Htr.

ForH a full subcategory of anA∞-category G, [Sei08](Lemma 3.32) tells us thatHtr is the smallest
strictly full triangulated subcategories of Gtr that contains H, which we denote by ⟨H⟩. Thus (Htr)♮

is thick(H), the smallest strictly full triangulated subcategories of (Gtr)♮ that is closed under direct
summands.
Lemma 3.5.2 Seeing the set of arcs A as objects of the quotient FÂ(Ŝ)

tr/thick(B), one has:

thick(A) = (FÂ(Ŝ)
tr/thick(B))♮.

Proof: We need to show that the arcs of Â\A = {1′, . . . .n′} are in thick(A). For 1 ≤ k < n, let
Dk =

n⊕
i=k+1

i[1]⊕
n⊕

i=k

i′

be the twisted complex whose differential δk = (δki,j)i,j is given by δki′,i = ai and δk(i−1)′,i = bi, and zerootherwise. LetDn = n′ be the twisted complex concentrated in degree 0. Recall that the triangulated
structure on FÂ(Ŝ)

tr is given by triangles:
X

f−→ Y → C(f)→ X[1],

where C(f) is the mapping cone of the degree zero cocycle f between twisted complexes X and
Y . See [Sei08](Equation 3.28) for a definition. As a curve on Ŝ, the twisted complex D1 corresponds
to the Dehn twist of 1 along the simple closed curve γ. Since C(1 −(b1+a1)−−−−−−→ D1) is the band object
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B associated to γ, (b1 + a1) becomes an isomorphism in the Verdier quotient, and D1 belongs to
thick(A). Now suppose thatDk−1 belongs to thick(A) for 2 ≤ k ≤ n. Then

C(k −(bk+ak)−−−−−−→ (k − 1)′ ⊕Dk) = Dk−1

shows that (k − 1)′ andDk are also in thick(A).
□

Theorem 3.5.3 Following notations of Setting 3.4.1, there is a Morita equivalence:

FA(S)→ D(F(Ŝ)|B).

Proof: The inclusion D(FÂ(Ŝ) ⊔B|B)→ D(F(Ŝ)|B) is a Morita equivalence since
D(F(Ŝ)|B)tr ≃ F(Ŝ)tr/Btr ≃ F(Ŝ)tr/thick(B),

and
D(FÂ(Ŝ) ⊔B|B)tr ≃ (FÂ(Ŝ) ⊔B)tr/⟨B⟩ ≃ F(Ŝ)tr/thick(B).

Applying Lemma 3.5.2, we see that the inclusion D(A|B) → D(FÂ(Ŝ) ⊔ B|B) is also a Morita equiv-
alence since (D(A|B)tr)♮ ≃ thick(A) in (D(FÂ(Ŝ) ⊔ B|B)tr)♮ ≃ (F(Ŝ)tr/thick(B))♮. By construction,
there is a quasi-equivalence between A and H∗A endowed with the minimal structure of Proposi-
tion 3.4.8, and it induces aMorita equivalence betweenD(A|B) andD(H∗A|B). As stated in the para-
graph before Setting 3.5.1, D(H∗A|B) is quasi-equivalent to D. We conclude using Proposition 3.5.10
which assserts that D is formal, and using Theorem 3.5.11 which tells us thatH∗D ≃ FA(S).

□

3.5.2 Formality of the A∞-quotient and description of its homology
Notations 3.5.4 SinceH∗A(i, B) andH∗A(B, j) are zero for i, j ∈ As, D(i, j) = H∗A(i, j) = F(i, j) if
i or j is in As.

Let i, j ∈ Ac and n ≥ 2. Using Notations 3.4.7, a basis for D⟨n⟩(i, j) is given by elements of the form:

ω = zj ·Πp
k=1((eB·)

nkx·)(eB·)n0ti, (3.8)
for some p ≥ 0 and nk ≥ 0 for k ∈ {0, . . . , p}, satisfying

p∑
k=0

(1 + nk) = n− 1.

Lemma 3.5.5 Let i, j ∈ A. The differential µ̄1 vanishes on D⟨1⟩(i, j) and for ω as in Equation 3.8,

µ̄1(ω) =

p∑
l=0

nl ̸=0 and even

(−1)(n0+...+nl−1)zj ·Πp
k=l+1((eB·)

nkx·)(eB·)nl−1Πl−1
k=0(x · (eB·)

nk)ti (3.9)
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Proof: Note that since µ3(a3, a2, a1) is zero if a2 is x or eB , we have:

µ̄1(an · . . . · a1) =
n−1∑
k=1

(−1)∥ak−1·...·a1∥an · . . . · µ2(ak+1, ak) · . . . · a1

For any choice of integers 1 = r0 < r1 < . . . < rs = n, this allows us to write:

µ̄1(an · . . . · a1) =
s−1∑
l=0

(−1)∥arl−1·...·a1∥an · . . . · arl+1+1 · µ̄1(arl+1
· . . . · arl) · arl−1 · . . . · a1 (3.10)

Let ω be as in Equation 3.8. First we consider the case p = 0, that is ω = zj · (eB·)n0ti.If n0 = 0, µ̄1(zj · (eB·)n0ti) = µ2(zj , ti) = 0. If n0 ≥ 1, since for k ∈ N, ∥(eB·)kti∥ = −k − 1,

µ̄1(zj · (eB·)n0ti) = zj · (eB·)n0−1µ2(eB, ti) +

n0−1∑
k=0

(−1)−k−1zj · (eB·)n0−1ti

= (−1)|ti|zj · (eB·)n0−1ti +

n0−1∑
k=0

(−1)−k−1zj · (eB·)n0−1ti =

n0−1∑
k=−1

(−1)−k−1zj · (eB·)n0−1ti

Thus µ̄1(zj · (eB·)n0ti) is equal to zero if n0 is odd or zero, and to zj · (eB·)n0−1ti otherwise, whichcoincides with the given formula.
Now suppose that p ≥ 1. Let s = p + 1 and choose in Equation 3.10 the integers rl such that

an · . . . · arp = zj · (eB·)npx and ar1 · . . . · a1 = x · (eB·)n0ti, and arl+1
· . . . · arl = x · (eB·)nlx for

l ∈ {1, . . . , p− 1}. Let’s study each µ̄1(arl+1
· . . . · arl).

If nl = 0, µ̄1(x · (eB·)nlx) = µ2(x, x) = 0. If nl ≥ 1, since for k ∈ N, ∥(eB·)kx∥ = −k,

µ̄1(x · (eB·)nlx) = (−1)|x|x · (eB·)nl−1x+

nl−1∑
k=0

(−1)−kx · (eB·)nl−1x =

nl−1∑
k=−1

(−1)−kx · (eB·)nl−1x

Thus µ̄1(x · (eB·)nlx) is equal to zero if nl is odd or zero, and to −x · (eB·)nl−1x otherwise.
Similarly one can see that µ̄1(x · (eB·)n0ti) is equal to zero if n0 is odd or zero, and to x · (eB·)n0−1tiotherwise. And that µ̄1(zj · (eB·)npx) is equal to zero if np is odd or zero, and to −zj · (eB·)np−1x

otherwise.
Finally Equation 3.10 gives:
µ̄1(zj ·Πp

k=1((eB·)
nkx·)(eB·)n0ti) =

p∑
l=0

nl ̸=0 and even
(−1)δlzj ·Πp

k=l+1((eB·)
nkx·)(eB·)nl−1Πl−1

k=0(x · (eB·)
nk)ti

where δ0 = 0 and δl = ∥Πl−1
k=1((eB·)

nkx·)(eB)n0ti∥+1 = (−nl−1− . . .−n0−1)+1 for l ∈ {1, . . . , p}.
□
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Notations 3.5.6 Let (i, j) be a pair of objects in D. For ω as in Equation 3.8, let

c(ω) = |{l ∈ {0, . . . , p} | nl is odd}| and d(ω) = |{l ∈ {0, . . . , p} | l is non zero and even}|.

Let T 1 be the endomorphism (of graded vector space) of D(i, j) of degree −1, given on ω by:

T 1(ω) = −λ(ω)
p∑

l=0
nl odd

(−1)(n0+...+nl−1)zj ·Πp
k=l+1((eB·)

nkx·)(eB·)nl+1Πl−1
k=0(x · (eB·)

nk)ti (3.11)

where λ(ω) = (c(ω) + d(ω))−1 if ω has at least one nl different from zero, and zero otherwise.
For ρ ∈ F(i, j), let T 1(ρ) = 0.

Proposition 3.5.7 Let (i, j) be a pair of objects in D.
We give a decomposition D(i, j) = H∗D(i, j) ⊕ C∗D(i, j), where H∗D(i, j) is a complement of the

image of µ̄1 in the kernel of µ̄1, and C∗D(i, j) is an acyclic complement ofH∗D(i, j).

- If i or j is in As,H∗D(i, j) = D(i, j) = F(i, j), C∗D(i, j) = 0;

- For i, j ∈ Ac,

H∗D(i, j) = ⟨zj · (x·)pti | p ∈ N⟩ ⊕ F(i, j),

C∗D(i, j) = ⟨zj ·Πp
k=1((eB·)

nkx·)(eB·)n0ti | ∃l ∈ {0, . . . , p}, nl is non zero ⟩.

Moreover T 1 satisfies Equation 3.5:

µ̄1T 1 + T 1µ̄1 = f1g1 − id, (3.12)
where f1 : H∗D(i, j)→ D(i, j) is the inclusion and g1 : D(i, j)→ H∗D(i, j) is the projection with respect
to this decomposition.

Proof: By Equation 3.9, µ̄1 is zero on H∗D(i, j) and C∗D(i, j) is a subcomplex of D(i, j). Equa-
tion 3.12 is satisfied on H∗D(i, j) since T 1 vanishes on these elements. Proving it on C∗D(i, j) will
ensure the acyclicity. The following computation is similar to [CJS23], proof of Theorem 2.5.

Let ω be as in Equation 3.8 with at least one nl different from zero. In µ̄1 ◦ T 1(ω), ω appears with
coefficient −λ(ω)c(ω), and in T 1 ◦ µ̄1(ω) with coefficient −λ(ω)d(ω).

The signs involved in T 1 and µ1 show that, for any element ω′ different from ω, if ω′ appears
in µ̄1 ◦ T 1(ω′) with coefficient λ, it will appear in T 1 ◦ µ̄1(ω′) with coefficient −λ, and reciprocally.

Thus we have µ̄1 ◦ T 1(ω) + T 1 ◦ µ̄1(ω) = −λ(ω)(c(ω) + d(ω))ω = −ω.
□

The next lemma will show that D is a formal A∞-category.
Notations 3.5.8 We first rename the basis ofH∗D before describing the multiplication. For i, k ∈ Ac and
p ∈ N, let kβ

p
i = zk · (x·)pti, with the convention kβi = kβ

0
i .

Lemma 3.5.9 The categoryH∗D, seen as an A∞-category, is a sub-A∞-category of D. Its multiplications
are given by:
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- On morphisms in F , µ̄2 restricts to µ̂2,

- (j, i, i): For ρ a non trivial path in F(j, i) such that aiρ is non zero, µ̄2(iβi, ρ) = (−1)∥ρ∥ρ,

- (i, i, j): For ρai a path in F(i, j), µ̄2(ρai, iβi) = −ρai,

- (i, k, h):

▷ If p, q = 0,
- If i < h

- If i < k < h, µ̄2(hβk, kβi) = −hβ
1
i + hβi,

- Otherwise µ̄2(hβk, kβi) = −hβ
1
i ,

- If h ≤ i
- If h ≤ k ≤ i, µ̄2(hβk, kβi) = −hβ

1
i − hβi,

- Otherwise µ̄2(hβk, kβi) = −hβ
1
i ,

▷ If p = 0 and q ≥ 1,
- If k ≤ i, µ̄2(hβ

q
k, kβi) = −hβ

q+1
i − hβ

q
i ,

- If i < k, µ̄2(hβ
q
k, kβi) = −hβ

q+1
i ,

▷ If q = 0 and p ≥ 1,
- If k < h, µ̄2(hβk, kβ

p
i ) = −hβ

p+1
i ,

- If h ≤ k, µ̄2(hβk, kβ
p
i ) = −hβ

p+1
i − hβ

p
i ,

▷ If p, q ≥ 1, µ̄2(hβ
q
k, kβ

p
i ) = −hβ

q+p+1
i − hβ

q+p
i .

The elements e1, . . . , en are units.

Proof: We compute µ̄2 on all possible couples (x1, x2) of basis elements.
Let j, l,m ∈ A, i, k, h ∈ Ac, and p, q ∈ N.
- (j, l,m): Let (x1, x2) = (ρ, γ), where ρ ∈ F(j, l) and γ ∈ F(l,m) are paths.

µ̄2(γ, ρ) = µ̂2(γ, ρ).

- (j, i, k): Let (x1, x2) = (ρ, zk · (x·)pti), where ρ is a path in F(j, i).
If j = i and ρ = ei, µ̄2(zk · (x·)pti, ei) = zk · (x·)pµ2(ti, ei) = zk · (x·)pti.
Otherwise the term µ̄2(zk · (x·)pti, ρ) is non zero only for p = 0 and i = k, and if ρ is non trivial
such that aiρ is non zero. In this case,

µ̄2(zi · ti, ρ) = µ3(zi, ti, ρ) = (−1)∥ρ∥ρ.

- (i, k, j): Let (x1, x2) = (zk · (x·)pti, ρ), where ρ is a path in F(k, j).
If j = k and ρ = ek, µ̄2(ek, zk · (x·)pti) = (−1)∥(x·)pti∥µ2(ek, zk) · (x·)pti = zk · (x·)pti.
Otherwise the term µ̄2(ρ, zk · (x·)pti) is non zero only for p = 0 and i = k, and if ρ it factors as
ρ = ρ′ai. In this case,

µ̄2(ρ′ai, zi · ti) = µ3(ρ, zi, ti) = −ρ′ai.
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- (i, k, h): Let (x1, x2) = (zk · (x·)pti, zh · (x·)qtk).
We compute the different possible values of µ̄2(zh · (x·)qtk, zk · (x·)pti).

▷ If p, q = 0,
µ̄2(zh · tk, zk · ti) = (−1)∥ti∥zh · µ2(tk, zk) · ti + zh · µ3(tk, zk, ti) + (−1)∥ti∥µ3(zh, tk, zk) · ti

- If i > k − 1,
→ If h > k,

µ̄2(zh · tk, zk · ti) = (−1)∥ti∥zh · µ2(tk, zk) · ti = −zh · x · ti

→ If 1 ≤ h ≤ k,
µ̄2(zh · tk, zk · ti) = −zh · x · ti − zh · ti

- If 1 ≤ i ≤ k − 1,
→ If h > k,

µ̄2(zh · tk, zk · ti) = −zh · x · ti + zh · ti

→ If 1 ≤ h ≤ k,
µ̄2(zh · tk, zk · ti) = −zh · x · ti + zh · ti − zh · ti = −zh · x · ti

▷ If p = 0 and q ≥ 1,
µ̄2(zh · (x·)qtk, zk · ti)

=(−1)∥ti∥zh · (x·)qµ2(tk, zk) · ti + zh · (x·)qµ3(tk, zk, ti) + (−1)∥ti∥zh · (x·)q−1µ3(x, tk, zk) · ti
=− zh · (x·)q+1 · ti + zh · (x·)qµ3(tk, zk, ti)− zh · (x·)q · ti

- If i > k − 1,
µ̄2(zh · (x·)qtk, zk · ti) = −zh · (x·)q+1 · ti − zh · (x·)q · ti

- If 1 ≤ i ≤ k − 1,
µ̄2(zh · (x·)qtk, zk · ti) = −zh · (x·)q+1 · ti + zh · (x·)qti − zh · (x·)q · ti

= −zh · (x·)q+1 · ti

▷ If q = 0 and p ≥ 1,
µ̄2(zh · tk, zk · (x·)pti) = (−1)∥(x·)pti∥zh ·µ2(tk, zk) · (x·)pti+(−1)∥(x·)pti∥µ3(zh, tk, zk) · (x·)pti

- If h > k,
µ̄2(zh · tk, zk · (x·)pti) = −zh · (x·)p+1ti

- If 1 ≤ h ≤ k,
µ̄2(zh · tk, zk · (x·)pti) = −zh · (x·)p+1ti − zh · (x·)pti
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▷ If p, q ≥ 1,
µ̄2(zh · (x·)qtk, zk · (x·)pti)

= (−1)∥(x·)pti∥zh · (x·)qµ2(tk, zk) · (x·)pti + (−1)∥(x·)pti∥zh · (x·)q−1µ3(x, tk, zk) · (x·)pti
= −zh · (x·)q+1+pti − zh · (x·)q+pti

Relabeling the basis ofH∗D as in Notations 3.5.8 gives:
- (i, k, h):

▷ If p, q = 0,
- If i > k − 1 and 1 ≤ h ≤ k, µ̄2(hβk, kβi) = −hβ

1
i − hβi

- If 1 ≤ i ≤ k − 1 and h > k, µ̄2(hβk, kβi) = −hβ
1
i + hβi,

- Otherwise, µ̄2(hβk, kβi) = −hβ
1
i ,

▷ If p = 0 and q ≥ 1,
- If i > k − 1, µ̄2(hβqk, kβi) = −hβ

q+1
i − hβ

q
i ,- If 1 ≤ i ≤ k − 1, µ̄2(hβqk, kβi) = −hβ

q+1
i ,

▷ If q = 0 and p ≥ 1,
- If h > k, µ̄2(hβk, kβpi ) = −hβ

p+1
i ,

- If 1 ≤ h ≤ k, µ̄2(hβk, kβpi ) = −hβ
p+1
i − hβ

p
i ,

▷ If p, q ≥ 1, µ̄2(hβqk, kβpi ) = −hβ
q+1+p
i − hβ

q+p
i .

Finally, we reorganise the case disjunction.
□

In this situation, applying the minimal model construction on H∗D, seen as a sub-A∞-category
of D, will give the restriction of µ̄ as A∞-structure, and the quasi-equivalence will be given by the
inclusion. This gives the next proposition.
Proposition 3.5.10 TheA∞-categoryD is formal, and the inclusion f1 : H∗D → D is a quasi-equivalence.

The rest of this section will be devoted to prove the following theorem, which gives a description
ofH∗D (seen as a category) as the path category over a quiver with relations.
Theorem 3.5.11 Following notations of Setting 3.4.1 and Setting 3.5.1, there is an equivalence of categories:

H∗D ≃ FA(S).

Recall that FA(S) is defined in Definition 3.3.6 as P(Q, I), where (Q, I) is the graded pinched
gentle bound quiver associated to the dissection A. The proof will rely on an explicit description,
done in Subsection 3.5.3, of the morphism spaces of P(Q, I). We first describe further the Z-graded
category H∗D. Note that passing from H∗D seen as an A∞-category to H∗D seen as a category,
by changing the signs, does not affect the multiplication given in Lemma 3.5.9 outisde of F since
|kαi| = 0. On these elements, we denote µ̄2(y, x) by yx.

For i, k ∈ {1, . . . , n}, let kαi = 2kβi and γpi = (2iβi + ei)
p for all p ∈ N, with the convention γ0i = ei.Moreover, let kα+

i = kαk−1 . . . i+1αi and kα
−
i = kαk+1 . . . i−1αi, where no l±1αl is repeated.
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Lemma 3.5.12 Let i ̸= k in {1, . . . , n}. The following relations hold.

kαiγi = γkkαi (3.13)
iαkkαi = γ2i − ei (3.14)

kα
+
i = kαi(γi + ei)

l+ (3.15)
where l+ is the length of kαk−1 . . . i+1αi minus one: l = k− i− 1 if i < k and l = n− i+ k− 1 otherwise.

kα
−
i = kαi(γi − ei)l

− (3.16)
where l− is the length of kαk+1 . . . i−1αi minus one: l = n− k+ i− 1 if i < k and l = i− k− 1 otherwise.

iα
+
i = (γi − ei)(γi + ei)

n−1

iα
−
i = (γi + ei)(γi − ei)n−1

(3.17)
Note that l+ and l− always satisfy l+ + l− = n− 2.
Proof:

(i) First, 2kβi(2iβi + ei) = 4kβiiβi + 2kβi and 2(2kβk + ek)kβi = 4kβkkβi + 2kβi.
If i < k, kβiiβi = −kβ

1
i = kβkkβi.

If k ≤ i, kβiiβi = −kβ
1
i − kβi = kβkkβi,

(ii) First, 4iβkkβi = −4iβ1i . Then
(2iβi + ei)(2iβi + ei) = 4iβiiβi + 4iβi + ei = −4(iβ1i + iβi) + 4iβi + ei = −4iβi + ei.

(iii) (a) Suppose i < k. It is enough to show that for all i < h < k, 4kβhhβi = 2kβi(γi + ei).
First 4kβhhβi = −4kβ1i + 4kβi. Then

2kβi(2iβi + 2ei) = 4kβiiβi + 4kβi = −4kβ1i + 4kβi.

Similarly if i > k, we show that for all h < k and i < h, 4kβhhβi = 2kβi(γi + ei).
First 4kβhhβi = −4kβ1i . Then

2kβi(γi + ei) = 4kβiiβi + 4kβi = −4(kβ1i + kβi) + 4kβi = −4kβ1i .

(b) Suppose i < k. It is enough to show that for all h < i and k < h, 4kβhhβi = 2kβi(γi − ei).
First 4kβhhβi = −4kβ1i . Then

2kβi(2iβi + ei − ei) = 4kβiiβi = −4kβ1i .

Similarly if i > k, we show that for k < h < i, 4kβhhβi = 2kβi(γi − ei).
First 4kβhhβi = −4kβ1i − 4kβi. Then

2kβi(γi − ei) = 4kβiiβi = −4kβ1i − 4kβi.
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(iv) By the last item, we have iαi−1i−1αi−2 . . . i+1αi = iαi−1i−1αi(γi + ei)
n−2 which in turn is equal

to (γ2i − ei)(γi + ei)
n−2 by the second item. The other direction is similar.

□

Lemma 3.5.13 Let i ̸= k ∈ {1, . . . , n}. Let Bi,k be a basis of F(i, k), and Bi a basis of a complement of
⟨ei⟩ in F(i, i).

(1) {γpi | p ∈ N} ⊔Bi is a basis ofH∗D(i, i),

(2) {kαiγ
p
i | p ∈ N} ⊔Bi,k is a basis ofH∗D(i, k).

Proof: (1) Let iβ
−1
i = ei. A basis of H∗D(i, i) is given by {iβpi | p ∈ Z≥−1} ⊔ Bi. We verify by

induction on p ∈ N that γpi =
p−1∑
s=−1

λpsiβ
s
i with λpp−1 ̸= 0, which ensures that {γpi | p ∈ N}⊔Bi is linearly

independent and spansH∗D(i, i). We have
γp+1
i = (2iβi + ei)

p−1∑
s=−1

λpsiβ
s
i =

p−1∑
s=−1

λps2iβiiβ
s
i +

p−1∑
s=−1

λpsiβ
s
i

with iβiiβ
−1
i = iβi and iβiiβ

s
i = −iβ

s+1
i − iβ

s
i for s ≥ 0.

(2) A basis of H∗D(i, k) is given by {kβpi | p ∈ N} ⊔ Bi,k. Similarly, it is enough verify by induction
on p ∈ N that kαiγ

p
i =

p∑
s=0

λpskβ
s
i with λpp ̸= 0. We have

kαiγ
p+1
i = (

p∑
s=0

λpskβ
s
i )(2iβi + ei) =

p∑
s=0

λps2kβ
s
i iβi +

p∑
s=0

λpskβ
s
i

with kβiiβi = −kβ
1
i or −kβ

1
i − kβi, and kβ

s
i iβi = −kβ

s+1
i − kβ

s
i .

□

Remark 3.5.14 Let i ̸= k ∈ {1, . . . , n}. Since (X + 1) and (X − 1) are relatively prime, the following is
also a basis ofH∗D(i, k):

{
(
kα

+
i Ul+(γi) + kα

−
i Vl−(γi)

)
γpi | p ∈ N},

where for a, b ∈ N, Ua, Vb ∈ K[X] are such that (X + 1)aUa + (X − 1)bVb = 1. Using Equations 3.15
and 3.16, this comes from

kαi = kαi(γi + ei)
l+Ul+(γi) + kαi(γi − ei)l

−
Vl−(γi)

= kα
+
i Ul+(γi) + kα

−
i Vl−(γi).

We now prove the theorem, relying on Proposition 3.5.15.
Proof of Theorem 3.5.11: Let ψ : P(Q, I) → H∗D be the map given by the identity on arrows.

By Lemma 3.5.12 and the first three points of Lemma 3.5.9, it is well defined. It is dense by definition,
so it only remains to show that it is fully faithful. Lemma 3.5.13 and Remark 3.5.14 tell us that for
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i, k ∈ {1, . . . , n}, the image of the basis of Proposition 3.5.15 spans H∗D(i, k). It is immediate that it
forms a basis for n ≤ 2, so we now suppose n ≥ 3. Let us show that it is linearly independant when
i ̸= k. By Equations 3.15 and 3.16,

kα
+
i γ

p
i = kαi(γi + ei)

l+γpi = kαi

l+∑
s=0

(
l+

s

)
γs+p
i ,

and kα
−
i γ

p
i = kαi(γi − ei)l

−
γpi = kαi

l−∑
s=0

(
l−

s

)
(−1)l−−sγs+p

i

Given a finite linear combinaison in the image of the basis of Proposition 3.5.15 which is equal to zero,
we can successively eliminate the terms kα

+
i γ

p
i for p maximal and greater or equal than l−. Thus it

remains to show that the following family is linearly independent:
Vl− = {kα+

i γ
p
i | p < l−} ⊔ {kα−

i γ
p
i | p < l+}

For a fixed n, we will show this by induction on l− ∈ {0, . . . , n − 2}. In what follows, we identify
H∗D(i, k) with the polynomial ring K[γi], and polynomials in γi with their corresponding coordinatevectors in the canonical basis. Let Al− be the square matrix of size n − 2 whose first l− columns are
(γi + ei)

l+ , . . . , (γi + ei)
l+γl

−−1
i , and whose last l+ columns are (γi − ei)l

−
, . . . , (γi − ei)l

−
γl

+−1
i .

The case l− = 0 is trivial, as well as l− = n− 2. Suppose that l− ∈ {0, . . . , n− 4} is such that Vl− is
linearly independent. We can perform the following column operations on Al− to obtain a new basis
Wl− of ⟨Vl−⟩:

(γi − ei)l
−
γji ↢ (γi − ei)l

−
γj+1
i − (γi − ei)l

−
γji = (γi − ei)l

−+1γji

for j ∈ {0, . . . , l+ − 2}, where the left arrow indicates a column replacement. Similarly we apply the
following transformation to Al−+1:

(γi + ei)
l+−1γji ↢ (γi + ei)

l+−1γj+1
i + (γi + ei)

l+−1γji = (γi + ei)
l+γji

for j ∈ {0, . . . , (l− + 1) − 2}. After transformation, the two matrices differ only by one column. The
column (γi − ei)l

−
γl

+−1
i in Al− and (γi + ei)

l+−1γl
−
i in Al−+1. Our induction hypothesis tells us that

the common columns are linearly independant, and we want to show that it remains the case when
adding (γi + ei)

l+γl
−
i . This is equivalent to showing that the decomposition of (γi + ei)

l+−1γl
−
i on the

basisWl− involves a non-zero coefficient for (γi − ei)l−γl+−1
i . Let

(γi + ei)
l+−1γl

−
i =

l−−1∑
j=0

λj(γi + ei)
l+γji +

l+−2∑
j=0

µj(γi − ei)l
−+1γji − µl+−1(γi − ei)l

−
γl

+−1
i

be this decomposition. It can be rewritten as
(γi + ei)

l+−1γl
−
i −

l−−1∑
j=0

λj
(
(γi + ei)

l+−1γj+1
i + (γi + ei)

l+−1γji
)

=

l+−2∑
j=0

µj
(
(γi − ei)l

−
γj+1
i − (γi − ei)l

−
γji
)
− µl+−1(γi − ei)l

−
γl

+−1
i

⇔ (γi + ei)
l+−1P (γi) = (γi − ei)l

−
Q(γi) (3.18)
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where P (γi) = l−∑
j=0
−(λj + λj−1)γ

j
i with λl− = −1 and λ−1 = 0, and Q(γi) =

l+−1∑
j=0

(µj−1 − µj)γji with
µ−1 = 0. Since Wl− is a basis, there is a unique P of degree l− and Q of degree l+ − 1 satisfying
Equation 3.18. The condition µl+−1 ̸= 0 is equivalent toQ(ei) ̸= 0. We can see that it holds by noticing
that P = (γi − ei)l

− and Q = (γi + ei)
l+−1.

□

3.5.3 Basis for pinched gentle algebras
Throughout this subsection, let Λ = KQ/⟨I⟩ be a pinched gentle algebra, as defined in 3.3.2. In

particular, it comes with a collection of disjoint ordered sets of vertices C1, . . . , Cr ⊆ Q0 called cycles.We will give a basis ofΛ using Bergman’s diamond lemma [Ber78]. As pointed out in Remark 3.3.4, for
all vertices i and k in Q0 that does not belong to a same cycle Cj , one has an isomorphism of vector
spaces ekΛei ≃ ekΛgei. Thus we only need to describe ekΛei for i and k belonging to a common cycle.
Let C be a cycle of Λ, which we suppose identified with {1, . . . , n}.
Proposition 3.5.15 Let i ̸= k ∈ C = {1, . . . , n}.

(1) {γpi | p ∈ N∗} ⊔Bi is a basis of eiΛei, where Bi is a basis of eiΛgei,

(2) {kα
+
i γ

p
i | p ∈ N} ⊔ {kα

−
i γ

p
i | p < l+} ⊔Bi,k is a basis of ekΛei, where Bi,k is a basis of ekΛgei.

We first recall Bergman’s diamond lemma following [BW23]. ForQ a quiver, we denote by Qn theset of path of length n ∈ N and Q≥n0 =
⋃

n≥n0
Qn the set of paths of length greater or equal than n0.

Definition 3.5.16 Let Q be a finite quiver. A reduction system forKQ is a set:

R = {(s, φs) | s ∈ S and φs ∈ KQ}

where

- S is a subset of Q≥2 such that for all s ∈ S, no s′ ̸= s in S is a subpath of s,

- For all s ∈ S, s and φs are parallel,

- For each (s, φs) ∈ R, φs is a linear combination of paths that does not contains elements of S as
subpath.

Paths as in the last item are called irreducible, and in this case φs itself is also called irreducible. The set
of all irreducible paths is denoted IrrS(Q).

Definition 3.5.17 Let R be a reduction system forKQ.

- For (s, φs) ∈ R and q, r ∈ Q≥0 such that qsr ̸= 0, the basic reduction rq,s,r : KQ → KQ is the
linear map defined by rq,s,r(qsr) = qφsr and rq,s,r(p) = p for paths p ̸= qsr. A basic reduction of
the form rq,s,r is said to be a reduction of type s. A reduction is a composition of basic reductions.
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- A path p is said to be:

- reduction-finite if for any infinite sequence of reductions (rj)j∈N there exists n0 ∈ N such that
for all n ≥ n0, rn ◦ . . . ◦ r0(p) = rn0 ◦ . . . ◦ r0(p),

- reduction-unique if it is reduction-finite and for all reductions r, r′ such that r(p) and r′(p) are
both irreducible, r(p) = r′(p).

R itself is reduction-finite (resp. reduction-unique) if all paths are reduction-finite (resp. reduction-
unique).

- R is said to satisfy the condition (⋄) for the two-sided ideal I = ⟨s − φs | (s, φs) ∈ R⟩ if it is
reduction-unique.

- An overlap ambiguity of R is a path pqr with p, q, r ∈ Q≥1 and pq, qr ∈ S. An overlap ambiguity
pqr is resolvable if φpqr and pφqr are reduction-finite and there exists reductions r, r′ such that
r(φpqr) = r′(pφqr).

Proposition 3.5.18 [Ber78](Theorem 1.2) Let R = {(s, φs)} be a reduction system for the path algebra
KQ and let I = ⟨s − φs | (s, φs) ∈ R⟩ be the corresponding two-sided ideal. If R is reduction-finite, then
the following are equivalent:

(i) All overlap ambiguities of R are resolvable,

(ii) R is reduction-unique, ie. R satisfies (⋄) for I ,

(iii) The image of IrrS(Q) under π → KQ/I is aK-basis of kQ/I .

Proof of Proposition 3.5.15: We will use the shorthand rj′...j(p) := rj′ ◦ . . . ◦ rj(p). To show that a
reduction system R is reduction finite, we will use the following argument.

Let (rj)j∈N be an infinite sequence of basic reductions and let p be a path. A branch of (rj...0(p))j∈Nwill refer to a sequence of paths (pj)j≥−1 such that p−1 = p and for all j ≥ 0, the path pj appears witha non zero coefficient in the linear combination rj(pj−1).Suppose that (rj) and p are such that for all integers n1 ∈ N, there exists n ≥ n1 such that
rn...0(p) ̸= rn1...0(p). We choose inductively a branch (pj) for which for all j0 ≥ −1 and j1 > j0,there exists j ≥ j1 such that rj...(j0+1)(pj0) ̸= rj1...(j0+1)(pj0).

Suppose that p−1, . . . , pj0 are already chosen, and let rj0+1(pj0) =
r∑

l=1

λlp
l
j0+1 for λ1, . . . , λr ∈ K∗.

If ∀l ∈ {1, . . . , r}, ∃jl1 > j0 + 1, ∀j ≥ jl1, rj...(j0+2)(p
l
j0+1) = rjl1...(j0+2)(p

l
j0+1) then for all j ≥ j1 where

j1 = max{jl1 | 1 ≤ l ≤ r},
rj...(j0+1)(pj0) =

r∑
l=1

λlrj...(j0+2)(p
l
j0+1) =

r∑
l=1

λlrj1...(j0+2)(p
l
j0+1) = rj1...(j0+1)(pj0),

a contradiction. Thus there exists l such that ∀j1 > j0+1, ∃j ≥ j1, rj...(j0+2)(p
l
j0+1) ̸= rj1...(j0+2)(p

l
j0+1),and we can choose pj0+1 = plj0+1. By construction, (pj) cannot be constant after some rank j0, other-wise this would imply that rj...(j0+1)(pj0) = pj0 for all j ≥ j0 + 1 since (pj) is a branch.
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This construction tells us that, if every branch must eventually be constant, then R must be re-
duction finite.

In order to show the proposition, we need to find a basis for the pinched gentle algebra KQ/⟨I⟩
given by Q0 = {1, . . . , n}, Qg

1 = ∅ and with unique ordered set of vertices C = Q0.The case n = 1 is trivial. We first show the case n = 2. The set
R = {(s1, φ1) = (γkkαi, kαiγi), (s2, φ2) = (kαiiαk, γ

2
k − ek) | i ̸= k ∈ {1, 2}}

is a reduction system forKQwhose associated two-sided ideal is I andwhose set of irreducible paths
coincides with the sets given in the proposition. Let’s verify that it is reduction finite.

Let p be a path, (rj)j∈N be an infinite sequence of basic reductions, and let (pj)j be a branch of
(rj...0(p))j∈N. When applying a basic reduction rj+1(pj) =

r∑
l=1

λlp
l
j+1, the number of arrows of the

form h+1αh in each plj+1 must be less or equal than the number of arrows of this form in pj . Thus forthe elements of (pj) this number must eventually be constant, meaning that there exists j0 ∈ N such
that for every rj of type s2 with j > j0, pj = rj(pj−1) = pj−1. But then since there cannot be an infinitesequence of terms for which an arrow γh goes to the right, all reductions of type s1 must eventually
act as the identity. Hence, the branch is eventually constant, and Rmust be reduction finite.

There are two overlap ambiguities given by γkkαiiαk and iαkkαiiαk for i ̸= k, and they are resolved
in the following way:

γkkαiiαk
s27−−→ γk(γ

2
k − ek)

γkkαiiαk
s17−−→ kαiγiiαk

s17−−→ kαiiαkγk
s27−−→ (γ2k − ek)γk

iαkkαiiαk
s27−−→ iαk(γ

2
k − ek)

iαkkαiiαk
s27−−→ (γ2i − ei)iαk

s17−−→ iαk(γ
2
k − ek)

Now suppose n ≥ 3. Let R be the set containing the following couples:
- for each couple i ̸= k consecutive in {1, . . . , n},

(s1, φs1) = (γkkαi, kαiγi),

(s2, φs2) = (iαkkαi, γ
2
i − ei),

- for each couple i ̸= k ∈ {1, . . . , n},

(s3, φs3) = (kα
−
i γ

l+

i , kα
+
i (γi − ei)

l− − kα
−
i

l+−1∑
s=0

(
l+

s

)
γsi ),

- and for each i ∈ {1, . . . , n},
(s4, φs4) = (iα

+
i , (γi − ei)(γi + ei)

n−1).
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One can check that R is a reduction system for KQ. Moreover, the two-sided ideal associated to R
is I , and the set of irreducible paths coincides with the sets given in the proposition. The following
argument shows that it is reduction finite.

Let p be a path, (rj)j∈N be an infinite sequence of basic reductions, and (pj)j be a branch of
(rj...0(p))j∈N. The length l(pj) is the number of arrows that pj contains. Let lα(pj) be the number of
arrows of type kαi that pj contains, and lα−(pj) be the number of counter-clockwise arrows i−1αi thatit contains. The reductions are such that for all j ≥ −1, lα−(pj+1) ≤ lα−(pj).Suppose that there is infinitely many reduction of type s3 in (rj). Then there cannot be an infinitenumber of reductions of type s3 such that pj is obtained from pj−1 by replacing kα

−
i γ

l+
i by a term of

kα
+
i (γi − ei)l

− , since lα− is bounded below by zero. Once this replacement does not occur anymore,
the length l(pj+1) of each term pj+1 can only be less or equal than the length of pj . From this we
deduce that kα

−
i γ

l+
i cannot be replaced an infinite number of times by a term of kα

−
i

l+−1∑
s=0

(
l+

s

)
γsi ,

since it would make the length l strictly decrease an infinite number of times. Thus all reductions of
type s3 must eventually act as the identity.

After this, since reductions of type s2 and s4 make the quantity lα strictly decrease, they too must
eventually act as the identity. Finally, there can only be a finite number of transformations for which
an arrow γh goes to the right, so reductions of type s1 eventually act trivially. This shows that thebranch is eventually constant, and we deduce that R is reduction finite.

It remains to show that all overlap ambiguities of R are resolvable. For a and b in {1, . . . , n}, we
introduce the notation [a ▷ b] for the set {a, a+ 1, . . . , b− 1, b}, where the integers are taken modulo
n. In particular [a ▷ a] = {a} and [a + 1 ▷ a] = {1, . . . , n} for all a. The following is a complete list of
overlaps for R, where i ̸= k.

(s1, s2) : γkkαiiαk

(s1, s3) : γkkαk+1 . . . i−1αiγ
l+

i

(s1, s4) : γkkαk−1 . . . k+1αk

(s2, s2) : iαkkαiiαk

(s2, s3) : k+1αkkαk+1 . . . i−1αiγ
l+

i

(s2, s4) : k−1αkkαk−1 . . . k+1αk

(s3, s1) : kα
−
i γ

l+−1
i γiiαi±1 with l+ ≥ 1

(s3, s2) : i+1α
−
i−1i−1αiiαi−1

(s3, s3) : kα
−
h hα

−
i γ

l+

i γ
η+−l+

i for i ̸= k + 1,

and with h ∈ [k + 1 ▷ i− 1]

(s4, s2) : iαi−1 . . . i+1αiiαi+1

(s4, s4) : iα
+
h hα

+
i iα

+
h with h ∈ [i+ 1 ▷ i− 1]

We now resolve each of them.
▷ (s1, s2) : First

γkkαiiαk
s27−−→ γk(γ

2
k − ek)

Then
γkkαiiαk

s17−−→ kαiγiiαk
s17−−→ kαiiαkγk

s27−−→ (γ2k − ek)γk

▷ (s1, s3) : First

γkkαk+1 . . . i−1αiγ
l+

i
s17−−→ kα

−
i γ

l++1
i

s37−−→ kα
+
i (γi − ei)

l−γi − kα
−
i

l+−1∑
s=0

(
l+

s

)
γs+1
i
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Then
γkkαk+1 . . . i−1αiγ

l+

i
s37−−→ γkkα

+
i (γi − ei)

l− − γkkα−
i

l+−1∑
s=0

(
l+

s

)
γsi

s17−−→ kα
+
i (γi − ei)

l−γi − kα
−
i

l+−1∑
s=0

(
l+

s

)
γs+1
i

▷ (s1, s4) : First
γkkαk−1 . . . k+1αk

s47−−→ γk(γk − ek)(γk + ek)
n−1

Then
γkkαk−1 . . . k+1αk

s17−−→ kαk−1γk−1k−1α
+
k

s17−−→ kα
+
k γk

s47−−→ γk(γk − ek)(γk + ek)
n−1

▷ (s2, s2) : First
iαkkαiiαk

s27−−→ iαk(γ
2
k − ek)

Then
iαkkαiiαk

s27−−→ (γ2i − ei)iαk
s17−−→ iαk(γ

2
k − ek)

▷ (s2, s3) :We will resolve k+1αkkαk+1 . . . i−1αiγ
l+
i . First suppose that i = k + 1. We have

(k+1αkkαk+1)γ
n−2
k+1

s27−−→ (γ2k+1 − ek+1)γ
n−2
k+1

and
k+1αk(kαk+1γ

n−2
k+1 )

s37−−→ k+1α
+
k+1 − (k+1αkkαk+1)

n−3∑
s=0

(
n− 2

s

)
γsk+1

s27−−→ k+1α
+
k+1 − (γ2k+1 − ek+1)

n−3∑
s=0

(
n− 2

s

)
γsk+1

s47−−→ (γk+1 − ek+1)(γk+1 + ek+1)
n−1 − (γ2k+1 − ek+1)

n−3∑
s=0

(
n− 2

s

)
γsk+1

= (γ2k+1 − ek+1)
(
(γk+1 + ek+1)

n−2 −
n−3∑
s=0

(
n− 2

s

)
γsk+1

)
= (γ2k+1 − ek+1)γ

n−2
k+1

Now suppose that i ̸= k + 1. First we have
(k+1αkkαk+1) . . . i−1αiγ

l+

i
s1s27−−−→ (k+1α

−
i γ

l++1
i )γi − k+1α

−
i γ

l+

i

s37−−−→ k+1α
+
i (γi − ei)

l−−1γi − k+1α
−
i

l+∑
s=0

(
l+ + 1

s

)
γs+1
i − k+1α

−
i γ

l+

i

= (∗)− (l+ + 1)k+1α
−
i γ

l++1
i
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where (∗) = k+1α
+
i (γi − ei)l

−−1γi − k+1α
−
i

l+−1∑
s=0

(
l++1
s

)
γs+1
i − k+1α

−
i γ

l+
i . Applying s3 gives:

(∗)− (l+ + 1)k+1α
−
i γ

l++1
i

s37−−→ (∗)− (l+ + 1)k+1α
+
i (γi − ei)

l−−1 + (l+ + 1)k+1α
−
i

l+∑
s=0

(
l+ + 1

s

)
γsi

= k+1α
+
i (γi − ei)

l−−1(γi − (l+ + 1)ei) + k+1α
−
i [1]

where [1] = (l+ + 1)
l+∑
s=0

(
l++1
s

)
γsi −

l+−1∑
s=0

(
l++1
s

)
γs+1
i − γl+i .

Then we have

k+1αk(kαk+1 . . . i−1αiγ
l+

i )
s37−−→ k+1αkkα

+
i (γi − ei)

l− − k+1αkkα
−
i

l+−1∑
s=0

(
l+

s

)
γsi

= k+1α
+
i (γi − ei)

l+ − (k+1αkkαk+1)k+1α
−
i

l+−1∑
s=0

(
l+

s

)
γsi

s27−−→ k+1α
+
i (γi − ei)

l+ − k+1α
−
i

l+−1∑
s=0

(
l+

s

)
γs+2
i + k+1α

−
i

l+−1∑
s=0

(
l+

s

)
γsi

= (∗∗)− l+k+1α
−
i γ

l++1
i

where (∗∗) = k+1α
+
i (γi − ei)l

+ − k+1α
−
i

l+−2∑
s=0

(
l+

s

)
γs+2
i + k+1α

−
i

l+−1∑
s=0

(
l+

s

)
γsi . Applying s3 gives:

(∗∗)− l+k+1α
−
i γ

l++1
i

s37−−→ (∗∗)− l+k+1α
+
i (γi − ei)

l−−1 + l+k+1α
−
i

l+∑
s=0

(
l+ + 1

s

)
γsi

= k+1α
+
i (γi − ei)

l+−1(γi − (l+ + 1)ei) + k+1α
−
i [2]

where [2] = l+
l+∑
s=0

(
l++1
s

)
γsi −

l+−2∑
s=0

(
l+

s

)
γs+2
i +

l+−1∑
s=0

(
l+

s

)
γsi .

Let us show the egality between [1] and [2]. On one hand we have

[1] = l+
l+∑
s=0

(
l+ + 1

s

)
γsi +

l+∑
s=0

(
l+ + 1

s

)
γsi −

l+∑
s=1

(
l+ + 1

s− 1

)
γsi − γl

+

i

= l+
l+∑
s=0

(
l+ + 1

s

)
γsi + [

(
l+ + 1

l+

)
−
(
l+ + 1

l+ − 1

)
]γl

+

i +

l+−1∑
s=1

[

(
l+ + 1

s

)
−
(
l+ + 1

s− 1

)
]γsi + ei − γl

+

i

= l+
l+∑
s=0

(
l+ + 1

s

)
γsi + [l+ −

(
l+ + 1

l+ − 1

)
]γl

+

i +
l+−1∑
s=2

[

(
l+ + 1

s

)
−
(
l+ + 1

s− 1

)
]γsi + l+γi + ei

(3.19)
108



3.5. A∞-quotient of the minimal model and formality

On the other hand,
[2] = l+

l+∑
s=0

(
l+ + 1

s

)
γsi −

l+∑
s=2

(
l+

s− 2

)
γsi +

l+−1∑
s=0

(
l+

s

)
γsi

= l+
l+∑
s=0

(
l+ + 1

s

)
γsi −

(
l+

l+ − 2

)
γl

+

i +
l+−1∑
s=2

[

(
l+

s

)
−

(
l+

s− 2

)
]γsi + l+γi + ei

(3.20)

Finally using (b−1
a−1

)
+
(
b−1
a

)
=

(
b
a

), we have l+ − (
l++1
l+−1

)
=

(
l+

l+−1

)
−

(
l++1
l+−1

)
= −

(
l+

l+−2

) and(
l+

s

)
−
(

l+

s− 2

)
=

(
l+ + 1

s

)
−
(

l+

s− 1

)
−
(

l+

s− 2

)
=

(
l+ + 1

s

)
−
(
l+ + 1

s− 1

)
▷ (s2, s4) : First

k−1αkkαk−1 . . . k+1αk
s27−−→ (γ2k−1 − ek−1)k−1α

+
k

s17−−→ k−1α
+
k (γ

2
k − ek)

Then
k−1αkkαk−1 . . . k+1αk

s47−−→ k−1αk(γk − ek)(γk + ek)
n−1 = k−1αk(γk + ek)

n−2(γ2k − ek)

= (k−1αkγ
n−2
k + k−1αk

n−3∑
s=0

(
n− 2

s

)
γsk)(γ

2
k − ek)

s37−−→
(
(k−1α

+
k − k−1αk

n−3∑
s=0

(
n− 2

s

)
γsk) + k−1αk

n−3∑
s=0

(
n− 2

s

)
γsk
)
(γ2k − ek)

= k−1α
+
k (γ

2
k − ek)

▷ (s3, s1) :We will resolve kα
−
i γ

l+−1
i γiiαh with l+ > 0, for h = i+1 and then for h = i− 1. First we

have
(kα

−
i γ

l+−1
i γi)iαi+1

s1s37−−−→ kα
+
i iαi+1(γi+1 − ei+1)

l− − kα
−
i iαi+1

l+−1∑
s=0

(
l+

s

)
γsi+1

= kα
+
i+1(i+1αiiαi+1)(γi+1 − ei+1)

l− − kα
−
i+1

l+−1∑
s=0

(
l+

s

)
γsi+1

s27−−−→ kα
+
i+1(γi+1 − ei+1)

l−+1(γi+1 + ei+1)− kα
−
i+1

l+−1∑
s=0

(
l+

s

)
γsi+1

Then
kα

−
i γ

l+−1
i (γiiαi+1)

s17−−→ kα
−
i γ

l+−1
i iαi+1γi+1

s17−−→ kα
−
i iαi+1γ

l+

i+1 = (kα
−
i+1γ

l+−1
i+1 )γi+1

s37−−→ kα
+
i+1(γi+1 − ei+1)

l−+1γi+1 − kα
−
i+1

l+−2∑
s=0

(
l+ − 1

s

)
γs+1
i+1

= (∗) + kα
−
i+1γ

l+−1
i+1
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where (∗) = kα
+
i+1(γi+1 − ei+1)

l−+1γi+1 − l+kα
−
i+1γ

l+−1
i − kα

−
i+1

l+−3∑
s=0

(
l+−1
s

)
γs+1
i+1 . Applying s3 gives:

(∗) + kα
−
i+1γ

l+−1
i+1

s37−−→ (∗) + kα
+
i+1(γi+1 − ei+1)

l−+1 − kα
−
i+1

l+−2∑
s=0

(
l+ − 1

s

)
γsi+1

=
(
kα

+
i+1(γi+1 − ei+1)

l−+1γi+1 + kα
+
i+1(γi+1 − ei+1)

l−+1
)
− l+kα

−
i+1γ

l+−1
i

− kα
−
i+1

l+−3∑
s=0

(
l+ − 1

s

)
γs+1
i+1 − kα

−
i+1

l+−2∑
s=0

(
l+ − 1

s

)
γsi+1

= kα
+
i+1(γi+1 − ei+1)

l−+1(γi+1 + ei+1)− l+kα
−
i+1γ

l+−1
i − kα

−
i+1

− kα
−
i+1

l+−2∑
s=1

(
l+ − 1

s− 1

)
γsi+1 − kα

−
i+1

l+−2∑
s=1

(
l+ − 1

s

)
γsi+1

= kα
+
i+1(γi+1 − ei+1)

l−+1(γi+1 + ei+1)− l+kα
−
i+1γ

l+−1
i − kα

−
i+1

l+−2∑
s=1

(
l+

s

)
γsi+1 − kα

−
i+1

= kα
+
i+1(γi+1 − ei+1)

l−+1(γi+1 + ei+1)− kα
−
i+1

l+−1∑
s=0

(
l+

s

)
γsi+1

using (l+−1
s−1

)
+
(
l+−1
s

)
=

(
l+

s

).
Now lets do the case h = i− 1. First suppose that k = i− 1. We have

i−1αiγ
n−3
i (γiiαi−1)

s17−−→ (i−1αiiαi−1)γ
n−2
i−1

s27−−→ (γ2i−1 − ei−1)γ
n−2
i−1

and
(i−1αiγ

n−3
i γi)iαi−1

s1s37−−−→ i−1α
+
i iαi−1 − (i−1αiiαi−1)

n−3∑
s=0

(
n− 2

s

)
γsi−1

s27−−−→ i−1α
+
i−1 − (γ2i−1 − ei−1)

n−3∑
s=0

(
n− 2

s

)
γsi−1

s47−−−→ (γi−1 − ei−1)(γi−1 + ei−1)
n−1 − (γ2i−1 − ei−1)

n−3∑
s=0

(
n− 2

s

)
γsi−1

= (γ2i−1 − ei−1)
(
(γi−1 + ei−1)

n−2 −
n−3∑
s=0

(
n− 2

s

)
γsi−1

)
= (γ2i−1 − ei−1)γ

n−2
i−1

Now suppose k ̸= i− 1. First
(kα

−
i γ

l+−1
i γi)iαi−1

s1s37−−−→ kα
+
i−1(γi−1 − ei−1)

l− − k α
−
i−1(i−1αiiαi−1)

l+−1∑
s=0

(
l+

s

)
γsi−1

s27−−−→ kα
+
i−1(γi−1 − ei−1)

l− − k α
−
i−1(γ

2
i−1 − ei−1)

l+−1∑
s=0

(
l+

s

)
γsi−1

= (∗)− l+k α
−
i−1γ

l++1
i−1
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where (∗) = kα
+
i−1(γi−1 − ei−1)

l− − kα
−
i−1

l+−2∑
s=0

(
l+

s

)
γs+2
i−1 + kα

−
i−1

l+−1∑
s=0

(
l+

s

)
γsi−1. Applying s3 gives:

(∗)− l+k α
−
i−1γ

l++1
i−1

s37−−→ (∗)− l+k α
+
i−1(γi−1 − ei−1)

l−−1 + l+kα
−
i−1

l+∑
s=0

(
l+ + 1

s

)
γsi−1

= k α
+
i−1(γi−1 − ei−1)

l−−1(γi−1 − (l+ + 1)ei−1)

+ kα
−
i−1[l

+
l+∑
s=0

(
l+ + 1

s

)
γsi−1 −

l+−2∑
s=0

(
l+

s

)
γs+2
i−1 +

l+−1∑
s=0

(
l+

s

)
γsi−1]

Then
kα

−
i γ

l+−1
i (γiiαi−1)

s17−−→ kα
−
i−1(i−1αiiαi−1)γ

l+

i−1
s27−−→ (kα

−
i−1γ

l++1
i−1 )γi−1 − kα

−
i−1γ

l+

i−1

s37−−→ kα
+
i−1(γi−1 − ei−1)

l−−1γi−1 − kα
−
i−1

l+∑
s=0

(
l+ + 1

s

)
γs+1
i−1 − kα

−
i−1γ

l+

i−1

= (∗∗)− (l+ + 1)kα
−
i−1γ

l++1
i−1

where (∗∗) = kα
+
i−1(γi−1 − ei−1)

l−−1γi−1 − kα
−
i−1

l+−1∑
s=0

(
l++1
s

)
γs+1
i−1 − kα

−
i−1γ

l+
i−1. Applying s3 gives:

(∗∗)− (l+ + 1)kα
−
i−1γ

l++1
i−1

s37−−→ (∗∗)− (l+ + 1)kα
+
i−1(γi−1 − ei−1)

l−−1 + (l+ + 1)kα
−
i−1

l+∑
s=0

(
l+ + 1

s

)
γsi−1

= kα
+
i−1(γi−1 − ei−1)

l−−1(γi−1 − (l+ + 1)ei−1)

+ kα
−
i−1[(l

+ + 1)

l+∑
s=0

(
l+ + 1

s

)
γsi−1 −

l+−1∑
s=0

(
l+ + 1

s

)
γs+1
i−1 − γ

l+

i−1]

This is similar to Equation 3.19 and 3.20.
▷ (s3, s2) : First

(i+1α
−
i−1i−1αi)iαi−1

s37−−→ i+1αi(γi − ei)n−2
iαi−1

s17−−→ i+1α
+
i−1(γi−1 − ei−1)

n−2

Then
i+1α

−
i−1(i−1αiiαi−1)

s27−−→ (i+1α
−
i−1γi−1)γi−1 − i+1α

−
i−1

s37−−→ i+1α
+
i−1(γi−1 − ei−1)

n−3γi−1 − (i+1α
−
i−1γi−1)− i+1α

−
i−1

s37−−→ i+1α
+
i−1(γi−1 − ei−1)

n−3γi−1 − (i+1α
+
i−1(γi−1 − ei−1)

n−3 − i+1α
−
i−1)− i+1α

−
i−1

= i+1α
+
i−1(γi−1 − ei−1)

n−3(γi−1 − ei−1)

▷ (s3, s3) : Suppose i ̸= k + 1 and let h ∈ [k + 1 ▷ i− 1]. First

(kα
−
h hα

−
i γ

l+

i )γη
+−l+

i
s37−−→

(
kα

+
i (γi − ei)

l− − kα
−
i

l+−1∑
s=0

(
l+

s

)
γsi
)
γη

+−l+

i =: (a)
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Then
kα

−
h (hα

−
i γ

l+

i γ
η+−l+

i )
s37−−→ kα

−
h

(
hα

+
i (γi − ei)

η− − hα
−
i

η+−1∑
s=0

(
η+

s

)
γsi
)
=: (b)

We will construct a sequence of reductions r from (b) to (a). Let j ∈ [k ▷ h − 1], δ+ be the length of
jαj−1 . . . i+1αi minus one and d = η+ − δ+ − 1. First

kα
−
j (jαj+1j+1α

−
i γ

δ+

i )γiγ
d
i

s37−−→ kα
−
j jα

+
i (γi − ei)

δ−γd+1
i − kα

−
i

δ+−1∑
s=0

(
δ+

s

)
γsi γ

d+1
i

Then
kα

−
j jαj+1(j+1α

−
i γ

δ+

i γi)γ
d
i

s37−−→ kα
−
j jαj+1

(
j+1α

+
i (γi − ei)

δ−−1 − j+1α
−
i

δ+∑
s=0

(
δ+ + 1

s

)
γsi
)
γdi

= kα
−
j (jαj+1j+1αj)jα

+
i (γi − ei)

δ−−1γdi − kα
−
i

δ+∑
s=0

(
δ+ + 1

s

)
γs+d
i

s1s27−−−→ kα
−
j jα

+
i (γi − ei)

δ−(γi + ei)γ
d
i − (δ+ + 1)kα

−
i γ

δ++d
i − kα

−
i

δ+−1∑
s=0

(
δ+ + 1

s

)
γs+d
i

= (∗)− kα
−
j jα

−
i γ

δ+

i γdi

(3.21)

where (∗) = kα
−
j jα

+
i (γi − ei)δ

−
(γi + ei)γ

d
i − δ+kα

−
i γ

δ++d
i − kα

−
i

δ+−1∑
s=0

(
δ++1

s

)
γs+d
i . Applying s3 gives:

(∗)− kα
−
j (jα

−
i γ

δ+

i )γdi
s37−−→ (A)− kα

−
j jα

+
i (γi − ei)

δ−γdi + kα
−
i

δ+−1∑
s=0

(
δ+

s

)
γs+d
i

=
(
kα

−
j jα

+
i (γi − ei)

δ−(γi + ei)γ
d
i − kα

−
j jα

+
i (γi − ei)

δ−γdi
)

− δ+kα
−
i γ

δ++d
i − kα

−
i

δ+−1∑
s=0

[

(
δ+ + 1

s

)
−
(
δ+

s

)
]γs+d

i

= kα
−
j jα

+
i (γi − ei)

δ−γd+1
i − δ+kα

−
i γ

δ++d
i − kα

−
i

δ+−1∑
s=1

(
δ+

s− 1

)
γs+d
i

= kα
−
j jα

+
i (γi − ei)

δ−γd+1
i − δ+kα

−
i γ

δ++d
i − kα

−
i

δ+−2∑
s=0

(
δ+

s

)
γs+1+d
i

= kα
−
j jα

+
i (γi − ei)

δ−γd+1
i − kα

−
i

δ+−1∑
s=0

(
δ+

s

)
γs+d+1
i

(3.22)

using (
δ+

s−1

)
+

(
δ+

s

)
=

(
δ++1

s

). Note that kα
−
l should be replaced by ek when l = k. Take r to be the

composition of each rl given by Equation 3.21 and 3.22, for l ∈ [k + 1 ▷ h].
▷ (s4, s2) : First

iαi−1 . . . i+1αiiαi+1
s27−−→ iα

+
i+1(γ

2
i+1 − ei+1)
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Then
iαi−1 . . . i+1αiiαi+1

s47−−→ (γi − ei)(γi + ei)
n−1

iαi+1

s17−−→ iαi+1(γi+1 + ei+1)
n−2(γ2i+1 − ei+1)

= (iαi+1γ
n−2
i+1 + iαi+1

n−3∑
s=0

(
n− 2

s

)
γsi+1)(γ

2
i+1 − ei+1)

s37−−→ iα
+
i+1(γ

2
i+1 − ei+1)

▷ (s4, s4) : Let h ∈ [i+ 1 ▷ i− 1]. First
iα

+
h hα

+
i iα

+
h

s47−−→ iα
+
h (γh − eh)(γh + eh)

n−1

Then
iα

+
h hα

+
i iα

+
h

s47−−→ (γi − ei)(γi + ei)
n−1

iα
+
h

s17−−→ iα
+
h (γh − eh)(γh + eh)

n−1

□

3.6 Example of silting objects
According to [AI12](Corollary 2.28), all silting objects in a Krull-Schmidt triangulated category T

have the same number of indecomposable summands. We now give an example which illustrates
how this may fail when T is not Krull-Schmidt.

3.6.1 From 3 generators to 2
Let Λ be the pinched gentle algebra given by

2

1

3

α

γ

β

with γα = α and γβ = −β. We show that T := P1 ⊕ T2 with T2 = (P2 ⊕ P3
(α β)−−−→ P1) is a siltingobject of per(Λ)♮. We use the embedding of per(Λ) into its split closure to identify objects X with

couples (X, idX). Recall that by Lemma 3.5.2 (and the proof of Theorem 3.5.3), thick(P1⊕P2⊕P3) is
per(Λ)♮. For all x, y ∈ K , the commutative diagrams of Figure 3.6.1 show that T does not have positive
extensions with itself (here we identify an idempotent ei with 1).

Moreover, taking the cone of the morphism from P1 to P2 ⊕ P3
(α β)−−−→ P1 given by the identity of

P1 gives P2⊕P3, which shows that thick(T ) is per(Λ)♮. In fact, since there is no morphism from P1 to
P2 ⊕ P3, we can see that T is a tilting object.
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P2 ⊕ P3 P1

P2 ⊕ P3 P1

(α β)(
x 0
0 y

)
(xα yβ)

(α β)

P2 ⊕ P3 P1

P1

(α β)

(xα yβ)
1
2
x(1+γ)+ 1

2
y(1−γ)

Figure 3.6.1: Any positive self-extension of T is null-homotopic.

We now compute the endomorphism ring of T . First the endomorphism ring of P1 is given by
End(P1) = {P (γ) | P ∈ K[X]}. Since there is nomorphism from P1 to P2⊕P3,Hom(P1, T2) coincideswith End(P1) = {P (γ) | P ∈ K[X]}. Note that for a polynomial P ∈ K[X], P (γ)α = P (1)α and
P (γ)β = P (−1)β. Morphims from T2 to P1 are given by polynomials P satisfying P (γ)(α β) = (0 0),
thus the space of morphisms is Hom(T2, P1) = {P (γ)(γ2 − e1) | P ∈ K[X]}. End(T2) can also be
identified withK[X] since any morphism

P2 ⊕ P3 P1

P2 ⊕ P3 P1

(α β)

(
x 0
0 y

)
P (γ)

(α β)

must satisfy x = P (1) and y = P (−1), and thus P determines x and y. Let
a := e1 = (0, e1) ∈ Hom(P1, T2), b := γ2 − e1 = (0, γ2 − e1) ∈ Hom(T2, P1),

γ1 := γ ∈ End(P1) and γ2 := (
(
1 0
0 −1

)
, γ) ∈ End(T2).

Here we use both the notation (0, f) and f for a morphism from P1 to T2 (or from T2 to P1). Thefollowing relations hold:
aγ1 = e1γ = (

(
1 0
0 −1

)
, γ)(0, e1) = γ2a,

bγ2 = (0, γ2 − e1)(
(
1 0
0 −1

)
, γ) = (0, (γ2 − e1)γ) = γ(γ2 − e1) = γ1b,

ba = (γ2 − e1)e1 = γ21 − e1,
ab = (0, e1)(0, γ

2 − e1) = (0, γ2 − e1) = (
(
1 0
0 −1

)
, γ)2 − (

(
1 0
0 −1

)
, e1) = γ22 − idT2 .

Re-labeling P1 by 1 and T by 2 gives the following pinched gentle algebra:

1 2
a

γ1
b

γ2

with aγ1 = γ2a, bγ2 = γ1b, ba = γ21 − e1 and ab = γ22 − e2.

114



Bibliography

[ABCP10] Ibrahim Assem, Thomas Brüstle, Gabrielle Charbonneau-Jodoin, and Pierre-Guy Plamon-
don. Gentle algebras arising from surface triangulations. Algebra & Number Theory, 4(2):201–
229, January 2010.

[AG08] Diana Avella-Alaminos and Christof Geiss. Combinatorial derived invariants for gentle al-
gebras. Journal of Pure and Applied Algebra, 212(1):228–243, January 2008.

[AH81] Ibrahim Assem and Dieter Happel. Generalized tilted algebras of type An. Communications
in Algebra, 9(20):2101–2125, January 1981.

[AH82] Ibrahim Assem and Dieter Happel. Erratum: “Generalized tilted algebras of type An”[Comm. Algebra 9 (1981), no. 20, 2101–2125]. Communications in Algebra, 10(13):1475, 1982.
[AI12] Takuma Aihara and Osamu Iyama. Silting mutation in triangulated categories. Journal of

the London Mathematical Society, 85(3):633–668, 2012.
[AL17] Rina Anno and Timothy Logvinenko. Spherical DG-functors. Journal of the European Mathe-

matical Society, 19(9):2577–2656, August 2017.
[ALP16] Kristin Krogh Arnesen, Rosanna Laking, and David Pauksztello. Morphisms between inde-

composable complexes in the bounded derived category of a gentle algebra. Journal of
Algebra, 467:1–46, December 2016.

[AP24] Claire Amiot and Pierre-Guy Plamondon. Skew-group A∞-categories as Fukaya categories
of orbifolds. Preprint arXiv:2405.15466 [math.RT], May 2024.

[APS23] Claire Amiot, Pierre-Guy Plamondon, and Sibylle Schroll. A complete derived invariant
for gentle algebras via winding numbers and Arf invariants. Selecta Mathematica, 29(2):30,
March 2023.

[AS87] Ibrahim Assem and Andrzej Skowroński. Iterated tilted algebras of type Ãn. Mathematische
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